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Summary of Pearson Edexcel Level 3 Advanced GCE
in Mathematics Specification Issue 4 changes

Summary of changes made between previous issue and this current Page number
issue
Paper 1 and Paper 2: Pure Mathematics, Section 1.1 — Example of proof by 11

exhaustion in guidance replaced with better example.

Paper 1 and Paper 2: Pure Mathematics, Section 1.1 — Square root symbol 11
changed to include bar over 2.

Paper 1 and Paper 2: Pure Mathematics, Section 2.3 — Text in guidance changed 12
from ‘use of a calculator and completing the square’ to ‘use of calculator or
completing the square’ to clarify wording.

Paper 1 and Paper 2: Pure Mathematics, Section 2.4 — Text in guidance changed 12
from ‘The quadratic may involve powers of 2..." to ‘This may involve powers of
2..." for clarity.

Paper 1 and Paper 2: Pure Mathematics, Section 2.5 — Three inequality symbols 13
in guidance changed to not bold.

Paper 1 and Paper 2: Pure Mathematics, Section 2.6 — Text in the guidance 13
changed to clarify that roots can be fractional.

Paper 1 and Paper 2: Pure Mathematics, Section 2.7 - ‘graphs’ changed to 14
‘graph’.
Paper 1 and Paper 2: Pure Mathematics, Section 2.7 — Text ‘Direct proportion 14

between two variables’ removed from guidance to avoid misinterpretation that it
suggests only direct proportion is included.

Paper 1 and Paper 2: Pure Mathematics, Section 3.3 - Fixed typo - deleted ‘5’ 17
before ‘describes’.

Paper 1 and Paper 2: Pure Mathematics, Section 4.2 - Bracket in equation 18
changed from italic to roman.

Paper 1 and Paper 2: Pure Mathematics, Section 5.3 - ©/2 removed from list of 19
exact values required for tan, to match DfE content.

Paper 1 and Paper 2: Pure Mathematics, Section 5.5 - Inserted space before 20
‘and’.

Paper 1 and Paper 2: Pure Mathematics, Section 6.4 — Plus sigh made not 21
subscript.

Paper 1 and Paper 2: Pure Mathematics, Section 6.4 - Fixed typo - deleted 21

inequality symbol from ‘k <logax'.

Paper 1 and Paper 2: Pure Mathematics, Section 6.7 — Deleted ‘second’ from 22
‘Consideration of a second improved model may be required’ to make
expectation clearer.

Paper 1 and Paper 2: Pure Mathematics, Section 7.1 - First sentence of guidance 23
made bold.
Paper 1 and Paper 2: Pure Mathematics, Section 7.3 - Line removed from 23

content and guidance column.




Paper 1 and Paper 2: Pure Mathematics, Section 7.6 — Text ‘which may include 24
direct proportion’ deleted from guidance. Example added.

Paper 1 and Paper 2: Pure Mathematics, Section 8.2 - Fixed typo - deleted x’ 24
from end of first sentence in guidance.

Paper 1 and Paper 2: Pure Mathematics, Section 8.3 — Two parts of guidance text 25
made bold.

Paper 1 and Paper 2: Pure Mathematics, Section 8.5 — Integration by substitution 25
text deleted from guidance as it was a repetition of text in content column.

Paper 1 and Paper 2: Pure Mathematics, Section 10.1 - Full stop made not bold. 27
Paper 1 and Paper 2: Pure Mathematics, Section 10.2 - Vector ‘a’ changed to 27
roman.

Paper 1 and Paper 2: Pure Mathematics, Section 10.4 - Formula for distance 27

between two points in three dimensions added to guidance (not bold).

Paper 1 and Paper 2: Pure Mathematics, Section 10.5 - Text about use of ratio 28
theorem deleted to avoid confusion over ‘ratio theorem’.

Assessment information - ‘Mathematical Formulae and Statistical Tables’ 29
italicised.

Synoptic assessment — ‘assesses’ corrected to ‘assess’. 29
Paper 3: Statistics and Mechanics, Section 2.2 - Paragraphs reordered, some 31

text deleted to avoid repetition.

Paper 3: Statistics and Mechanics, Section 5.2 - Line deleted from across 35
Content and Guidance columns.

Paper 3: Statistics and Mechanics, Section 6.1 - Guidance made bold. 35
Paper 3: Statistics and Mechanics, Section 7.1 - Guidance made bold. 36
Paper 3: Statistics and Mechanics, Section 7.3 — Sentence starting ‘Understand 36

and use suvat formulae...” made not bold and moved down a row.

Paper 3: Statistics and Mechanics, Section 7.4 - 'r’, v/, ‘a’ and ‘t’ italicised in 36
integrals.
Paper 3: Statistics and Mechanics, Section 7.4 — Cross-reference corrected in 36
guidance.
Paper 3: Statistics and Mechanics, Section 8.2 — Order of paragraphs changed in 37
guidance.
Paper 3: Statistics and Mechanics, Section 8.3 - Section starting ‘The inverse 37

square law...” moved from guidance to content, as it is part of DfE wording.

Paper 3: Statistics and Mechanics, Section 8.4 — Text ‘restricted to forces in two 38
perpendicular directions or simple cases of forces given as 2-D vectors’ added to
content to match DfE wording.

Breakdown of Assessment Objectives — Ranges for AO2 and AO3 changed. 41

Earlier issues show previous changes.

If you need further information on these changes or what they mean, contact us via our website
at: qualifications.pearson.com/en/support/contact-us.html.
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Introduction

Why choose Edexcel A Level Mathematics?

We have listened to feedback from all parts of the mathematics subject community, including
higher education. We have used this opportunity of curriculum change to redesign a
qualification that reflects the demands of a wide variety of end users, as well as retaining
many of the features that have contributed to the increasing popularity of GCE Mathematics
in recent years.

We will provide:

o Simple, intuitive specifications that enable co-teaching and parallel delivery. Increased
pressure on teaching time means that it’s important you can cover the content of different
specifications together. Our specifications are designed to help you co-teach A and
AS Level, as well as deliver maths and further maths in parallel.

¢ Clear, familiar, accessible exams. Our new exam papers will deliver everything you’'d
expect from us as the leading awarding body for maths. They’ll take the most
straightforward and logical approach to meet the government’s requirements. They’ll use
the same clear design that you've told us makes them so accessible, while also ensuring a
range of challenge for all abilities.

¢ A wide range of exam practice to fully prepare students and help you track progress.
With the new linear exams your students will want to feel fully prepared and know how
they’re progressing. We'll provide lots of exam practice to help you and your students
understand and prepare for the assessments, including secure mock papers, practice
papers and free topic tests with marking guidance.

¢ Complete support and free materials to help you understand and deliver the
specification. Change is easier with the right support, so we’ll be on hand to listen and
give advice on how to understand and implement the changes. Whether it's through our
Launch, Getting Ready to Teach, and Collaborative Networks events or via the renowned
Maths Emporium, we'll be available face to face, online or over the phone throughout the
lifetime of the qualification. We'll also provide you with free materials such as schemes of
work, topic tests and progression maps.

e The published resources you know and trust, fully updated for 2017. Our new A Level
Maths and Further Maths textbooks retain all the features you know and love about the
current series, while being fully updated to match the new specifications. Each textbook
comes packed with additional online content that supports independent learning and they
all tie in with the free qualification support, giving you the most coherent approach to
teaching and learning.

2 Pearson Edexcel Level 3 Advanced GCE in Mathematics
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Supporting you in planning and implementing
this qualification

Planning

e Our Getting Started guide gives you an overview of the new A Level qualification to help
you to get to grips with the changes to content and assessment, as well as helping you
understand what these changes mean for you and your students.

e We will give you a course planner and scheme of work that you can adapt to suit your
department.

¢ Our mapping documents highlight the content changes between the legacy modular
specification and the new linear specifications.

Teaching and learning

There will be lots of free teaching and learning support to help you deliver the new
qualifications, including:

e topic guides covering new content areas

e teaching support for problem solving, modelling and the large data set

e a student guide containing information about the course to inform your students and their
parents.

Preparing for exams

We will also provide a range of resources to help you prepare your students for the
assessments, including:

e specimen papers written by our senior examiner team

e practice papers made up from past exam questions that meet the new criteria

e secure mock papers

¢ marked exemplars of student work with examiner commentaries.

ResultsPlus and exam Wizard

ResultsPlus provides the most detailed analysis available of your students’ exam
performance. It can help you identify the topics and skills where further learning would
benefit your students.

Exam Wizard is a data bank of past exam questions (and sample paper and specimen paper
questions) allowing you to create bespoke test papers.

Pearson Edexcel Level 3 Advanced GCE in Mathematics 3
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Get help and support
Mathematics Emporium - support whenever you need it

The renowned Mathematics Emporium helps you keep up to date with all areas of maths
throughout the year, as well as offering a rich source of past questions and, of course,
access to our in-house maths experts Graham Cumming and his team.

Sign up to get Emporium emails

Get updates on the latest news, support resources, training and alerts for entry deadlines
and key dates direct to your inbox. Just email mathsemporium@pearson.com to sign up.
Emporium website

Over 12 000 documents relating to past and present Edexcel mathematics qualifications
available free. Visit www.edexcelmaths.com to register for an account.

4 Pearson Edexcel Level 3 Advanced GCE in Mathematics
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Qualification at a glance

Content and assessment overview

The Pearson Edexcel Level 3 Advanced GCE in Mathematics consists of three
externally-examined papers.

Students must complete all assessment in May/June in any single year.

Paper 1: Pure Mathematics 1 (*Paper code: 9MA0/01)
Paper 2: Pure Mathematics 2 (*Paper code: 9MA0/02)

Each paper is:

2-hour written examination
33.33% of the qualification
100 marks

Content overview

e Topic 1 - Proof

e Topic 2 - Algebra and functions

e Topic 3 - Coordinate geometry in the (x, y) plane
e Topic 4 - Sequences and series

e Topic 5 - Trigonometry

e Topic 6 — Exponentials and logarithms
e Topic 7 — Differentiation

e Topic 8 - Integration

e Topic 9 — Numerical methods

e Topic 10 - Vectors

Assessment overview

e Paper 1 and Paper 2 may contain questions on any topics from the Pure Mathematics
content.

e Students must answer all questions.

e Calculators can be used in the assessment.

Pearson Edexcel Level 3 Advanced GCE in Mathematics
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Paper 3: Statistics and Mechanics (*Paper code: 9MA0/03)

2-hour written examination
33.33% of the qualification
100 marks

Content overview

Section A: Statistics

e Topic 1 - Statistical sampling

e Topic 2 - Data presentation and interpretation

Topic 3 - Probability

Topic 4 - Statistical distributions

Topic 5 — Statistical hypothesis testing
Section B: Mechanics

e Topic 6 — Quantities and units in mechanics
e Topic 7 - Kinematics

e Topic 8 - Forces and Newton’s laws

e Topic 9 - Moments

Assessment overview

e Paper 3 will contain questions on topics from the Statistics content in Section A and

Mechanics content in Section B.
e Students must answer all questions.

e Calculators can be used in the assessment.

*See Appendix 8: Codes for a description of this code and all other codes relevant to

this qualification.

Pearson Edexcel Level 3 Advanced GCE in Mathematics
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Subject content and assessment
information

Qualification aims and objectives

The aims and objectives of this qualification are to enable students to:

understand mathematics and mathematical processes in a way that promotes confidence,
fosters enjoyment and provides a strong foundation for progress to
further study

extend their range of mathematical skills and techniques

understand coherence and progression in mathematics and how different areas of
mathematics are connected

apply mathematics in other fields of study and be aware of the relevance of mathematics
to the world of work and to situations in society in general

use their mathematical knowledge to make logical and reasoned decisions in solving
problems both within pure mathematics and in a variety of contexts, and communicate the
mathematical rationale for these decisions clearly

reason logically and recognise incorrect reasoning
generalise mathematically
construct mathematical proofs

use their mathematical skills and techniques to solve challenging problems that require
them to decide on the solution strategy

recognise when mathematics can be used to analyse and solve a problem in context

represent situations mathematically and understand the relationship between problems in
context and mathematical models that may be applied to solve them

draw diagrams and sketch graphs to help explore mathematical situations and interpret
solutions

make deductions and inferences and draw conclusions by using mathematical reasoning

interpret solutions and communicate their interpretation effectively in the context of the
problem

read and comprehend mathematical arguments, including justifications of methods and
formulae, and communicate their understanding

read and comprehend articles concerning applications of mathematics and communicate
their understanding

use technology such as calculators and computers effectively and recognise when their
use may be inappropriate

take increasing responsibility for their own learning and the evaluation of their own
mathematical development.

Pearson Edexcel Level 3 Advanced GCE in Mathematics 7
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Overarching themes

The overarching themes should be applied along with associated mathematical thinking and
understanding, across the whole of the detailed content in this specification.

These overarching themes are inherent throughout the content and students are required to
develop skills in working scientifically over the course of this qualification. The skills show
teachers which skills need to be included as part of the learning and assessment of the

students.

Overarching theme 1: Mathematical argument, language and proof

A Level Mathematics students must use the mathematical notation set out in the booklet
Mathematical Formulae and Statistical Tables and be able to recall the mathematical
formulae and identities set out in Appendix 1.

OT1.1 Construct and present mathematical arguments through appropriate use of
diagrams; sketching graphs; logical deduction; precise statements involving
correct use of symbols and connecting language, including: constant,
coefficient, expression, equation, function, identity, index, term, variable.

OT1.2 Understand and use mathematical language and syntax as set out in the
content.

OT1.3 Understand and use language and symbols associated with set theory, as set
out in the content. Apply to solutions of inequalities and probability.

OT1.4 Understand and use the definition of a function; domain and range of
functions.

OT1.5 Comprehend and critiqgue mathematical arguments, proofs and justifications
of methods and formulae, including those relating to applications of
mathematics.

8 Pearson Edexcel Level 3 Advanced GCE in Mathematics
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Overarching theme 2: Mathematical problem solving

Knowledge/skill

0T2.1 Recognise the underlying mathematical structure in a situation and simplify
and abstract appropriately to enable problems to be solved.

0oT2.2 Construct extended arguments to solve problems presented in an
unstructured form, including problems in context.

0T2.3 Interpret and communicate solutions in the context of the original problem.

0T2.4 Understand that many mathematical problems cannot be solved analytically,
but numerical methods permit solution to a required level of accuracy.

oT2.5 Evaluate, including by making reasoned estimates, the accuracy or limitations
of solutions, including those obtained using numerical methods.

0T2.6 Understand the concept of a mathematical problem-solving cycle, including
specifying the problem, collecting information, processing and representing
information and interpreting results, which may identify the need to repeat
the cycle.

0T2.7 Understand, interpret and extract information from diagrams and construct
mathematical diagrams to solve problems, including in mechanics.

Overarching theme 3: Mathematical modelling

Knowledge/skill

0oT3.1 Translate a situation in context into a mathematical model, making
simplifying assumptions.

0T3.2 Use a mathematical model with suitable inputs to engage with and explore
situations (for a given model or a model constructed or selected
by the student).

0T3.3 Interpret the outputs of a mathematical model in the context of the original
situation (for a given model or a model constructed or selected
by the student).

0T3.4 Understand that a mathematical model can be refined by considering its
outputs and simplifying assumptions; evaluate whether the model is
appropriate.

OT3.5 Understand and use modelling assumptions.

Pearson Edexcel Level 3 Advanced GCE in Mathematics 9
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Use of data in statistics

Pearson has provided a large data set, which will support the assessment of Statistics in
Paper 3: Statistics and Mechanics. Students are required to become familiar with the data
set in advance of the final assessment.

Assessments will be designed in such a way that questions assume knowledge and
understanding of the data set. The expectation is that these questions should be likely to
give a material advantage to students who have studied and are familiar with the data set.
They might include questions/tasks that:

e assume familiarity with the terminology and contexts of the data, and do not explain them
in a way that gives students who have not studied the data set the same opportunities to
access marks as students who have studied them

e use summary statistics or selected data from, or statistical diagrams based on, the data
set - these might be provided in the question or task, or as stimulus materials

e are based on samples related to the contexts in the data set, where students’ work with
the data set will help them understand the background context and/or

e require students to interpret data in ways that would be too demanding in an unfamiliar
context.

Students will not be required to have copies of the data set in the examination, nor will they
be required to have detailed knowledge of the actual data within the data set.

The data set can be downloaded from our website, qualifications.pearson.com. This data set
should be appropriate for the lifetime of the qualification. However we will review the data
set on an annual basis to ensure it is appropriate. If we need to make changes to the data
set, we will notify centres before the beginning of the two-year course before students
complete their examination.

10 Pearson Edexcel Level 3 Advanced GCE in Mathematics
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Paper 1 and Paper 2: Pure Mathematics

To support the co-teaching of this qualification with the AS Mathematics qualification,
common content has been highlighted in bold.

Proof

1.1

Understand and use the
structure of mathematical
proof, proceeding from
given assumptions
through a series of logical
steps to a conclusion; use
methods of proof,
including:

Proof by deduction

Proof by exhaustion

Disproof by counter
example

Proof by contradiction
(including proof of the
irrationality of \/5 and the
infinity of primes, and
application to unfamiliar
proofs).

Examples of proofs:
Proof by deduction

e.g. using completion of the square,
prove that n? — 6n + 10 is positive for
all values of n or, for example,
differentiation from first principles for
small positive integer powers of x or
proving results for arithmetic and geometric
series. This is the most commonly used
method of proof throughout this
specification

Proof by exhaustion

Given that p is a prime number such
that 3 <p <25, prove by exhaustion,
that (p — 1)(p + 1) is a multiple of 12.

Disproof by counter example

e.g. show that the statement
“n’ —n+1is a prime number for all
values of n” is untrue

Pearson Edexcel Level 3 Advanced GCE in Mathematics
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2 2.1 Understand and use the a'xa'=da"""a"+a"=a""", (a") = a""
i i m
Algebra and IaV\{s of indices for all The equivalence ofa” and Va" should
. rational exponents.
functions be known.

2.2 Use and manipulate surds, | Students should be able to simplify
including rationalising the algebraic surds using the results
denominator. )

(\/;) =X, /Xy = \/;\/; and
(V347 ) (V5 —y) =5
2.3 Work with quadratic The notation f(x) may be used
functions and their graphs.
The discriminant of a Need to know and to use
f:|uadra.1t|c functlon{ . b:— 4ac> 0, b*— 4ac =0 and
including the conditions 2
b*—4ac<0
for real and repeated
roots.
2 2
. 5 b b
Completing the square. ax*+bx+c=a|l x+— | +|c——
2a 4a
Solution of quadratic Solution of quadratic equations by
equations factorisation, use of the formula, use
of a calculator or completing the
square.
including solving quadratic | These functions could include powers
equations in a function of of x, trigonometric functions of x,
the unknown. exponential and logarithmic functions
of x.

2.4 Solve simultaneous This may involve powers of 2 in one
equations in two variables | unknown or in both unknowns,
by elltmn_atlor_l and I_)y e.g.solve y=2x+3, y=x'—dx +8
substitution, including one
linear and one quadratic or
equation. 2x -3y =6,x*—y*+3x=50

12 Pearson Edexcel Level 3 Advanced GCE in Mathematics
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2

Algebra and
functions

continued

2.5 Solve linear and quadratic | e.g. solving
megualltles |E1 a single ax+b>cx+d,
variable and interpret such
inequalities graphically, pxt+gx+r>0,
pxtt+gx+r<ax+b
and interpreting the third inequality
as the range of x for which the curve
y=px*+gx +ris below the line with
equation y=ax+b
including inequalities with | These would be reducible to linear or
brackets and fractions. quadratic inequalities
e.g. £ <b becomes ax < bx?
X
Express solutions through So, e.g. x<aor x > b is equivalent to
correct use of ‘and’ and {x:x<a}u{x:x>b}
‘or’, or through set and {x:c<x}n{x:x<d}is
notation. equivalenttox >candx < d
Represent linear and Shading and use of dotted and solid
quadratic inequalities such | line convention is required.
asy>x+1and
y > ax?+ bx + ¢ graphically.
2.6 Manipulate polynomials Only division by (ax + b) or (ax — b) will

algebraically, including
expanding brackets and
collecting like terms,
factorisation and simple
algebraic division; use of
the factor theorem.

Simplify rational expressions,
including by factorising and
cancelling, and algebraic
division (by linear expressions
only).

be required.
Students should know that if f(x) =0

b
when x = —, then (ax — b) is a factor of
a

f(x).

Students may be required to factorise
cubic expressions such as
xX*+3x2-4and 6+ 11x* —x — 6.

Denominators of rational expressions will
be linear or quadratic,

X +a’

2

1 ax+b

e.qg. , ’
ax+b px’ +gx+r x*—a

Pearson Edexcel Level 3 Advanced GCE in Mathematics
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2 2.7 Understand and use Graph to include simple cubic and
Algebra and graphs of f_unctlonsf' sketch | quartic functions,
. curves defined by simple . .
functions . . . e.g. sketch the graph with equation
equations including =~ 2
. ) y=x'2x-1)
continued polynomials
The modulus of a linear Students should be able to sketch the
function. graph ofy=‘ax+b‘
They should be able to use their graph.
For example, sketch the graph with
equation y = |2x — 1] and use the graph to
solve the equation |2x — 1| =x or the
inequality |2x— 1] >x
_a _a The asymptotes will be parallel to the
y= ; and y= ? axes e.g. the asymptotes of the curve
with equation y = + b are the
(including their vertical X+a
and horizontal lines with equationsy=band x=—a«
asymptotes)
Interpret algebraic
solution of equations
graphically; use
intersection points of
graphs to solve equations.
Understand and use Express relationship between two
proportional relationships | variables using proportion “oc”
and their graphs. symbol or using equation involving
constant
e.g. the circumference of a semicircle
is directly proportional to its diameter
so C oc d or C = kd and the graph of C
against d is a straight line through the
origin with gradient 4.
14 Pearson Edexcel Level 3 Advanced GCE in Mathematics
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What students need to learn:

2

Algebra and
functions

continued

Guidance

2.8 Understand and use The concept of a function as a one-one or
composite functions; inverse many-one mapping from R (or a subset of
functions and their graphs. R) to R. The notation f:x = and f(x) will

be used. Domain and range of functions.
Students should know that fg will mean
‘do g first, then " and that if ! exists,
then

1) =ff'(x)=x

They should also know that the graph of
y = f(x) is the image of the graph of

y = f(x) after reflection in the line y =x

2.9 Understand the effect of Students should be able to find the graphs
simple transformations on | of y = |f(x)| and y = |f(—x)| , given the
the graph of y = f(x), graph of y = f(x).
including sketching

. . Students should be able to apply a
associated graphs: - .
combination of these transformations to
y=af(x), y=1(x)+a, any of the functions in the A Level
y=f(x +a), y=f(ax) specification C(lquadratics, cubics, quartics,
and combinations of these reciprocal, =L X|, sin x, cos x, tan x, €
transformations and a*) and sketch the resulting graph.
Given the graph of y = f(x), students
should be able to sketch the graph of, e.g.
y=2f(3x), ory=1f(—x) + 1,
and should be able to sketch
(for example)
T
y=23+sin2x, y=—cos x+:
2.10 | Decompose rational functions | Partial fractions to include denominators

into partial fractions
(denominators not more
complicated than squared
linear terms and with no
more than 3 terms,
numerators constant or
linear).

such as
(ax + b)(cx + d)(ex + f) and
(ax + b)(cx + d)>.

Applications to integration, differentiation
and series expansions.

Pearson Edexcel Level 3 Advanced GCE in Mathematics
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2 2.11 | Use of functions in modelling, | For example, use of trigonometric
including consideration of functions for modelling tides, hours of
Algebra and L ) . . .
functions limitations and refinements of | sunlight, etc. Use of exponential functions
the models. for growth and decay (see Paper 1,
continued Section 6.7). Use of reciprocal function for
inverse proportion (e.g. pressure and
volume).
3 3.1 Understand and use the To include the equation of a line
Coordinate fequatl.on of a straight line, throug.;;h two gl.ven points, and the
geometry in including the forms equation of a line parallel (or
the (x,y) plane ¥y —y1=m(x —x1) and peri?’err\‘dlc:l:‘atr) to a given line through
ax +by +c=0; a given point.
Gradient conditions for m' =m for parallel lines and m' = ——
two straight lines to be m
parallel or perpendicular. for perpendicular lines
Be able to use straight line | For example, the line for converting
models in a variety of degrees Celsius to degrees
contexts. Fahrenheit, distance against time for
constant speed, etc.
3.2 Understand and use the Students should be able to find the

coordinate geometry of the
circle including using the
equation of a circle in the
form (x —a)’+(y-b)’ =+

Completing the square to
find the centre and radius
of a circle; use of the
following properties:

o the angle in a semicircle
is a right angle

e the perpendicular from
the centre to a chord
bisects the chord

e the radius of a circle at a
given point on its
circumference is
perpendicular to the
tangent to the circle at
that point.

radius and the coordinates of the
centre of the circle given the equation
of the circle, and vice versa.

Students should also be familiar with
the equation x* +* +2fx +2gy+¢=0

Students should be able to find the
equation of a circumcircle of a
triangle with given vertices using
these properties.

Students should be able to find the
equation of a tangent at a specified
point, using the perpendicular
property of tangent and radius.

16
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3 3.3 Understand and use the For example: x = 3cost, y = 3sint
. parametric equations of describes a circle centre O radius 3
Coordinate . . .
. curves and conversion x=2+5cost, y=—4+ 5sint describes a
geometry in . . . -
between Cartesian and circle centre (2, —4) with radius 5
the (x, y) plane )
parametric forms. 5
continued x=5t, y= — describes the curve xy =25
t
25
(ory=—))
X
x = 5t,y =3¢ describes the quadratic curve
25y = 3x? and other familiar curves covered
in the specification.
Students should pay particular attention to
the domain of the parameter ¢, as a specific
section of a curve may be described.
3.4 Use parametric equations in A shape may be modelled using
modelling in a variety of parametric equations or students may be
contexts. asked to find parametric equations for a
motion. For example, an object moves
with constant velocity from (1, 8) at
t =0to (6,20) at ¢t = 5. This may also be
tested in Paper 3, section 7 (kinematics).
4 4.1 Understand and use the Use of Pascal’s triangle.
Sequences bmomla:I expans_u_:n of Relation between binomial
. (a+ bx)" for positive gy
and series coefficients.

integner n; the notations n!
and C, link to binomial
probabilities.

Extend to any rational »,
including its use for
approximation; be aware that
the expansion is valid for

a

<1 (proof not required)

Also be aware of alternative notations

n
such as [ ] and nCr

r

Considered further in Paper 3
Section 4.1.

May be used with the expansion of
rational functions by decomposition into
partial fractions

May be asked to comment on the range of
validity.
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What students need to learn:

Guidance
4 4.2 Work with sequences
Sequences including those given by a
. formula for the nth term and
and series )
those generated by a simple
continued relation of the form
Xn+1 = f(xn);
increasing sequences; )
decreasing sequences; For example u, = In+1 describes a
periodic sequences. decreasing sequence as u,+1< u, for all
integer n
u, = 2" is an increasing sequence as
u,+1>u, for all integer n
uns1=_1 forn > 1and u; =3 describes a
un
periodic sequence of order 2
4.3 Understand and use sigma n
notation for sums of series. Knowledge that Zl =n s expected
1
4.4 Understand and work with The proof of the sum formula for an
arithmetic sequences and arithmetic sequence should be known
series, including the formulae | including the formula for the sum of the
for nth term and the sum to n | first n natural numbers.
terms
4.5 Understand and work with The proof of the sum formula should be
geometric sequences and known.
series, including the formulae Given the sum of a series students should
for the nth term and the sum )
. . - be able to use logs to find the value of n.
of a finite geometric series;
the sum to infinity of a The sum to infinity may be expressed
convergent geometric series, as Se
including the use of |r| <1;
modulus notation
4.6 Use sequences and series in Examples could include amounts paid into
modelling. saving schemes, increasing by the same
amount (arithmetic) or by the same
percentage (geometric) or could include
other series defined by a formula or a
relation.
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What students need to learn:

Guidance

5

Trigonometry

5.1 Understand and use the Use of x and y coordinates of points
definitions of sine, cosine on the unit circle to give cosine and
and tangent for all sine respectively,
arguments;
the sine and cosine rules; including the ambiguous case of the

i le.
the area of a triangle in the sine rule

1
form Eab sinC
Work with radian measure, Use of the formulae s = r8 and
including use for arc length |
9 g A= —7r%0 for arc lengths and areas of
and area of sector. 2
sectors of a circle.
5.2 Understand and use the Students should be able to approximate,
standard small angle cos3x—1 h ) '
approximations of sine, cosine sin 4x when x is small, to g
and tangent
sin@ ~ 0,
92

cosf ~l-—, tanéd =0
2

Where 8 is in radians.

5.3 Understand and use the Knowledge of graphs of curves with
sine, cosine and tangent equations such as y =sinx,
functions; their graphs, y =cos(x + 30°), y = tan 2x is expected.
symmetries and
periodicity.

Know and use exact values of

sin and cos for
T T T

s T, T and

6 4 3 2

multiples thereof, and exact

values of tan for

0, z, 1, E, sr and multiples
6 3

thereof.

5.4 Understand and use the Angles measured in both degrees and

definitions of secant, cosecant
and cotangent and of arcsin,
arccos and arctan; their
relationships to sine, cosine
and tangent; understanding of
their graphs; their ranges and
domains.

radians.
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5 5.5 Understand and use These identities may be used to solve
Trigonometry tan @ — sin @ trlgonometrlc equatlon.s and angles
cos 6 may be in degrees or radians. They may

continued also be used to prove further

Understand and use identities.

sin’@+ cos?d =1

sec’f=1+tan’@ and

cosec’@= 1+ cot’ @

5.6 Understand and use double To include application to half angles.
angle formulae; use of K led £ the (lg) ¢ | "
formulae for sin (4 + B), nowledge of the tan (> ormulae wi
cos (4 £ B), and tan (4 £ B), not be required.
understand geometrical
proofs of these formulae.

Understand and use Students should be able to solve
expressions for equations such as a cos 8+ b sin € =cin
equivalent forms of

rcos(@ta)orrsin (0 a)

5.7 Solve simple trigonometric | Students should be able to solve
equations in a given equations such as
interval, including [ i (¢ +70°) = 0.5 for 0 <x <360°,
quadratic equations in sin,
cos and tan and equations | 3 +5 cos 2x =1 for —180° <x < 180°
involving multiples of the .

9 P 6 cos’x+sinx—5=0,0 <x<360°
unknown angle.
These may be in degrees or radians and
this will be specified in the question.

5.8 Construct proofs involving Students need to prove identities such as
trigonometric functions and €OS X cos 2x + sin x sin 2x = cos x.
identities.

5.9 Use trigonometric functions to | Problems could involve (for example)
solve problems in context, wave motion, the height of a point on a
including problems involving vertical circular wheel, or the hours of
vectors, kinematics and sunlight throughout the year. Angles may
forces. be measured in degrees or in radians.
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6

Exponentials
and
logarithms

6.1 Know and use the function | Understand the difference in shape
a’ and its graph, where a betweena<landa>1
is positive.

Know and use the function | To include the graph of y =e* by
e’ and its graph.

6.2 Know that the gradient of Realise that when the rate of change
e is equal to ke and is proportional to the y value, an
hence understand why the | exponential model should be used.
exponential model is
suitable in many
applications.

6.3 Know and use the ar*1
definition of log, x as the
inverse of a*, where a is
positive and x > 0.

Know and use the function

In x and its graph.

Know and use In x as the Solution of equations of the form

inverse function of e* e“*P’=pandIn(ax+b)=gqis
expected.

6.4 Understand and use the Includes log,a =1
laws of logarithms:
loga x +1oga y =loga (xy)

X
loga x — loga y =loga [—J
y
kloga x =logq x*
(including, for example,
1
k=—-land k=——)
2

6.5 Solve equations of the Students may use the change of base
form a*=b formula. Questions may be of the

form, e.g. 2> 1=3

6.6 Use logarithmic graphs to Plot log y against log x and obtain a

estimate parameters in
relationships of the form
y=ax" and y=kb", given
data for x and y

straight line where the intercept is
log a and the gradient is n

Plot log y against x and obtain a
straight line where the intercept is
log k and the gradient is log b
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6 6.7 Understand and use Students may be asked to find the
. exponential growth and constants used in a model.
Exponentials decay; use in modellin
and yi usel _ ing They need to be familiar with terms
. (examples may include the . . _

logarithms . ) such as initial, meaning when 7= 0.
use of e in continuous

continued compound interest, They may need to explore the
radioactive decay, drug behaviour for large values of 7 or to
concentration decay, consider whether the range of values
exponential growth as a predicted is appropriate.
modelhfor popfllatlor.n ¢ Consideration of an improved model
g.ro_wt _), consideration o may be required.
limitations and
refinements of exponential
models.

7 7.1 Understand and use the

Differentiation

derivative of f(x) as the
gradient of the tangent to
the graph of y=f(x) ata
general point (x, y); the
gradient of the tangent as
a limit; interpretation as a
rate of change

sketching the gradient
function for a given curve

second derivatives

differentiation from first
principles for small
positive integer powers of
x and for sinx and cosx

d
Know that ay is the rate of change of

y with respect to x.

The notation f'(x) may be used for the
first derivative and f''(x) may be used
for the second derivative.

Given for example the graph of

y =f (x), sketch the graph of y =1 '(x)
using given axes and scale. This could
relate speed and acceleration for
example.

For example, students should be able
to use, for n =2 and n =3, the
gradient expression
) x+h)"-x"
lim| &M =X
h—>0

Students may use dx or &

22
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7

Differentiation

continued

7.1 Understand and use the Use the condition f''(x) >0 implies a
cont second derivative as the minimum and "' (x) <0 implies a
" | rate of change of gradient; | maximum for points where f'(x) =0
connection to convex and ) . .
. Know that at an inflection point
concave sections of curves " .
) ) : f"(x) changes sign.
and points of inflection.
Consider cases where f"(x) =0 and
f'(x) = 0 where the point may be a
minimum, a maximum or a point of
inflection (e.g. y=x",n>2)
7.2 Differentiate x”, for For example, the ability to
rational values of r, and differentiate expressions such as
related con?tant multiples, 2 +3x—5
sums and differences. (2x+5)(x-1) and X > 0,
4x?
is expected.
Differentiate ¢ and a*, Knowledge and use of the result
sinkx, coskx, tan kx and d . Fln g
related sums, differences and a(a )=ka™In a is expected.
constant multiples.
Understand and use the
derivative of Inx
7.3 Apply differentiation to Use of differentiation to find

find gradients, tangents
and normals

maxima and minima and
stationary points.

points of inflection
Identify where functions

are increasing or
decreasing.

equations of tangents and normals at
specific points on a curve.

To include applications to curve
sketching. Maxima and minima
problems may be set in the context of
a practical problem.

To include applications to curve
sketching.
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7 7.4 Differentiate using the Differentiation of cosec x, cot x and sec x.
Differentiation product rule., the qu.otient' rule | pifferentiation of functions of the form
. and the chain rule, including x =sin y, x =3 tan 2y and the use of
continued problems involving connected dy 1
rates of change and inverse ST 7N
. dx (dx
functions. huid
dy
Use of connected rates of change in
dv dr
models, e.g. —=—Xx—
de dr dr
Skill will be expected in the differentiation
of functions generated from standard forms
using products, quotients and composition,
e3x
such as 2x* sin x, — , cos’ x and tan? 2x.
X
7.5 Differentiate simple functions | The finding of equations of tangents and
and relations defined implicitly | normals to curves given parametrically or
or parametrically, for first implicitly is required.
derivative only.
7.6 Construct simple differential Set up a differential equation using given
equations in pure information.
mathematics and in context,
. For example:
(contexts may include .
) i ) In a simple model, the rate of decrease of
kinematics, population growth . S
. h . the radius of the mint is inversely
and modelling the relationship . .
. proportional to the square of the radius.
between price and demand).
8 8.1 Know and use the Integration as the reverse process of
. Fundamental Theorem of differentiation. Students should know
Integration _ .
Calculus that for indefinite integrals a constant
of integration is required.
8.2 Integrate x" (excluding For example, the ability to integrate

n=-1) and related sums,
differences and constant
multiples.

1 .
Integrate e, —, sinkx,
X

cos kx and related sums,
differences and constant
multiples.

2 1

expressions such as Ex -3x 2and

(x+2)*
—— 1 is expected.

X2
Given f'(x) and a point on the curve,
students should be able to find an
equation of the curve in the form
y=1).
To include integration of standard functions
. 1
such as sin 3x, sec? 2x, tan x, e>*, — .
X
Students are expected to be able to use

trigonometric identities to integrate, for
example, sin® x, tan® x, cos” 3x.

24
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What students need to learn:

Guidance

8
Integration

continued

8.3 Evaluate definite integrals; | Students will be expected to be able
use a definite integral to to evaluate the area of a region
find the area under a curve | bounded by a curve and given straight
and the area between two lines, or between two curves. This
curves includes curves defined parametrically.
For example, find the finite area
bounded by the curve y = 6x — x* and
the line y =2x
Or find the finite area bounded by the
curve y =x*—5x + 6 and the curve
y=4-x.
8.4 Understand and use _ b . e
integration as the limit of a Recognise ,L flx)dr = }12},2“?6) ox
sum. e
8.5 Carry out simple cases of Students should recognise integrals of the
integration by substitution £'(x)
and integration by parts; form J fx) dv = Inf(x) +c.
understand these methods as
the inverse processes of the | The integral Ilnxdx is required
chain and product rules
respectively
(Integration by substitution
includes finding a suitable
substitution and is limited to
cases where one substitution
will lead to a function which
can be integrated; integration
by parts includes more than
one application of the method
but excludes reduction
formulae.)
8.6 Integrate using partial Integration of rational expressions such as

fractions that are linear in the
denominator.

those arising from partial fractions,
2

e.g.
3x+5

Note that the integration of other rational
2
X

and—4
2x-1
is also required (see previous paragraph).

expressions, such as

x> +5
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What students need to learn:

Guidance

8 8.7 Evaluate the analytical Students may be asked to sketch
. solution of simple first order members of the family of solution curves.
Integration . . . -
differential equations with
continued separable variables, including
finding particular solutions
(Separation of variables may
require factorisation involving
a common factor.)

8.8 Interpret the solution of a The validity of the solution for large values
differential equation in the should be considered.
context of solving a problem,
including identifying
limitations of the solution;
includes links to kinematics.

9 9.1 Locate roots of f(x) =0 by Students should know that sign change is
Numerical conS|.der|n<_.:j changes of sign of approPrlate for continuous functions in a
f(x)in an interval of x on small interval.

methods . . .

which f(x)is sufficiently well

behaved.

Understand how change of When the interval is too large sign may

sign methods can fail. not change as there may be an even
number of roots.
If the function is not continuous, sign may
change but there may be an asymptote
(not a root).

9.2 Solve equations approximately | Understand that many mathematical
using simple iterative problems cannot be solved analytically,
methods; be able to draw but numerical methods permit solution to
associated cobweb and a required level of accuracy.
staircase diagrams. Use an iteration of the form x,+1 = f (x,) to

find a root of the equation x = f (x) and
show understanding of the convergence in
geometrical terms by drawing cobweb and
staircase diagrams.

9.3 Solve equations using the For the Newton-Raphson method,
Newton-Raphson method and | students should understand its working in
other recurrence relations of geometrical terms, so that they
the form understand its failure near to points where
Xne1= g(Xn) the gradient is small.

Understand how such
methods can fail.
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9 9.4 Understand and use 1
ical i i For example, evaluate 2x+1) dx
Numerical rf'lumejrlcal !nttlegdr.atlonhof f P L ( )
methods unctions, -|nc uding the use o
the trapezium rule and using the values of \/(2x+1) atx=0,
continued estimating the approximate
N PP o 0.25, 0.5, 0.75 and 1 and use a sketch on
area under a curve and limits ) i
that it must lie between. a glver.m graph to'determme whet.her the
trapezium rule gives an over-estimate or
an under-estimate.

9.5 Use numerical methods to Iterations may be suggested for the

solve problems in context. solution of equations not soluble by
analytic means.
10 10.1 | Use vectors in two Students should be familiar with
Vectors dimensions and in three column vectors and with the use of i
dimensions and j unit vectors in two dimensions
and i, j and k unit vectors in three
dimensions.

10.2 | Calculate the magnitude Students should be able to find a unit
and direction of a vector vector in the direction of a, and be
and convert between familiar with the notation|al|.
component form and
magnitude/direction form.

10.3 | Add vectors The triangle and parallelogram laws
diagrammatically and of addition.

erform the algebraic
P . 9 Parallel vectors.
operations of vector
addition and multiplication
by scalars, and understand
their geometrical
interpretations.
10.4 | Understand and use OB-0A=AB=b-2a

position vectors; calculate
the distance between two
points represented by
position vectors.

The distance d between two points
(x,,y) and (x,, y,) is given by

2 2 2
d*= (x1 —xz) + (yl —yz)

In three dimensions, the distance d
between two points (x, ,,,z,) and

(x,,¥,,2,) is given by

d2 = (Xl 7x2)2 + (yl 7y2)2 + (Zl 722)2
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What students need to learn:

Content Guidance
10 10.5 | Use vectors to solve For example, finding position vector
Vectors problems in pure of the fourth corner of a shape
mathematics and in (e.g. parallelogram) ABCD with three
continued context (including forces). | given position vectors for the corners
A, B and C.

Contexts such as velocity,
displacement, kinematics and forces
will be covered in Paper 3, Sections
6.1, 7.3 and 8.1 - 8.4
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Assessment information

e First assessment: May/June 2018.

e The assessments are 2 hours each.

e The assessments are out of 100 marks.

e Students must answer all questions.

e Calculators can be used in the assessments.

e The booklet Mathematical Formulae and Statistical Tables will be provided for use

in the assessments.
Synoptic assessment

Synoptic assessment requires students to work across different parts of a qualification and to
show their accumulated knowledge and understanding of a topic or subject area.

Synoptic assessment enables students to show their ability to combine their skills, knowledge
and understanding with breadth and depth of the subject.

These papers assess synopticity.

Sample assessment materials

A sample paper and mark scheme for these papers can be found in the Pearson Edexcel
Level 3 Advanced GCE in Mathematics Sample Assessment Materials (SAMs) document.
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Paper 3: Statistics and Mechanics

All the Pure Mathematics content is assumed knowledge for Paper 3 and may be tested in

parts of questions.

To support the co-teaching of this qualification with the AS Mathematics qualification,
common content has been highlighted in bold.

1 1.1 Understand and use the Students will be expected to comment
Statistical terms ‘population’ and on th(-_: advan’:ages and disadvantages
. ‘sample’. associated with a census and a

sampling
Use samples to make sample.
informal inferences about
the population.
Understand and use Students will be expected to be
sampling techniques, familiar with: simple random
including simple random sampling, stratified sampling,
sampling and opportunity | systematic sampling, quota sampling
sampling. and opportunity (or convenience)
sampling.
Select or critique
sampling techniques in
the context of solving a
statistical problem,
including understanding
that different samples
can lead to different
conclusions about the
population.
2 2.1 Interpret diagrams for Students should be familiar with
Data single-variable data, histograms, frequency polygons, box

presentation
and
interpretation

including understanding
that area in a histogram
represents frequency.

Connect to probability
distributions.

and whisker plots (including outliers)
and cumulative frequency diagrams.
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2

Data
presentation
and
interpretation

continued

2.2 Interpret scatter Students should be familiar with the
diagrams and regression | terms explanatory (independent) and
lines for bivariate data, response (dependent) variables.
mcludmg_ recognltlorj of Use of interpolation and the dangers
scatter diagrams which . .

N e ) of extrapolation. Variables other than

include distinct sections

;i Xx and y may be used.

of the population

(calculations involving Use to make predictions within the range

regression lines are of values of the explanatory variable.

excluded).
Change of variable may be required, e.g.
using knowledge of logarithms to reduce a
relationship of the form y = ax" or y = kb"
into linear form to estimate ¢ and nor k
and b.

Understand informal Use of terms such as positive,

interpretation of negative, zero, strong and weak are

correlation. expected.

Understand that

correlation does not

imply causation.

2.3 Interpret measures of Data may be discrete, continuous,

central tendency and
variation, extending to
standard deviation.

Be able to calculate
standard deviation,
including from summary
statistics.

grouped or ungrouped. Understanding
and use of coding.

Measures of central tendency: mean,
median, mode.

Measures of variation: variance,
standard deviation, range and
interpercentile ranges.

Use of linear interpolation to calculate
percentiles from grouped data is
expected.

Students should be able to use the
statistic x

2
Sex = Z(x— X)'= Y x' - —(an)

Y

Use of standard deviation = /—’“ (or
n

equivalent) is expected but the use of

XX

S
S = ’ (as used on spreadsheets)
n —

will be accepted.
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2 2.4 Recognise and interpret Any rule needed to identify outliers
Data possible outliers in data will be specified in the question.
presentation sets and statistical E
diagrams. or example, use of 0;— 1.5 x IQR and
and 03+ 1.5 x IQR or mean + 3 x standard
interpretation deviation.
continued
Select or critique data Students will be expected to draw
presentation techniques simple inferences and give
in the context of a interpretations to measures of central
statistical problem. tendency and variation. Significance
tests, other than those mentioned in
Section 5, will not be expected.
Be able to clean data, For example, students may be asked
including dealing with to identify possible outliers on a box
missing data, errors and plot or scatter diagram.
outliers.
3 3.1 Understand and use Venn diagrams or tree diagrams may
o mutually exclusive and be used. Set notation to describe events
Probability .
independent events when | may be used.
calculating probabilities. Use of P(B|4) = P(B), P(4|B) = P(A),
P(4 n B) = P(A) P(B) in connection with
independent events.
Link to discrete and No formal knowledge of probability
continuous distributions. | density functions is required but
students should understand that area
under the curve represents
probability in the case of a continuous
distribution.
3.2 Understand and use Understanding and use of
conditional probability,
including the use of tree P(4’) =1 -P(4),
diagrams, Venn diagrams,
two-way tables. P(4 U B)=P(4) + P(B)— P(4 "N B),
Understand and use the P(4 N B) = P(4) P(B|A).
conditional probability
formula
P(A|B) = P(ANB)
P(B)
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3 3.3 Modelling with probability, For example, questioning the assumption
Probability mcIuqu critiquing that a die or coin is fair.
assumptions made and the
continued likely effect of more realistic
assumptions.
4 4.1 | Understand and use Students will be expected to use
simple, discrete distributions to model a real-world
Statistical probability distributions situation and to comment critically on
distributions (calculation of mean and | the appropriateness.
variance of _cllscret_e Students should know and be able to
random variables is . . . .
. . identify the discrete uniform
excluded), including the o .
. . . . distribution.
binomial distribution, as
a model; calculate The notation X ~ B(n, p) may be used.
probabilities using the
binomial distribution. Use of a calculator to find individual
or cumulative binomial probabilities.
4.2 Understand and use the

Normal distribution as a
model; find probabilities
using the Normal
distribution

Link to histograms, mean,
standard deviation, points of
inflection

and the binomial
distribution.

The notation X ~ N(x, ¢2) may be used.

Knowledge of the shape and the
symmetry of the distribution is required.
Knowledge of the probability density
function is not required. Derivation of the
mean, variance and cumulative
distribution function is not required.

Questions may involve the solution of
simultaneous equations.

Students will be expected to use their
calculator to find probabilities connected
with the normal distribution.

Students should know that the points of
inflection on the normal curve are at
x=ut o

The derivation of this result is not
expected.

Students should know that when 7 is large
and p is close to 0.5 the distribution
B(n, p) can be approximated by

N(np, np[1 - p])

The application of a continuity correction
is expected.
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4 4.3 Select an appropriate Students should know under what
Statistical probability distribution for a | conditions a binomial distribution or a
- . context, with appropriate Normal distribution might be a suitable
distributions . . .
reasoning, including model.
continued recognising when the
binomial or Normal model
may not be appropriate.
5 5.1 Understand and apply the | An informal appreciation that the
Statistical language of statistical expected value of a binomial
hypothesis hypothesis testing, distribution is given by np may be
testing developed through a required for a 2-tail test.
binomial model: null
hypothesis, alternative
hypothesis, significance
level, test statistic, 1-tail
test, 2-tail test, critical
value, critical region,
acceptance region,
p-value;
extend to correlation Students should know that the product
coefficients as measures of moment correlation coefficient r satisfies
how close data points lie to |#|< 1 and that a value of »=+1 means
a straight line. the data points all lie on a straight line.
and
be able to interpret a given Students will be expected to calculate a
correlation coefficient using value of r using their calculator but use of
a given p-value or critical the formula is not required.
value (calculation of
correlation coefficients is Hypotheses should be stated in terms of p
excluded). with a null hypothesis of p = 0 where p
represents the population correlation
coefficient.
Tables of critical values or a p-value will
be given.
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5 5.2 Conduct a statistical
Statistical hypotht?sm _test for the
hvpothesis proportion in the
yp. binomial distribution and
testing . -
interpret the results in
continued context.
Understand that a sample | Hypotheses should be expressed in
is being used to make an | terms of the population parameter p
inference about the
population
and
appreciate that the A formal understanding of Type I
significance level is the errors is not expected.
probability of incorrectly
rejecting the null
hypothesis.
5.3 Conduct a statistical Students should know that:
hypothesis test for the mean
T i 2
faN | distribut th — c
of a orma distribution wi If X~ N(x 02 then X ~N| 12— and
known, given or assumed n
variance and interpret the
. P that a test for s can be carried out using:
results in context. —
—H
~N(0, 1%).
0'/\/;
No proofs required.
Hypotheses should be stated in terms of
the population mean p.
Knowledge of the Central Limit Theorem
or other large sample approximations is
not required.
6 6.1 Understand and use
. fundamental quantities
Quantities and .
o and units in the S.I.
units in tem: length, time
mechanics Sys ’ gth, !

mass.

Understand and use
derived quantities and
units: velocity,
acceleration, force,
weight, moment.

Students may be required to convert
one unit into another e.g. km h! into
m s
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7 7.1 Understand and use the Students should know that distance
Kinematics Iam_;_;tfage o.f kinematics: and speed must be positive.
position; displacement;
distance travelled;
velocity; speed;
acceleration.

7.2 Understand, use and Graphical solutions to problems may
interpret graphs in be required.
kinematics for motion in
a straight line:
displacement against
time and interpretation of
gradient; velocity against
time and interpretation of
gradient and area under
the graph.

7.3 Understand, use and Derivation may use knowledge of
derive the formulae for sections 7.2 and/or 7.4
constant acceleration for
motion in a straight line.

ExFend to 2 dimensions Understand and use suvat formulae for
using vectors. constant acceleration in 2-D,
eg.v=utar, r= utJr%at2 with vectors
given in i — j or column vector form.
Use vectors to solve problems.

7.4 | Use calculus in The level of calculus required will be
kinematics for motion in consistent with that in Sections 7 and
a straight line: 8 in the Pure Mathematics content.

dr dv d’r
vV=—— , a=—= 2
dr dr dt
r:Jv dz, v:Ja dr
ExFend to 2 dimensions Differentiation and integration of a vector
using vectors. with respect to time. e.g.
3
Given r=t"i+¢%j,find f and I at a
given time.

7.5 Model motion under gravity Derivation of formulae for time of flight,
in a vertical plane using range and greatest height and the
vectors; projectiles. derivation of the equation of the path of a

projectile may be required.
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8

Forces and
Newton’s laws

8.1 Understand the concept Normal reaction, tension, thrust or
of a force; understand compression, resistance.
and use Newton'’s first
law.
8.2 Understand and use Problems will involve motion in a
Newton’s second law for straight line with constant
motion in a straight line acceleration in scalar form, where the
(restricted to forces in forces act either parallel or
two perpendicular perpendicular to the motion.
directions or simple cases . L
. Problems may involve motion in a
of forces given as 2-D . . .
straight line with constant
vectors); extend to . .
. . acceleration in vector form, where the
situations where forces need . i e .
i forces are given ini—j form or as
to be resolved (restricted to
. . column vectors.
2 dimensions).
Extend to problems where forces need to
be resolved, e.g. a particle moving on an
inclined plane.
8.3 Understand and use

weight and motion in a
straight line under
gravity; gravitational
acceleration, g, and its
value in S.I. units to
varying degrees of
accuracy.

(The inverse square law
for gravitation is not
required and g may be
assumed to be constant,
but students should be
aware that g is not a
universal constant but
depends on location.)

The default value of g will be 9.8 ms—2
but some questions may specify
another value, e.g. g = 10 ms~2
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What students need to learn:

Topics
8 8.4 Understand and use Connected particle problems could
Forces and Newton’s third law; include problems with particles in
Newton’s laws equilibrium of forces on a contact e.g. lift problems.
. part_lcle a_nd mot|0|_1 'na Problems may be set where forces need to
continued straight line (restricted to
) be resolved, e.g. at least one of the
forces in two . . . .
. . B particles is moving on an inclined plane.
perpendicular directions
or simple cases of forces
given as 2-D vectors);
application to problems
involving smooth pulleys
and connected particles;
resolving forces in
2 dimensions; equilibrium of
a particle under coplanar
forces.
8.5 Understand and use addition | Students may be required to resolve a
of forces; resultant forces; vector into two components or use a
dynamics for motion in a vector diagram, e.g. problems involving
plane. two or more forces, given in magnitude-
direction form.
8.6 Understand and use the An understanding of F = 4R when a
F < 4R model for friction; particle is moving.
coefficient of friction; motion
of a body on a rough An understanding of F < xR in a situation
surface; limiting friction and | Of equilibrium.
statics.
9 9.1 Understand and use Equilibrium of rigid bodies.
Moments moments in simple static Problems involving parallel and non-
contexts.
parallel coplanar forces, e.g. ladder
problems.
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Assessment information

e First assessment: May/June 2018.

e The assessment is 2 hours.

e The assessment is out of 100 marks.

e Students must answer all questions.

e Calculators can be used in the assessment.

e The booklet ‘Mathematical Formulae and Statistical Tables’ will be provided for use in the

assessment.
Synoptic assessment

Synoptic assessment requires students to work across different parts of a qualification and to
show their accumulated knowledge and understanding of a topic or subject area.

Synoptic assessment enables students to show their ability to combine their skills, knowledge
and understanding with breadth and depth of the subject.

This paper assesses synopticity.

Sample assessment materials

A sample paper and mark scheme for this paper can be found in the Pearson Edexcel Level 3
Advanced GCE in Mathematics Sample Assessment Materials (SAMs) document.
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Assessment Objectives

% in GCE

Students must: A Level

AO1 Use and apply standard techniques 48-52
Students should be able to:

e select and correctly carry out routine procedures; and
e accurately recall facts, terminology and definitions

AO2 Reason, interpret and communicate mathematically 23-27

Students should be able to:

e construct rigorous mathematical arguments (including proofs)
e make deductions and inferences

e assess the validity of mathematical arguments

e explain their reasoning; and

e use mathematical language and notation correctly.

Where questions/tasks targeting this Assessment Objective will
also credit candidates for the ability to ‘use and apply standard
techniques’ (AO1) and/or to 'solve problems within mathematics
and in other contexts’ (AO3) an appropriate proportion of the

marks for the question/task must be attributed to the
corresponding Assessment Objective(s).

AO3 Solve problems within mathematics and in other contexts 23-27

Students should be able to:

e translate problems in mathematical and non-mathematical
contexts into mathematical processes

e interpret solutions to problems in their original context, and,
where appropriate, evaluate their accuracy and limitations

e translate situations in context into mathematical models
e use mathematical models; and

e evaluate the outcomes of modelling in context, recognise the
limitations of models and, where appropriate, explain how to
refine them.

Where questions/tasks targeting this Assessment Objective will
also credit candidates for the ability to ‘use and apply standard
techniques’ (AO1) and/or to 'reason, interpret and communicate
mathematically’ (AO2) an appropriate proportion of the marks for
the question/task must be attributed to the corresponding
Assessment Objective(s).

Total 100%

Further guidance on the interpretation of these assessment objectives is given in Appendix 4.
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Breakdown of Assessment Objectives

Assessment Objectives Total for all
Assessment
Objectives
Paper 1: Pure Mathematics 1 16.00-17.33 8.66-10 6.33-7.67 33.33%
Paper 2: Pure Mathematics 2 16.00-17.33 8.66-10 6.33-7.67 33.33%
Paper 3: Statistics and Mechanics 16.00-17.33 5.66-7.00 10.33-11.67 33.33%
Total for GCE A Level 48-52 23-27 23-27 100%

NB: Totals have been rounded either up or down.
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Administration and general information

Entries

Details of how to enter students for the examinations for this qualification can be found in
our UK Information Manual. A copy is made available to all examinations officers and is
available on our website: qualifications.pearson.com

Discount code and performance tables

Centres should be aware that students who enter for more than one GCE qualification with
the same discount code will have only one of the grades they achieve counted for the
purpose of the school and college performance tables. This will be the grade for the larger
qualification (i.e. the A Level grade rather than the AS grade). If the qualifications are the
same size, then the better grade will be counted (please see Appendix 8: Codes).

Students should be advised that if they take two GCE qualifications with the same discount
code, colleges, universities and employers which they wish to progress to are likely to take
the view that this achievement is equivalent to only one GCE. The same view may be taken if
students take two GCE qualifications that have different discount codes but have significant
overlap of content. Students or their advisers who have any doubts about their subject
combinations should check with the institution they wish to progress to before embarking on
their programmes.

Access arrangements, reasonable adjustments,
special consideration and malpractice

Equality and fairness are central to our work. Our equality policy requires all students to
have equal opportunity to access our qualifications and assessments, and our qualifications
to be awarded in a way that is fair to every student.

We are committed to making sure that:

e students with a protected characteristic (as defined by the Equality Act 2010) are not,
when they are undertaking one of our qualifications, disadvantaged in comparison to
students who do not share that characteristic

¢ all students achieve the recognition they deserve for undertaking a qualification and that
this achievement can be compared fairly to the achievement of their peers.

Language of assessment

Assessment of this qualification will be available in English. All student work must be
in English.
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Access arrangements

Access arrangements are agreed before an assessment. They allow students with special
educational needs, disabilities or temporary injuries to:

e access the assessment

e show what they know and can do without changing the demands of the assessment.

The intention behind an access arrangement is to meet the particular needs of an individual
student with a disability, without affecting the integrity of the assessment. Access

arrangements are the principal way in which awarding bodies comply with the duty under the
Equality Act 2010 to make ‘reasonable adjustments’.

Access arrangements should always be processed at the start of the course. Students will
then know what is available and have the access arrangement(s) in place for assessment.

Reasonable adjustments

The Equality Act 2010 requires an awarding organisation to make reasonable adjustments
where a person with a disability would be at a substantial disadvantage in undertaking an
assessment. The awarding organisation is required to take reasonable steps to overcome

that disadvantage.

A reasonable adjustment for a particular person may be unique to that individual and
therefore might not be in the list of available access arrangements.

Whether an adjustment will be considered reasonable will depend on a number of factors,
including:

e the needs of the student with the disability

e the effectiveness of the adjustment

e the cost of the adjustment; and

o the likely impact of the adjustment on the student with the disability and other students.
An adjustment will not be approved if it involves unreasonable costs to the awarding

organisation, or affects timeframes or the security or integrity of the assessment. This is
because the adjustment is not ‘reasonable’.

Special consideration

Special consideration is a post-examination adjustment to a student's mark or grade to
reflect temporary injury, illness or other indisposition at the time of the examination/
assessment, which has had, or is reasonably likely to have had, a material effect on a
candidate’s ability to take an assessment or demonstrate their level of attainment in
an assessment.

Further information

Please see our website for further information about how to apply for access arrangements
and special consideration.

For further information about access arrangements, reasonable adjustments and special
consideration, please refer to the JCQ website: www.jcqg.org.uk.
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Malpractice

Candidate malpractice

Candidate malpractice refers to any act by a candidate that compromises or seeks to
compromise the process of assessment or which undermines the integrity of the
qualifications or the validity of results/certificates.

Candidate malpractice in examinations must be reported to Pearson using a JCQ Form M1
(available at www.jcg.org.uk/exams-office/malpractice). The form should be emailed to
candidatemalpractice@pearson.com. Please provide as much information and supporting
documentation as possible. Note that the final decision regarding appropriate sanctions lies
with Pearson.

Failure to report malpractice constitutes staff or centre malpractice.

Staff/centre malpractice

Staff and centre malpractice includes both deliberate malpractice and maladministration of
our qualifications. As with candidate malpractice, staff and centre malpractice is any act that
compromises or seeks to compromise the process of assessment or which undermines the
integrity of the qualifications or the validity of results/certificates.

All cases of suspected staff malpractice and maladministration must be reported
immediately, before any investigation is undertaken by the centre, to Pearson on a
JCQ Form M2(a) (available at www.jcq.org.uk/exams-office/malpractice). The form,
supporting documentation and as much information as possible should be emailed to
pgsmalpractice@pearson.com. Note that the final decision regarding

appropriate sanctions lies with Pearson.

Failure to report malpractice itself constitutes malpractice.

More detailed guidance on malpractice can be found in the latest version of the document
General and Vocational Qualifications Suspected Malpractice in Examinations and
Assessments Policies and Procedures, available at www.jcqg.org.uk/exams-office/malpractice.

Awarding and reporting

This qualification will be graded, awarded and certificated to comply with the requirements of
Ofqual's General Conditions of Recognition.

This A Level qualification will be graded and certificated on a six-grade scale from A* to E
using the total combined marks (out of 300) for the three compulsory papers. Individual
papers are not graded.

Students whose level of achievement is below the minimum judged by Pearson to be of
sufficient standard to be recorded on a certificate will receive an unclassified U result.

The first certification opportunity for this qualification will be 2018.
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Student recruitment and progression

Pearson follows the JCQ policy concerning recruitment to our qualifications in that:
e they must be available to anyone who is capable of reaching the required standard
e they must be free from barriers that restrict access and progression

e equal opportunities exist for all students.

Prior learning and other requirements

There are no prior learning or other requirements for this qualification.

Students who would benefit most from studying this qualification are likely to have a Level 2
qualification such as a GCSE in Mathematics.

Progression

Students can progress from this qualification to:

e a range of different, relevant academics or vocational higher education qualifications
e employment in a relevant sector

e further training.
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Appendix 1: Formulae

Formulae that students are expected to know for A Level Mathematics are given below and
will not appear in the booklet Mathematical Formulae and Statistical Tables, which will be
provided for use with the paper.

Pure Mathematics

Quadratic Equations

~b b — 4dac

2a

ax?+bx+c =0 has roots

Laws of Indices
aad =a*”
a & =a”’

@y =a®

Laws of Logarithms
x=a" < n=log,x fora>0andx>0

log,x +log,y =log, (xy)
X

log,x —log,y =log, [_J
y

klog,x =log, (xk)

Coordinate Geometry
A straight line graph, gradient m passing through (x,,yl) has equationy—y, = m(x—xl)

Straight lines with gradients m, and m, are perpendicular when mm, = -1

Sequences

General term of an arithmetic progression:
u,=a-+ (n — 1) d
General term of a geometric progression:

u, =ar
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Trigonometry

In the triangle ABC

. a b c
Sine rule: — = =
sind sinB sinC
Cosine rule: a?=b*+ 2 —2bccos A

Area =%ab sinC

cos’4 +sin’4 =1
sec’4 =1 + tan’4
cosec’4 = 1 + cot’4
sin24 =2 sin A cos A

c0s24 = cos’4 — sin’4

tan2A4= %
1-tan” 4
Mensuration

Circumference and area of circle, radius » and diameter d:
C=2nr=nd A=nxr’
Pythagoras’ theorem:
In any right-angled triangle where a, b and c are the lengths of the sides and c¢ is the
hypotenuse, ¢*=a> + b*
Area of a trapezium = %(a +b)h , where a and b are the lengths of the parallel sides and 4

is their perpendicular separation.

Volume of a prism = area of cross section x length

For a circle of radius r, where an angle at the centre of § radians subtends an arc of length s
and encloses an associated sector of area A4:
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Calculus and Differential Equations

Differentiation

Function Derivative
x" nx" -1
sin kx kcos kx
cos kx —~lksinkx
ek ke
Inx 1

x
f(x)+g(x) f'(x)+g'(x)
f(x)g(x) f'(x)g(x) + f(x)g'(x)
f(g(x)) flg(x)g'(x)

Integration

Function Integral
x" — ¥y, n#-1
n+l1
1.
coskx Zsmkx+c
. 1
sin kx _ECOSIOHC
el L
k
1
- ln|x| +c, xz0
X
f'(x) +g'(x) f(x)+g(x)+c
f'(g(x))g'(x) f(g(x) +c

b
Area under a curve =jy dx (y>0)
a
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Vectors

xi+yj+zk|= (x2+y2+zz)

Statistics
X fx
The mean of a set of data: x = ; = Z_
n Zf
X —u
o

The standard Normal variable: Z = where X ~ N(,u, 62)

Mechanics

Forces and Equilibrium
Weight = mass x g
Friction: FF << uR

Newton’s second law in the form: F' = ma

Kinematics

For motion in a straight line with variable acceleration:

dr dv d’r
V= a=—= —2
dt dr dr
r= Ivdt V= ja dt
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Appendix 2: Notation

The tables below set out the notation that must be used in A Level Mathematics
examinations. Students will be expected to understand this notation without need for
further explanation.

1 ‘ Set notation ‘

1.1 € is an element of
1.2 3 is not an element of
1.3 < is a subset of
1.4 c is a proper subset of
1.5 {x1, %2, ...} the set with elements xi, x2, ...
1.6 {x:..} the set of all x such that ...
1.7 n(A) the number of elements in set 4
1.8 %) the empty set
1.9 & the universal set
1.10 A the complement of the set 4
1.11 N the set of natural numbers, {1, 2, 3, ...}
1.12 7 the set of integers, {0, £1, £2, +3, ...}
1.13 7+ the set of positive integers, {1, 2, 3, ...}
1.14 Zg the set of non-negative integers, {0, 1,2, 3, ...}
1.15 R the set of real numbers
1.16 Q the set of rational numbers, {5 :pel, qe Z+}
1.17 v union
1.18 M intersection
1.19 (x,») the ordered pair x, y
1.20 [a, b] the closed interval {x ¢ R:a <x<b}
1.21 [a, b) the interval {x ¢ R:a <x<b}
1.22 (a, b] the interval {{x ¢ R:a <x<b}
1.23 (a, b) the open interval {x ¢ R:a <x <b}
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2 Miscellaneous symbols

2.1 = is equal to
2.2 # is not equal to
2.3 = is identical to or is congruent to
2.4 ~ is approximately equal to
2.5 oo infinity
2.6 x is proportional to
2.7 therefore
2.8 . because
2.9 < is less than
2.10 <GS is less than or equal to, is not greater than
2.11 > is greater than
2.12 >, is greater than or equal to, is not less than
2.13 pP=q p implies ¢ (if p then q)
2.14 pP<q p is implied by ¢ (if g then p)
2.15 pPeq p implies and is implied by ¢ (p is equivalent to g)
2.16 a first term for an arithmetic or geometric sequence
2.17 [ last term for an arithmetic sequence
2.18 d common difference for an arithmetic sequence
2.19 r common ratio for a geometric sequence
2.20 Su sum to n terms of a sequence
2.21 Seo sum to infinity of a sequence
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3.1 a+b aplus b
3.2 a—>b a minus b
3.3 axb, ab, a-b a multiplied by b
3.4 a=b & a divided by b
b
3.5 n a +a,+...+a,
2.9
i=1
3.6 n a;xa, X...xa,
[«
i=1
3.7 Ja the non-negative square root of a
3.8 |a| the modulus of a
3.9 n! n factorial: n!l=nxm—-1)x ... x2x1,neN; 0l =1
3.10 " o C the binomial coefficient —_'__ for n,re Z(J;, r<n
P A ri(n—r)!
or n(n—l)...fn—r+1) for 1 Q,rezg
r.

4.1 f(x) the value of the function f at x
4.2 fix—>y the function f maps the element x to the element y
4.3 £ the inverse function of the function f
4.4 gf the composite function of f and g which is defined by
gf(x) = g(f(x))
4.5 lim f(x) the limit of f(x) as x tends to a
xX—>a
4.6 Ax, Ox an increment of x
4.7 dy the derivative of y with respect to x
dx
4.8 d"y the nth derivative of y with respect to x
dxn
4.9 f(x), f1x), ..., £ (x) the first, second, ..., n™ derivatives of f(x) with
respect to x
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4.10 X, X, the first, second, ... derivatives of x with respect to ¢

4.11 J y dx the indefinite integral of y with respect to x

4.12 b dr the definite integral of y with respect to x between the
Ly limitsx =g andx = b

5 Exponential and Logarithmic Functions

5.1 e base of natural logarithms

5.2 e’, expx exponential function of x

5.3 log, x logarithm to the base a of x

5.4 Inx, log,x natural logarithm of x

6 Trigonometric Functions ‘
6.1 sin, cos, tan, the trigonometric functions
cosec, sec, cot
6.2 sin”, cos™, tan™ the inverse trigonometric functions
arcsin, arccos, arctan

6.3 ° degrees

6.4 rad radians

7 Vectors ‘

7.1 a,a,a the vector a, a, a; these alternatives apply throughout
section 9

7.2 AB the vector represented in magnitude and direction by
the directed line segment AB

7.3 a a unit vector in the direction of a

7.4 iLj, k unit vectors in the directions of the cartesian
coordinate axes

7.5 la|,a the magnitude of a

7.6 | AB |, AB the magnitude of AB
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7.7 a column vector and corresponding unit vector notation
( J , ai+Dbj

7.8 r position vector

7.9 s displacement vector

7.10 v velocity vector

7.11 a acceleration vector

8.1 A, B, C, etc. events

8.2 AUB union of the events 4 and B

8.3 ANB intersection of the events 4 and B

8.4 P(4) probability of the event 4

8.5 A complement of the event 4

8.6 P(4|B) probability of the event 4 conditional on the
event B

8.7 X, Y, R, etc. random variables

8.8 X, y, r, etc. values of the random variables X Y, R etc.

8.9 X1, X, .- observations

8.10 Sis Sos oen frequencies with which the observations x,, x,, ...
occur

8.11 p(x), P(X =x) probability function of the discrete random
variable X

8.12 P1> Pas - probabilities of the values x,, x,, ... of the discrete
random variable X

8.13 E(X) expectation of the random variable X

8.14 Var(X) variance of the random variable X

8.15 ~ has the distribution

8.16 binomial distribution with parameters » and p, where n

B(n, p) is the number of trials and p is the probability of

success in a trial

8.17 q q =1— p for binomial distribution

8.18 N(u, 0% Normal distribution with mean u and variance ¢*

Pearson Edexcel Level 3 Advanced GCE in Mathematics 57

Specification - Issue 4 - February 2020 - © Pearson Education Limited 2020



8 Probability and Statistics

8.19 Z ~N(0,1) standard Normal distribution
8.20 é pro?bability‘ den§ity fuqction of the standardised Normal
variable with distribution N(0, 1)
8.21 o corresponding cumulative distribution function
8.22 u population mean
8.23 o population variance
8.24 o population standard deviation
8.25 x sample mean
8.26 s? sample variance
8.27 s sample standard deviation
8.28 Ho Null hypothesis
8.29 H; Alternative hypothesis
8.30 r product moment correlation coefficient for a sample
8.31 P product moment correlation coefficient for a population
9 ‘ Mechanics ‘
9.1 kg kilograms
9.2 m metres
9.3 km kilometres
9.4 m/s, ms"! metres per second (velocity)
9.5 m/s?, ms metres per second per second (acceleration)
9.6 F Force or resultant force
9.7 N Newton
9.8 Nm Newton metre (moment of a force)
9.9 t time
9.10 s displacement
9.11 u initial velocity
9.12 v velocity or final velocity
9.13 a acceleration
9.14 g acceleration due to gravity
9.15 u coefficient of friction
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Appendix 3: Use of calculators

Students may use a calculator in all A Level Mathematics examinations. Students are
responsible for making sure that their calculators meet the guidelines set out in this
appendix.

The use of technology permeates the study of A Level Mathematics. Calculators used must
include the following features:

e an iterative function

e the ability to compute summary statistics and access probabilities from standard statistical
distributions.

In addition, students must be told these regulations before sitting an examination:

Calculators must be: Calculators must not:

e of a size suitable for use on e be designed or adapted to offer any of these
the desk facilities

e either battery- or solar powered o language translators

e free of lids, cases and covers that o symbolic algebra manipulation
have printed instructions or

formulas o symbolic differentiation or integration

o communication with other machines or

The student is responsible for the internet

the following:
) e be borrowed from another student during an
e the calculator’s power supply examination for any reason*

e the calculator’s working condition | | 5ye retrievable information stored in them -
e clearing anything stored in the this includes
calculator. o databanks
o dictionaries
o mathematical formulas

o text.

Advice: *an invigilator may give a student a replacement calculator.
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Appendix 4: Assessment Objectives

The following tables outline in detail the strands and elements of each Assessment Objective
for A Level Mathematics, as provided by Ofqual in the document GCE Subject Level Guidance
for Mathematics.

e A'strand’is a discrete bullet point that is formally part of an assessment objective

e An ‘element’ is an ability that the assessment objective does not formally separate, but
that could be discretely targeted or credited.

AO1: Use and apply standard techniques. 50% (A Level)
60% (AS)

Learners should be able to:
= select and correctly carry out routine

procedures

accurately recall facts, terminology and
definitions

Strands Elements

1. select and correctly carry out routine procedures | 1a - select routine procedures

1b - correctly carry out routine
procedures

2. accurately recall facts, terminology and This strand is a single element
definitions

AO2: Reason, interpret and communicate 25% (A Level)
mathematically 20% (AS)

Learners should be able to:

construct rigorous mathematical arguments
(including proofs)

make deductions and inferences

assess the validity of mathematical arguments
explain their reasoning

use mathematical language and notation

correctly

Strands Elements

1. construct rigorous mathematical arguments This strand is a single element
(including proofs)

2. make deductions and inferences 2a - make deductions

1. 2b - make inferences

3. assess the validity of mathematical arguments This strand is a single element

4. explain their reasoning This strand is a single element

5. use mathematical language and notation This strand is a single element
correctly
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AO3: Solve problems within mathematics and in
other contexts

Learners should be able to:

*= translate problems in mathematical and non-
mathematical contexts into mathematical
processes

interpret solutions to problems in their original

context, and, where appropriate, evaluate their
accuracy and limitations

translate situations in context into
mathematical models

use mathematical models

evaluate the outcomes of modelling in context,
recognise the limitations of models and, where
appropriate, explain how to refine them

Strands

25% (A Level)
20% (AS)

Elements

1. translate problems in mathematical and
non-mathematical contexts into mathematical
processes

1la - translate problems in
mathematical contexts into
mathematical processes

1b - translate problems in non-
mathematical contexts into
mathematical processes

2. interpret solutions to problems in their original
context, and, where appropriate evaluate their
accuracy and limitations

2a - interpret solutions to problems in
their original context

2b - where appropriate, evaluation the
accuracy and limitations of solutions to
problems

3. translate situations in context into mathematical
models

This strand is a single element

4. use mathematical models

This strand is a single element

5. evaluate the outcomes of modelling in context,
recognise the limitations of models and, where
appropriate, explain how to refine them

5a - evaluate the outcomes of
modelling in context

5b - recognise the limitations of
models

5c¢ - where appropriate, explain how to
refine models

Assessment Objectives coverage

There will be full coverage of all elements of the Assessment Objectives, with the exception
of AO3.2b and AO3.5c¢, in each set of A Level Mathematics assessments offered by Pearson.
Elements AO3.2b and AO3.5c will be covered in each route through the qualification within

three years.
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Appendix 5: The context for the

d

All

evelopment of this qualification

our qualifications are designed to meet our World Class Qualification Principles[!] and our

ambition to put the student at the heart of everything we do.

We have developed and designed this qualification by:

Th

reviewing other curricula and qualifications to ensure that it is comparable with those
taken in high-performing jurisdictions overseas

consulting with key stakeholders on content and assessment, including learned bodies,
subject associations, higher-education academics, teachers and employers to ensure this
qualification is suitable for a UK context

reviewing the legacy qualification and building on its positive attributes.

is qualification has also been developed to meet criteria stipulated by Ofqual in their

documents GCE Qualification Level Conditions and Requirements and GCE Subject Level

Co

nditions and Requirements for Mathematics, published in April 2016.

[1]

62

Pearson’s World Class Qualification Principles ensure that our qualifications are:

¢ demanding, through internationally benchmarked standards, encouraging deep learning and
measuring higher-order skills

e rigorous, through setting and maintaining standards over time, developing reliable and valid
assessment tasks and processes, and generating confidence in end users of the knowledge, skills
and competencies of certified students

e inclusive, through conceptualising learning as continuous, recognising that students develop at
different rates and have different learning needs, and focusing on progression

e empowering, through promoting the development of transferable skills, see Appendix 6.
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From Pearson’s Expert Panel for World Class Qualifications

May 2014

WThe reform of the qualifications system in England is a profoundly important change to the
education system. Teachers need to know that the new qualifications will assist them in
helping their learners make progress in their lives.

When these changes were first proposed we were approached by Pearson to join an ‘Expert
Panel’ that would advise them on the development of the new qualifications.

We were chosen, either because of our expertise in the UK education system, or because of
our experience in reforming qualifications in other systems around the world as diverse as
Singapore, Hong Kong, Australia and a number of countries across Europe.

We have guided Pearson through what we judge to be a rigorous qualification development
process that has included:

e extensive international comparability of subject content against the highest-performing
jurisdictions in the world

e benchmarking assessments against UK and overseas providers to ensure that they are at
the right level of demand

e establishing External Subject Advisory Groups, drawing on independent subject-specific
expertise to challenge and validate our qualifications

e subjecting the final qualifications to scrutiny against the DfE content and Ofqual
accreditation criteria in advance of submission.

Importantly, we have worked to ensure that the content and learning is future oriented. The
design has been guided by what is called an ‘Efficacy Framework’, meaning learner outcomes
have been at the heart of this development throughout.

We understand that ultimately it is excellent teaching that is the key factor to a learner’s
success in education. As a result of our work as a panel we are confident that we have
supported the development of qualifications that are outstanding for their coherence,
thoroughness and attention to detail and can be regarded as representing world-class best
practice.”’

Sir Michael Barber (Chair) Professor Lee Sing Kong

Chief Education Advisor, Pearson plc Director, National Institute of Education,

Singapore

Bahram Bekhradnia Professor Jonathan Osborne

President, Higher Education Policy Institute

Dame Sally Coates

Principal, Burlington Danes Academy

Professor Robin Coningham

Pro-Vice Chancellor, University of Durham

Dr Peter Hill
Former Chief Executive ACARA

All titles correct as at May 2014

Pearson Edexcel Level 3 Advanced GCE in Mathematics

Stanford University
Professor Dr Ursula Renold
Federal Institute of Technology,

Switzerland

Professor Bob Schwartz

Harvard Graduate School of Education
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Appendix 6: Transferable skills

The need for transferable skills

In recent years, higher education institutions and employers have consistently flagged the
need for students to develop a range of transferable skills to enable them to respond with
confidence to the demands of undergraduate study and the world of work.

The Organisation for Economic Co-operation and Development (OECD) defines skills, or
competencies, as ‘the bundle of knowledge, attributes and capacities that can be learned and
that enable individuals to successfully and consistently perform an activity or task and can be
built upon and extended through learning.’ [1]

To support the design of our qualifications, the Pearson Research Team selected and
evaluated seven global 21st-century skills frameworks. Following on from this process, we
identified the National Research Council’s (NRC) framework as the most evidence-based and
robust skills framework. We adapted the framework slightly to include the Program for
International Student Assessment (PISA) ICT Literacy and Collaborative Problem Solving
(CPS) Skills.

The adapted National Research Council’s framework of skills involves: [2]

Cognitive skills
¢ Non-routine problem solving - expert thinking, metacognition, creativity.
¢ Systems thinking - decision making and reasoning.

e Critical thinking - definitions of critical thinking are broad and usually involve general
cognitive skills such as analysing, synthesising and reasoning skills.

¢ ICT literacy - access, manage, integrate, evaluate, construct and communicate. [3]

Interpersonal skills

¢ Communication - active listening, oral communication, written communication, assertive
communication and non-verbal communication.

« Relationship-building skills - teamwork, trust, intercultural sensitivity, service
orientation, self-presentation, social influence, conflict resolution and negotiation.

e Collaborative problem solving - establishing and maintaining shared understanding,
taking appropriate action, establishing and maintaining team organisation.

Intrapersonal skills

e Adaptability - ability and willingness to cope with the uncertain, handling work stress,
adapting to different personalities, communication styles and cultures, and physical
adaptability to various indoor and outdoor work environments.

¢ Self-management and self-development - ability to work remotely in virtual teams,
work autonomously, be self-motivating and self-monitoring, willing and able to acquire
new information and skills related to work.

Transferable skills enable young people to face the demands of further and higher education,
as well as the demands of the workplace, and are important in the teaching and learning of
this qualification. We will provide teaching and learning materials, developed with
stakeholders, to support our qualifications.

11 OECD - Better Skills, Better Jobs, Better Lives (OECD Publishing, 2012)

[21 Koenig J A, National Research Council - Assessing 21st Century Skills: Summary of a Workshop (National
Academies Press, 2011)

B31 PISA - The PISA Framework for Assessment of ICT Literacy (2011)
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Appendix 7: Level 3 Extended Project
qualification

What is the Extended Project?

The Extended Project is a standalone qualification that can be taken alongside GCEs.
It supports the development of independent learning skills and helps to prepare students for
their next step - whether that be higher education or employment. The qualification:

e is recognised by higher education for the skills it develops

e is worth half of an Advanced GCE qualification at grades A*-E

e carries UCAS points for university entry.

The Extended Project encourages students to develop skills in the following areas: research,
critical thinking, extended writing and project management. Students identify and agree a
topic area of their choice for in-depth study (which may or may not be related to a GCE
subject they are already studying), guided by their teacher.

Students can choose from one of four approaches to produce:

e a dissertation (for example an investigation based on predominately secondary research)
e an investigation/field study (for example a practical experiment)

e a performance (for example in music, drama or sport)

e an artefact (for example creating a sculpture in response to a client brief or solving an
engineering problem).

The qualification is coursework based and students are assessed on the skills of managing,
planning and evaluating their project. Students will research their topic, develop skills to
review and evaluate the information, and then present the final outcome of their project.

The Extended Project has 120 guided learning hours (GLH) consisting of a 40-GLH taught
element that includes teaching the technical skills (for example research skills) and an
80-GLH guided element that includes mentoring students through the project work.

The qualification is 100% internally assessed and externally moderated.

How to link the Extended Project with mathematics

The Extended Project creates the opportunity to develop transferable skills for progression to
higher education and to the workplace, through the exploration of either an area of personal
interest or a topic of interest from within the mathematics qualification content.

Through the Extended Project, students can develop skills that support their study of
mathematics, including:

e conducting, organising and using research

e independent reading in the subject area

e planning, project management and time management

e defining a hypothesis to be tested in investigations or developing a design brief

e collecting, handling and interpreting data and evidence

e evaluating arguments and processes, including arguments in favour of alternative
interpretations of data and evaluation of experimental methodology
e critical thinking.

In the context of the Extended Project, critical thinking refers to the ability to identify and
develop arguments for a point of view or hypothesis, and to consider and respond to
alternative arguments.
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Types of Extended Project related to mathematics

Students may produce a dissertation on any topic that can be researched and argued.
In mathematics this might involve working on a substantial statistical project or a project
that requires the use of mathematical modelling.

Projects can give students the opportunity to develop mathematical skills that cannot be
adequately assessed in examination questions.

e Statistics - students can have the opportunity to plan a statistical enquiry project, use
different methods of sampling and data collection, use statistical software packages to
process and investigate large quantities of data and review results to decide if more data
is needed.

e Mathematical modelling - students can have the opportunity to choose modelling
assumptions, compare with experimental data to assess the appropriateness of their
assumptions and refine their modelling assumptions until they get the required accuracy
of results.

Using the Extended Project to support breadth and depth

In the Extended Project, students are assessed on the quality of the work they produce and
the skills they develop and demonstrate through completing this work. Students should
demonstrate that they have extended themselves in some significant way beyond what they
have been studying in mathematics. Students can demonstrate extension in one or more
dimensions:

o deepening understanding - where a student explores a topic in greater depth than in
the specification content. This could be an in-depth exploration of one of the topics in the
specification

e broadening skills - where a student learns a new skill. This might involve learning the

skills in statistics or mathematical modelling mentioned above or learning a new
mathematical process and its practical uses

o widening perspectives - where the student’s project spans different subjects.
Projects in a variety of subjects need to be supported by data and statistical analysis.
Students studying mathematics with design and technology can carry out design projects
involving the need to model a situation mathematically in planning their design.

A wide range of information to support the delivery and assessment of the Extended Project,
including the specification, teacher guidance for all aspects, an editable scheme of work and
exemplars for all four approaches, can be found on our website.
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Appendix 8: Codes

Discount codes

Every qualification eligible for
performance tables is assigned a
discount code indicating the subject area
to which it belongs.

Discount codes are published by the DfE.

Please see the GOV.UK
website*

Regulated
Qualifications
Framework (RQF)
codes

Each qualification title is allocated an
Ofqual Regulated Qualifications
Framework (RQF) code.

The RQF code is known as a Qualification
Number (QN). This is the code that
features in the DfE Section 96 and on the
LARA as being eligible for 16-18 and 19+
funding, and is to be used for all
qualification funding purposes. The QN
will appear on students’ final certification
documentation.

The QN for this
qualification is:

603/1333/X

Subject codes

The subject code is used by centres to
enter students for a qualification. Centres
will need to use the entry codes only
when claiming students’ qualifications.

A Level - 9MAO

Paper codes

These codes are provided for reference
purposes. Students do not need to be
entered for individual papers.

Paper 1: 9MA0/01
Paper 2: 9MA0/02
Paper 3: 9MA0/03

*https://www.gov.uk/government/publications/key-stage-4-qualifications-discount-codes-

and-point-scores

TM22/01/20 9781446957097_GCE2017_AL_MATHS_ISSUE 4.D0C.1-74/0
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Edexcel, BTEC and LCCI qualifications

Edexcel, BTEC and LCCI qualifications are awarded by Pearson, the UK’s largest awarding
body offering academic and vocational qualifications that are globally recognised and
benchmarked. For further information, please visit our qualifications website at
qualifications.pearson.com. Alternatively, you can get in touch with us using the details on
our contact us page at qualifications.pearson.com/contactus

About Pearson

Pearson is the world's leading learning company, with 35,000 employees in more than

70 countries working to help people of all ages to make measurable progress in their lives
through learning. We put the learner at the centre of everything we do, because wherever
learning flourishes, so do people. Find out more about how we can help you and your
learners at qualifications.pearson.com

References to third party material made in this specification are made in good faith. Pearson
does not endorse, approve or accept responsibility for the content of materials, which may
be subject to change, or any opinions expressed therein. (Material may include textbooks,
Jjournals, magazines and other publications and websites.)

All information in this specification is correct at time of publication.

Original Origami Artwork designed by Beth Johnson and folded by Mark Bolitho
Origami photography: Pearson Education Ltd/Naki Kouyioumtzis

ISBN 978 1 446 95709 7

All the material in this publication is copyright
© Pearson Education Limited 2020
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VIDEO LINKS



s

A2 Maths Tutorials - Pure

~

Chapter 1 - Proof and Partial Fractions

Ex1A  Proof by Contradiction

Ex1B  Multiplying and Dividing Algebraic Fractions
Ex1C Adding and Subtracting Algebraic Fractions
Ex1D Introduction to Partial Fractions

Ex1E Repeated Factors in Partial Fractions

Ex1F Algebraic Division in Partial Fractions

Chapter 2 - Functions and Graphs
Ex2A  Modulus Function

Ex2B Mappings

Ex2B Domain and Range

Ex2B Solving Equations with Functions
Ex2C Composite Functions

Ex2D Inverse Functions

Ex2E  Modulus Graphs

Ex2F  Multiple Graph Transformations
Ex2G Solving Modulus Problems

Chapter 3 - Sequences and Series
Ex3A Arithmetic Sequences

Ex3B Arithmetic Series

Ex3C Geometric Sequences

Ex3D Geometric Series

Ex3E Geometric Sum to Infinity
Ex3F Sigma Notation

Ex3G Recurrence Relation

Ex3H Types of Sequences

Ex3l  Modelling with Series

Chapter 4 - Binomial Expansion

Ex4A Binomial Expansion (1+x)"

Ex4B Binomial Expansion (a+bx)"

Ex4C Binomial Expansion of Partial Fractions

Chapter 5 - Radians

Ex5A Intro to Radians

Ex5B Trigonometry in Radians

Ex5C Arc Length using Radians

Ex5D Sector Area in Radians

ExX5E  Solving Trigonometric Equations
Ex5F Small Angle Approximations

Chapter 6 - Trigonometry

Ex6A Intro to Sec(x), Cosec(x), Cot(x)

Ex6B  Graphs of Sec(x), Cosec(x), Cot(x)

Ex6C Solving Equations Sec(x), Cosec(x), Cot(x)

Ex6D ldentities with Sec(x), Cosec(x), Cot(x)
Worksheet with Video Solutions

Ex6E Inverse Trig Functions

o

Chapter 7 - Trigonometric Functions

Ex7A Angle Addition Rules

Ex7B Using the Angle Addition Rules

Ex7C Double Angle Formulae

Ex7D Solving Trigonometric Equations

Ex7E  Simplifying acos(x)+bsin(x)

Ex7F Proving Trigonometric Identities

Worksheet with Video Solutions
Ex7G Modelling with Trig Functions

Chapter 8 - Parametric Equations

Ex8A Intro to Parametric Equations

Ex8B Trigonometric Parametric Equations

Ex8C Sketching Parametric Equations

Ex8D Solving Simple Parametric Equations

Ex8E Modelling with Parametric Equations

Chapter 9 - Differentiation

Ex9A Differentiating sin(x) and cos(x)

Ex9B Differentiating e*, ln(x) and a*

Ex9C Chain Rule

Ex9D Product Rule Differentiation

EX9E Quotient Rule

Ex9F Differentiating tan, sec, cosec, cot

Worksheet with Video Solutions
Ex9G Parametric Differentiation

Ex9H Implicit Differentiation

Ex91  Concave and Convex Regions

Ex9J Connected Rates of Change

Chapter 10 - Numerical Methods

Ex10A Numerical Methods

Ex10B lteration

Ex10C Newton Raphson

Chapter 11 - Integration

Ex11A Basic Integration

Ex11B Integrating f(ax + b)

Ex11C Integrating Using Trigonometric Identities

Ex11D Integrating Using the ln(x) Rule

Ex11E Integrating by Substitution (Easy)

Ex11E Integrating by Substitution (Hard)

Ex11F Integrating by Parts

Ex11G Integrating Using Partial Fractions
Worksheet with Video Solutions

Ex11H Integrating to Find Areas Under Curves

Ex11H Finding the Area Under a Parametric Curve

Ex11l Trapezium Rule

Ex11J Solving Differential Equations

Ex11K Modelling with Differential Equations

Chapter 12 - Vectors

Ex12A Intro to 3D Coordinates

Ex12B Intro to 3D Vectors

Ex12C Geometric Problems with Vectors
Ex12D Vectors in Mechanics

/



https://youtu.be/9swC1X986HI
https://youtu.be/adiY8vo0JzA
https://youtu.be/3aMjSa2VXaU
https://youtu.be/f9ZLBp9BVrs
https://youtu.be/41Syow3kWVw
https://youtu.be/oke40CgSMvY
https://youtu.be/vymNiwbwOts
https://youtu.be/p869Y0zjxUc
https://youtu.be/vfR5ge-aERM
https://youtu.be/S8-h6EO77_8
https://youtu.be/JzXzm8FNDOc
https://youtu.be/RE9W4WdXX_I
https://youtu.be/6HgDHC_rEQc
https://youtu.be/kuPSwsNY-Mo
https://youtu.be/no_ZqG0gHJU
https://youtu.be/qAPjP8EdggU
https://youtu.be/_zqJV4PrSjo
https://youtu.be/6wNt1Ej2KJw
https://youtu.be/r7sfk-Fqww8
https://youtu.be/mgknEx_K100
https://youtu.be/AWUWgWP-ngs
https://youtu.be/vLxCpuW5Hlk
https://youtu.be/vJdzC_xv_wY
https://youtu.be/lWqSVFCuHUo
https://youtu.be/FrJG32XKFPA
https://youtu.be/BcM__AdY9jA
https://youtu.be/txlUVoE8NqI
https://youtu.be/UcGFnUKe_KQ
https://youtu.be/fE8U0hyQrrA
https://youtu.be/qENVZJSy570
https://youtu.be/mmt7scftyDY
https://youtu.be/B7V6e3NAkjQ
https://youtu.be/UKawC0mYT6s
https://youtu.be/lP79by0chGI
https://youtu.be/NSdbbOsdTdA
https://youtu.be/piHAoAl2Sas
https://youtu.be/1_1pqLxvwTY
https://drive.google.com/open?id=1GAmhQ7UTTORx0vPEOb31G1XAzDloneJg
https://youtu.be/x-lk0ea7UbE
https://youtu.be/xvKnIh-zdAU
https://youtu.be/eK9q_Y6ELr0
https://youtu.be/gG9btSNOLnA
https://youtu.be/LXa9wvw6tdU
https://youtu.be/xAWlE6M9lhg
https://youtu.be/PgOGTWIYa1w
https://drive.google.com/open?id=1_t0IROzPSqpqs3m4VN0QXglsZZOtpHXo
https://youtu.be/ADh848hVbsQ
https://youtu.be/dQD-cW2GVck
https://youtu.be/FSPyTQisSms
https://youtu.be/xigmLf3ARyk
https://youtu.be/_IfInjpKG48
https://youtu.be/Vhd235bFwvM
https://youtu.be/q_1Xsc01obs
https://youtu.be/uVJFfPuYMXA
https://youtu.be/O5VOQ7LkcqM
https://youtu.be/bFtRd2zueVM
https://youtu.be/NoP42NvwvHA
https://youtu.be/QnlaO3ns4OM
https://drive.google.com/open?id=1SUZyaoHFZOPAPzheLK-nRMcE_dmn8nFL
https://youtu.be/iCi-M4z6IaI
https://youtu.be/TH48_w0MFzM
https://youtu.be/lDegQ8CHSxc
https://youtu.be/lDegQ8CHSxc
https://youtu.be/B5LZseVCiRY
https://youtu.be/3fpfqJPGTbc
https://youtu.be/e3AO6NSdrLQ
https://youtu.be/Do-_j6WrIN0
https://youtu.be/2tNr-JBrbdQ
https://youtu.be/JF3KJawwyzs
https://youtu.be/JF3KJawwyzs
https://youtu.be/ZtWN3vThO1w
https://youtu.be/MqX7_4sao9o
https://youtu.be/XUf4-Xk_mqo
https://youtu.be/5a0X1ljzQjs
https://youtu.be/E0mh2JXmTUQ
https://youtu.be/q9Ms9bHdB0o
https://drive.google.com/open?id=1mI5TKqWrNmcKW11WoqdA3gV4JApawOw_
https://youtu.be/rk3R_hcS-CA
https://youtu.be/Y7wAwQsczz4
https://youtu.be/UZy0uZjknA0
https://youtu.be/9OEyCqj94_8
https://youtu.be/h0kt1eNL-6M
https://youtu.be/7qOo25BCGqk
https://youtu.be/vDXMtMNk4HM
https://youtu.be/4UUvB42_vFs
https://youtu.be/7dtYkjcVdiE

e

A2 Maths Tutorials - Applied

Chapter 1 - Regression, Correlation and

Hypothesis Testing

Ex1A Non-linear data in a linear model
Ex1B Measuring Correlation
Ex1C Hypothesis Testing for zero correlation

Chapter 2 - Conditional Probability

Ex2A Set Notation

Ex2B Conditional Probability

Ex2C Conditional Probability on Venn Diagrams
Ex2D Probability Formulae

Ex2E  Tree Diagrams

Chapter 3 - Normal Distribution

Ex3A The Normal Distribution

EX3B Probabilities for normal distribution

Ex3C The inverse normal distribution function

Ex3D The standard normal distribution

Ex3E Finding 4 and o

Ex3F Approximating a binomial distribution with
the normal distribution

Ex3G Hypothesis testing with the normal

distribution

Chapter 4 - Moments

Ex4A  Moments

Ex4B Resultant Moments
Ex4C Equilibrium in Moments
Ex4D Non-uniform rods

Ex4E  Tilting

Chapter 5 - Forces and Friction
Ex5A Resolving Forces

Ex5B Inclined planes

Ex5C Friction

Ex5C Friction on inclined planes

Chapter 6 - Projectiles

Ex6A Horizontal Projection

Ex6B Horizontal and Vertical Components
Ex6C Projection at any Angle

Ex6D Projectile Motion Formulae

Chapter 7 - Application of Forces

Ex7A Stationary Particles

Ex7B Tension in string attached to particles

Ex7B Pulleys on an inclined plane

Ex7C Friction and static particles

Ex7D Moments and Resolving Forces - ladder
problem

Ex7D Drawbridge Problems

ExX7E Dynamic and inclined planes

Ex7F Connected particles on an incline

Chapter 8 - Further Kinematics

Ex8A Vectors in Kinematics

Ex8B Vector methods with projectiles

Ex8C Variable acceleration in one dimension
Ex8D Differentiating vectors

Ex8E Integrating vectors



https://youtu.be/HngVySC1fqw
https://youtu.be/eA0k-BjWVi8
https://youtu.be/4UfZeqL64yY
https://youtu.be/e2oFs4I1LSo
https://youtu.be/Y-TaLkNKBQA
https://youtu.be/YdcVvzE7uUw
https://youtu.be/eUshg4KcOiI
https://youtu.be/c8k3TLx5Qds
https://youtu.be/4lpQpXqDQuE
https://youtu.be/PJDp5rqrU78
https://youtu.be/kRqcctxP3yo
https://youtu.be/tbevrAtHaVI
https://youtu.be/Tz_P2JKUsyE
https://youtu.be/sOKbZu5Z6NY
https://youtu.be/sOKbZu5Z6NY
https://youtu.be/wNGVrcVPnuA
https://youtu.be/wNGVrcVPnuA
https://youtu.be/uR12X7dLL7I
https://youtu.be/3x6k1jxnal8
https://youtu.be/d0eUOkQQPnc
https://youtu.be/d0eUOkQQPnc
https://youtu.be/8FjHgSOC-VQ
https://youtu.be/1LwLAgaSesM
https://youtu.be/82uufk8Wh40
https://youtu.be/HtTsrfk3RBE
https://youtu.be/HtTsrfk3RBE
https://youtu.be/piG2HtZRKbs
https://youtu.be/bWHHevzdNg0
https://youtu.be/k8K_AJqnkrU
https://youtu.be/hPVwoN3iptw
https://youtu.be/LULikbOiLtg
https://www.youtube.com/watch?v=9lMToa3oO8c
https://youtu.be/czLIzL4m13Y
https://youtu.be/2u80V8q2m9w
https://youtu.be/mUtxpjPEHdU
https://youtu.be/G8he0tXFsN4
https://youtu.be/3Svlm_l8ey4
https://youtu.be/3Svlm_l8ey4
https://youtu.be/pbd1IpB8reE
https://youtu.be/hKkiANDOOyA
https://youtu.be/1O66q9JNM7o
https://youtu.be/ahxPSL6Fs1s
https://youtu.be/X5RhbwrL3pE
https://youtu.be/PdmtYFffq4o
https://youtu.be/_X7USYCml58
https://youtu.be/jciuVmNFvyw
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Revision Self Evaluation for A level maths

A2 Maths - Revision Resources

January Exam - Revision Materials

™~

Summer Exam Revision Materials - Applied

Practice Paper G
Practice Paper H

[551] [552]
[551] [552]

June 2018 - Paper 1
June 2018 - Paper 2
June 2019 - Paper 1
June 2019 - Paper 2

Pure Practice Topic Tests by Edexcel

Q= Staff Solutions, SS1 = Stats, SS2 = Mech

Pure Paper 2013
Pure Paper 2014
Pure Paper 2015
Pure Paper 2016
Pure Paper 2017
Pure Paper 2018

Revision Sheet 1 Teacher 1 Practice Paper | [SS1] [SS2]
Revision Sheet 1 Teacher 2
Revision Sheet 2 Teacher 1 Specimen Paper 3
Revision Sheet 2 Teacher 2
Revision Sheet 3 Teacher 1 Mock Paper - Set 2 - Paper 3 - Stats [MS]
Revision Sheet 3 Teacher 2 Mock paper - Set 2 - Paper 3 - Mech [MS]
Revision Sheet 4 Teacher 1
Revision Sheet 4 Teacher 2 June 2018 - Paper 3
Revision Sheet 5 Teacher 1 June 2019 - Paper 3
Revision Sheet 5 Teacher 2
Revision Sheet 6 Teacher 1
Revision Sheet 6 Teacher 2 Applied Practice Topic Tests by Edexcel
Regression and Correlation [MS]
Probability [MS]
Summer Exam Revision Materials - Pure Normal Distribution [MS]
Practice Paper A [SS] Moments [MS]
Practice Paper B [SS] Forces at an angle [MS]
Practice Paper C [SS] Projectiles [MS]
Practice Paper D [SS] Applications of forces [MS]
Practice Paper E [SS] Calculus and Vectors in Mechanics [MS]
Practice Paper F [SS]
Specimen Paper 1 Old Spec Resources - Pure - Past Papers (with
Specimen Paper 2 video solutions)
Some topics are missing and extra topics have been ruled out.
Mock Paper - Set 2 - Paper 1 [MS] 90% good
Mock Paper - Set 2 - Paper 2 [MS] Pure Paper 2012

Old Spec - Pure - Bronze/Silver/Gold Papers

i[gg;raic and Partial Fractions %x—g% gggzgggics are missing and extra topics have been ruled out.
Functions and Modelling [MS] Bronze 1A Bronze 1B
Sequences and Series [MS] Bronze 2A Bronze 2B
The Binomial Theorem [MS] Bronze 3A Bronze 3B
Trigonometry [MS] Bronze 4A Bronze 4B
Parametric Equations [MS] Bronze 5A Bronze 5B
Differentiation [MS] Silver 1A Silver 1B
Numerical Methods [MS] Silver 2A Silver 2B
Integration 1 [MS] Silver 3A Silver 3B
Integration 2 [MS] Silver 4A Silver 4B
Vectors [MS] Silver 5A Silver 5B
Gold 1A Gold 1B
Gold 2A Gold 2B
Gold 3A Gold 3B
Gold 4A Gold 4B
Gold 5A



https://drive.google.com/open?id=1PNYOk74UqoPE5ctqNUFY2SqM2XZmxCKu
https://drive.google.com/open?id=1r483-u08XOAKwKHlztb3rP3C8YmJnGUV
https://drive.google.com/open?id=1V3VIWYHUXxDHjIlZfU5eLYgc9rkCcBAi
https://drive.google.com/open?id=1EgW56S6Hwz_J8HSvx_sUjZjdbVXPXe4J
https://drive.google.com/open?id=1OuR9F8EYFZb0H0R_ZgADg64hQwZrCd0r
https://drive.google.com/open?id=1riht8V9GU7Wid7JRZnxTBAGZ_lUS-Lct
https://drive.google.com/open?id=1XnQQt9ztXNDV4X-vfAnmJzIap1IIcRw3
https://drive.google.com/open?id=1VFUSxkd-r027St80S1cZHpArbJY2UZ7-
https://drive.google.com/open?id=1S-2aWMraooVDQdPjU1eBcG6PAp5S_D6A
https://drive.google.com/open?id=1SaoPWIRQTM2HIuTf22eBYoTPx-DHOkg2
https://drive.google.com/open?id=1r1ereyaeP9CyixBR_5AcWVoghZ0cE8Ob
https://drive.google.com/open?id=13177L5vl3WuUf68KpqzCF6-U2-q5pm_x
https://drive.google.com/open?id=1q7OeZhd8uouBaY-RP9p2EcerGTwQNcXG
https://drive.google.com/open?id=1sWuySufc1iWUnoy9jPOcVGskeMieJaoA
https://drive.google.com/open?id=1HJBnt3MsM7ThTteMOBTUeVRKyIo53D7e
https://drive.google.com/open?id=1qfY9dOB9xoNDwSghuj4zIcOaxe_wWF_7
https://drive.google.com/open?id=1gVGdvoo4F4FVvtFhC4ibUh9l7WaedmBQ
https://drive.google.com/open?id=1x7ebsgjNDSdIm1FHL1OI2qvolhUBS2eg
https://drive.google.com/open?id=1AiON99V3n0ofBdztvMOdWduOJ7kiVPWB
https://drive.google.com/open?id=18BVB5aOgTfqmNUsD_5fb5l8zDWugBXl4
https://drive.google.com/open?id=1Rcfops0V9zM3O98LkVDt8asUEUainoUY
https://drive.google.com/open?id=1BKn2Kkfr18fqGJa-BFBp7AmdV2P5Xhmo
https://drive.google.com/open?id=1sRfDo_J-txEHwKq0Go9lBkjuqmq0nCCA
https://drive.google.com/open?id=1LcrYklnAIG0G_n9TkBcQJH-qs7wdVQke
https://drive.google.com/open?id=10EkR7GXs3b_dBHdWpCuF0E1mk5tI2emh
https://drive.google.com/open?id=1uWqn8ZRGy--smKJ4qzWrntSRYC8Q0zEx
https://drive.google.com/open?id=1NnRindfjCNAFq5G8r67QLkWEHBo-UDva
https://drive.google.com/open?id=1vZnrjoK4mI-JrbN6sf-8wikcWBPkV1A-
https://drive.google.com/open?id=13i8jP28fQZnJEjYxoDWjWQtVYoksqCxw
https://drive.google.com/open?id=1tvV6-CYlY_Cuino5zQdEuGPVEqtffQ8P
https://drive.google.com/open?id=1F33ds2lGGOfmzp2U38wcDZOhdmGZ92f5
https://drive.google.com/open?id=13vg8Ir7MjJuQ7Mw_0lxMpIEhAFQ9VbHO
https://drive.google.com/open?id=1vg663tUo3hB17eKNUJvxq0Ibz_lISz0z
https://drive.google.com/open?id=1iSRE6zIBo4eykSoZPHf_o4mVvb8xJszM
https://drive.google.com/open?id=1L9tOxHmEM-gPSj6eUX72jvFTgoyEjEq5
https://drive.google.com/open?id=1vhvbpXKc_HJiKKY6IKDzGyBRGnAxuSwR
https://drive.google.com/open?id=1JGMKwEDi_u-og6RLFwFHEQPHSX2I9w_d
https://drive.google.com/open?id=1BjPth1lJkoqs3Lp_xmsUvBjOfNtkrlzG
https://drive.google.com/open?id=1Ulet166Oy4QeWn7SGvSzR6mNFSKzTGIt
https://drive.google.com/open?id=1cmCsQXynZVur_geFb2C9pr9_m5w3IsBm
https://drive.google.com/open?id=1EOeR1tY_Wv0msoxQmJFKxuKMXHEf-BCA
https://drive.google.com/open?id=1doREQjt8o8ylnyPHew_PoNeCwEe5h0JB
https://drive.google.com/open?id=1rrZXZUjPmeRYKhWgBJrHgoUlkItWzk5H
https://drive.google.com/open?id=1BPAIhuQE3ogsTaXx-WRC-0asqKxtKTLC
https://drive.google.com/open?id=10jsi6zAKsGmwn3A2pLMYQtmJBajPZUdU
https://drive.google.com/open?id=1HZZcJidqNe7gItEWN_45PzLBM7k9YQam
https://drive.google.com/open?id=10awgFqWwRnFNmkHzy0W5bJgFN9EWrAvn
https://drive.google.com/open?id=1XyT8ZaE4t7FEfm62yeDFViKMbqXnaBM4
https://drive.google.com/open?id=1zX__znFHcy2TwOZsLYLrBHXyyTaSRVnv
https://drive.google.com/open?id=1V1gAj04XqKeyvYZg-glY_gONSvIHJrJ0
https://drive.google.com/open?id=1aToKViKimXhZglG2wwKo5ZpcpDH7bOeY
https://drive.google.com/open?id=1Gop6tgvAEOPzxFWWZwlxRGYF6jrdZzJ3
https://drive.google.com/open?id=1h881m1DIq4hWnl1_xqK95aPQUNOOzVQN
https://drive.google.com/open?id=1AWDE-35yputf_VbARGUkfFItILdraGvp
https://drive.google.com/open?id=1NVk-xlqUtYAPuaLVepoNSzeSAYRJlTGD
https://drive.google.com/open?id=108d9g7MAx7tWtpErkQde9fdrEzodIMzX
https://drive.google.com/open?id=1u3Pox9eGFnW0CDRMEBRdrAXyyISnIlH8
https://drive.google.com/open?id=13XMBNgRWz6v8v_3VuuUwUh4qxSV5ugqI
https://drive.google.com/open?id=1DnK4KgaEdKWcXGC3D9RQt9WsdsenM4sC
https://drive.google.com/open?id=1ZiJS3XIlCq9YS50KoZQerdW6pQDF3WsJ
https://drive.google.com/open?id=1xBW6sfNv9r0e7VEP967MiGdEBLxYEoht
https://drive.google.com/open?id=1FILMGh0W11khFeW2Q4PQisDHj75BU8Wf
https://drive.google.com/open?id=1oXIUNK7emQX9HeMVD3Kph6RoIJJW6ST7
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https://drive.google.com/open?id=1f0BOSQjGGce2fLoU067GQeDDsj2oMakV
https://drive.google.com/open?id=1SnIVYGY7lmCO_1A2X4dmy3GWWtYfA0rs
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Useful Links

Parametric Equations

e https://mmerevise.co.uk/a-level-maths-revision/parametric-equations/

e https://www.savemyexams.com/a-level/maths pure/aga/l8/revision-notes/9-
parametric-equations/9-1-parametric-equations/9-1-1-parametric-equations---
basics/

e https://alevelmaths.co.uk/pure-maths/algebra/parametric-equations/

e https://senecalearning.com/en-GB/revision-notes/a-level/maths/edexcel/pure-
maths/3-3-2-modelling-with-parametric-equations

e https://www?2.clarku.edu/faculty/djoycel/trig/identities.html

e https://www.examsolutions.net/tutorials/exam-questions-arithmetic-
sequences-and-series/



https://mmerevise.co.uk/a-level-maths-revision/parametric-equations/
https://www.savemyexams.com/a-level/maths_pure/aqa/18/revision-notes/9-parametric-equations/9-1-parametric-equations/9-1-1-parametric-equations---basics/
https://www.savemyexams.com/a-level/maths_pure/aqa/18/revision-notes/9-parametric-equations/9-1-parametric-equations/9-1-1-parametric-equations---basics/
https://www.savemyexams.com/a-level/maths_pure/aqa/18/revision-notes/9-parametric-equations/9-1-parametric-equations/9-1-1-parametric-equations---basics/
https://alevelmaths.co.uk/pure-maths/algebra/parametric-equations/
https://senecalearning.com/en-GB/revision-notes/a-level/maths/edexcel/pure-maths/3-3-2-modelling-with-parametric-equations
https://senecalearning.com/en-GB/revision-notes/a-level/maths/edexcel/pure-maths/3-3-2-modelling-with-parametric-equations
https://www2.clarku.edu/faculty/djoyce/trig/identities.html
https://www.examsolutions.net/tutorials/exam-questions-arithmetic-sequences-and-series/
https://www.examsolutions.net/tutorials/exam-questions-arithmetic-sequences-and-series/

REVISION NOTES



A LEVEL PURE MATHS REVISON NOTES

1 ALGEBRA AND FUNCTIONS
a) INDICES
Rules to learn :

x® X xb = yatb a _

Simplify 2x(x — )z + 3(x — )z
=(x - }/)f(zx(x -y)+3))
= (x —y)2(2x% — 2xy + 3)

(xa)b = xab

Solve 3%¥ x 25% = 15
(3 X 5)2% = 151
2x =1

= W = (VR)"

1
X ==
2

b) SURDS
e Aroot such as v/3 that cannot be written as a fraction is IRRATIONAL
e An expression that involves irrational roots is in SURD FORM
e RATIONALISING THE DENOMINATOR is removing the surd from the denominator (multiply by the conjugate)

Simplify Rationalise the denominator # | The conjugate of the denominator
FE 5 2 243 2-+/3is 2+ /3 so that
oI BEREERRE (2-V3)(2+3)

= V5x5x3—-4/2x%x2x3 =22./32
= 5V3-2V3 =4 423 =1
= 33

c) QUADRATIC EQUATIONS AND GRAPHS

Factorising — identifying the roots of the equation ax? + bx +c=0
e Look for the difference of 2 squares x*—a%= (x + a)(x — a)
e Look for the perfect square x* + 2ax + a* = (x + a)?
e Look out for equations which can be transformed into quadratic equations

or (ax)?-b%?=(ax+b)(ax—Db)

Solve 6x* —7x>+2=0
Let z = x? 6z2—-7z4+2=0
(2z—-1)(Bz-2)=0

Solvex+1—1x—2=0
X2 4+x-12=0
(x+4)(x-3)=0

x=-4 x=3 z=l x=i\/1 Z=z x=iZ
2 2 3 3
Completing the square — identifying the vertex and line of symmetry
y=(x+a)’+b vertex at (-a, b) line of symmetry as equation x = -a
y=(x-3)"-4 Sketch the graph of
y Line of symmetry y=dx-x'-1
! y == (x’ 4%{‘ 1‘ Y Line of symmetry
y= (IK-Z}"~>'1 6+ i x=2
yue(x2) +3 4+ Vertex (2,3)
4 » x “T
8 - X
8 8
64 P Vertex (3,-4)

www.mathsbox.org.uk



Quadratic formula (and the DISCRIMINANT)

__ —bxvb2-4ac

2a

X for solvingax? +bx+c=0

The DISCRIMINANT b? — 4ac can be used to identify the number of roots
b2 — 4ac > 0 there are 2 real distinct roots (graph crosses the x-axis twice)
b2 — 4ac = 0 there is a single repeated root (the x-axis is a tangent)
b2 — 4ac < 0 there are no real roots (the graph does not touch the x-axis)

d) SIMULTANEOUS EQUATIONS
Solving by elimination
3x—2y=19 x3 9x-6y=57
2x—3y=21 x2 4x—-6y=42
5x —0y =15 x=3 (9-2y=19) y=-5

Solving by substitution
x+y=1 (y=1-x)
x> +y?=25 x>+ (1-x)*=25
2x>=2x-24=0
2(x-4)(x+3)=0 x=4 y=-3 x=-3 y=4

If you end up with a quadratic equation when solving simultaneously the discriminant can be used to determine the
relationship between the graphs
If b?—4ac >0 the graphs intersect at 2 distinct points
b% — 4ac = 0 the graphs intersect at 1 point (or tangent)
b% — 4ac < 0 the graphs do not intersect

e) INQUALITIES
Linear Inequality - solve using the same method as solving a linear equation but remember to reverse the
inequality if you multiply or divide by a negative number

Quadratic Inequality — always a good idea to sketch a graph

< 2 plot the graph as a solid line or curve

<> plot as a dotted/dashed line or curve
If you are unsure of which area to shade pick a point in one of the regions and check the inequalities using the
coordinates of the point

Solve d4x'- 2520
Solvex’ +4x—-5<0

: 4xf- 35=0

K +ax—5=0 r (2%~ 5){2x+5}=0
(x=1)x+5)=0 Jc=_:x=-—:

x=1 x=-5 2 2

o & d=5 <0 dx = 250

Lexal .!'iE::er}i:_':j'

which can be written as which can be written as
:n=-5)N{x:x<l} [!11‘5'::“11“13'!?:::?

f) POLYNOMIALS

www.mathsbox.org.uk



e A polynomial is an expression which can be written in the form ax" + bx™! + cx™?+ ... where a,b, c are
constants and n is a positive integer.
o The order of the polynomial is the highest power of x in the polynomial

e Polynomials can be divided to give a Quotient and Remainder

Divide x* —x* +x+ 15 by x+2

oo -3x +]
X +2 Ef =)t + + 15
o+ 2%
-3 4x
B -
™ +15
i +14
] d—

Quotient

Remainder

e Factor Theorem — If (x — a) is a factor of f(x) then f(a) =0 and is root of the equation f(x) =0

Show that (x —3) is a factor of x*—19x+30=0
f(x) =x>-19x + 30
f(3)=33-19x 3 +20

=0

f(3) =0 so x— 3 is a factor of f(x)

g) GRAPHS OF FUNCTIONS

Sketching Graphs

e Identify where the graph crossed the y-axis (x = 0)
e Identify where the graph crossed the x-axis (y = 0)
e Identify any asymptotes and plot with a dashed line

y=mXx + C

y = kx?

y is proportional to x?

y=kx3

y is proportional to x3

Asymptotes at

_a
y_x x=0andy=0

1
I
1
",
e T
R
1
1

. . k
y is proportional to o

Asymptotes at
x=0andy=0

1
I
A
_— g =
I
I

. . a
y is proportional to )

Modulus Graphs

e |x]| is the ‘modulus of x’ or the absolute value

12]=2

|-2|=2

e To sketch the graph of y = |f(x)| sketch y = f(x) and take any part of the graph which is below the x-axis and
reflect it in the x-axis

Solve [2x - 4|<|x]|

2x—4 =X
3x=4
4

X==
3

4
-<x<4
3

N
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h) FUNCTIONS
e A function is a rule which generates exactly ONE OUTPUT for EVERY INPUT
e DOMAIN - defines the set of the values that can be ‘put into’ the function  f(x) = vx domainx>0

o RANGE — defines the set of values ‘output’ by the function — make sure it is defined in terms of f(x) and not x

f:xox? xeR means an input a is converted to a® where the input ‘a’ can be any real number
Range f(x) =0

3 .
fOx) = — find f7(x)
o INVERSE FUNCTION denoted by f(x)

The domain of f(x) is the range of f(x) y = 3

The range of f(x) is the domain of f(x) x+2
x=3-2

Using the same scale on the x and y axis the graphs of y

a function and it’s inverse have reflection symmetry 175 _ 3

. . _ f7fx)==-2

inthe liney =x x

e COMPOSITE FUNCTIONS
The function gf(x) is a composite function which tells you ‘to do’ f first and then use the outputin g

flx)=4x g(x)=x*-1
fg(x) = 4(x*-1) gf(x) = (4x)?- 1
:4)(2-4 =16X2'1

i) TRANSFORMING GRAPHS

Translation

To find the equation of a graph after a translation of [Z] replace x by (x—a) and y by (y —b)

y=f(x-a)+b
The graph of y = x? -1 is translated by [_:;]
Find the equation of the resulting graph.
(y+2)=(x=3)?-1
y=x"—6x+6
Reflection

Reflection in the x-axis replace y with -y y = -f(x)
Reflection in the y-axis replace x with -x y = f(-x)

Stretch
Stretch in the y-direction by scale factor a y = af(x)

Stretch on the x-direction by scale factor% y = f(ax)

Combining Transformations
Take care with the order in which the transformations are carried out.

The graph of y = x? is translated by [3] and then The graph of y = x” is reflected in the y axis and

37 .. .
reflected in the y axis. Find the equation of the then translated by [0] Find the equation of the

resulting graph resulting graph

Translation y = (x — 3)?
=x*-6x+9

Reflection y = (-x)? -6(-x) + 9
=x*+6x+9

Reflection y = (-x)?

Translation y = (x — 3)?
=x?-6x+9
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j) PARTIAL FRACTIONS
Any proper algebraic fractions with a denominator that is a product of linear factors can be written as partial fractions

o Useful for integrating a rational function
e Useful for finding binomial approximations

px+q _ A B C px+q _ A B Cc
(ax+b)(cx+d)(ex+f)  ax+b  cx+d = ex+f (ax+b)(cx+d)?2  ax+b = cx+d = (cx+d)?
5 . A B
Express DD in the form oy + s
A | B _ Ax+3)+B(x—2)
x—2  x+3 = (x+3)(x-2)
Ax+3)+B(x-2)=5 x=2 5A=5 x=-3 -5B=5
A=1 B=-1
5 1 1

(x—2)(x+3) - x—2 x+3

2 COORDINATE GEOMETRY
a) Graphs of linear functions

y=mx+c
the line intercepts the y axis at (0, c)
Gradient = change in y
change in x
Positive gradient Negative gradient

Finding the equation of a line with gradient m through point (x, yi1)
Use the equation (y —vyi1) = m(x—xi1)
If necessary rearrange to the required form (ax + by = cory =mx +c)

Parallel and Perpendicular Lines
y=mix+ac y=mxX+C
If m1 = m; then the lines are PARALLEL
If m; x mz = -1 then the lines are PERPENDICULAR

Find the equation of the line perpendicular to the line y — 2x = 7 passing
through point (4, -6)

Gradientofy—2x=7 is2 (y=2x+7)
Gradient of the perpendicular line=-% (2 x-%=-1)

Equation of the line with gradient -/ passing through (4, -6)

(v +6) = %(x—4)
2y+12=4-x
X+2y=-8

Finding the mid-point of the line segment joining (a,b) and (c,d)
Mid-point = (%,%)

Calculating the length of a line segment joining (a,b) and (c,d)
Length =/(c — a)? + (d — b)?
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b) Circles
A circle with centre (0,0) and radius r has the equations x? + y? = r?
A circle with centre (a,b) and radius r is given by (x - a)2 + (y - b)? = r?

Finding the centre and the radius (completing the square for x and y)

Find the centre and radius of the circle x? +y> + 2x—4y -4 =0
X2+ 2x+y*—4y—-4=0

(x+1)2-1+(y—-2)*-4-4=0

(x+1)2+(y—2)>=32

Centre (-1, 2) Radius =3

The following circle properties might be useful
Angle in a semi-circle The perpendicular from the centre The tangent to a circle is
is a right angle to a chord bisects the chord perpendicular to the radius

Finding the equation of a tangent to a circle at point (a,b)
The gradient of the tangent at (a,b) is perpendicular to the gradient of the radius which meets the

circumference at (a, b)

Find equation of the tangent to the circle x? + y2 - 2x - 2y — 23 = 0 at the point (5,4)
(x-1)2+(y—1)>-25=0

Centre of the circle (1,1) Ve
. . 4-1 3 . 4 :
Gradient of radius=— = - Gradient of tangent = - - \
5-1 4 3 .

Equation of the tangent (y—4)=- %(x -5) 3y—-12=20-4x
4x +3y =32

Lines and circles Solving simultaneously to investigate the relationship between a line and a circle will result in
a quadratic equation. Use the discriminant to determine the relationship between the line and the circle

b?—4ac>0 b?—4ac=0 (tangent) b?—4ac<0

c) Parametric Equations
e Two equations that separately define the x and y coordinates of a graph in terms of a third variable
e The third variable is called the parameter
e To convert a pair of parametric equations to a cartesian equation you need to eliminate the parameter
(you may need to use trig identities if the parametric equations involve trig functions)
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Find the cartesian equation of the curve given by the parametric equations given by x = cos6 y = sin260
y = sin260
y = 2sinfcos6 y? = 4sin?fcos?6
= 4(1 — cos?8)cos?8
= 4(1 — x?)x?
3. SEQUENCES AND SERIES
a) Binomial

Expansionof (1+x)" [x|<1 neQ
nn—-1) , nnh—-1)n-2) ,
+ X7

n-1 n
1x2 1x2x3 s h XA

A+)"=14+nx+

Use the binomial expansion to write down the first four terms of (2_13x)2

_ 3 \ 72 —2x=3( 3 \2 —2x-3x—4
272(1-2x) " =272+ —2x (<20 + T2 () 4 BE
=—(1+3x+27 2+27 3)

=+ix+Zx2 42
4

_3.33
1X2X3 ( Zx)

Expansionof (a + b)* neZ*

(a+b)"* =a™ +na™" 1 4 20D gn-zp2 | MOD@2) (nozps

n-1 n
™ T3 ...+ nab +b

Find the coefficient of the x> term in the expansion of (2 + 3x)°

(3x)®> must have 2° as part of the coefficient (3*° = °)

9><8><7

6 3 _ 3
—— X 26 x (3x)* = 145152 (x¢)

b) Sequences
e Aninductive definition defines a sequence by giving the first term and a rule to find the next term(s)

U1 = f(up) u =a

Find the first 3 terms of a sequence defined by u,,; = 2u, +1 U =2
u]_:Z u2:2><2+1 u3=2><5+1
=5 =11

e Anincreasing sequence is one where u,,; > u, foralln
e Andecreasing sequence is one where u,,1 < u, foralln
e Asequence may convergetoalimitL u,,, = f(u,) asn— o Upp1 = Uy =L

The sequence defined by u, 41 = 0.2u, + 2 uy = 3 converges to alimitL. Find L
L=0.2L+2 0.8L=2 L=25

e A periodic sequence repeats itself over a fixed interval
Uptq = Uy forall nfor a constant a which is the period of the sequence

c) Sigma Notation — sum of

6
Zgrz + 1) = (1241) + (22+1) + (3%+1) + (42+1) + (5%+1) + (6%+1) Staring with the 1t term r = 1
r= =2+5+10+17 +26 + 37 Ending with the 6" termr=6
=97
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d) Arithmetic sequences and series

e Each termis found by adding a fixed constant (common difference d) to the previous term

o The first term is a giving the sequencea,a+d,a+2d,a+3d

e The sum of the first n terms can be found using:
Sp = §(2a+ (n—1d) or S,= g(a+

e) Geometric sequence and series

up,=a+m—-1d

) wherelis the last term

e FEach term is found by multiplying the previous term by a fixed constant (common ratio r)

e The first term is a giving the sequence a, ar, ar?, ar
e The sum of the first n terms can be found using
a(1-r™) a(r"-1)
Sp =
1-r r-1

or S,=

4. TRIGONOMETRY

MAKE SURE YOU KNOW AND CAN USE THE FOLLOWING FROM GCSE

1 ,
Area = EabsmC

a _ b _ c or SinA _ SinB _ SinC
SinA ~_ SinB ~_ SinC a b ¢

a® = b% 4+ ¢% — 2bcCosA

a) Radians 2w radians = 360° 1 radians = 180°

e You MUST work in radians if you are integrating or differentiating trig functions

e For an angle at the centre of a sector of 6 radians

Arc Length=r0
| \ Area of the sector = ¥%r20

he

b) Small angle approximations (6 in radians)

2
sing = 0 cosf =1 — 97 tanf = 60

3 4

, art...

Seo =

V4

y =sin x .
T T T T - .
~lelalslz " ’/\1/\/‘

1

Sin 0 — E ﬁ 1 0 Y = COS X
2 2 2 _

Cos| 1 ﬁ @ 1 0 1 ™, TN s
2 | 2|2 S 4 -
NE] A

Tan| 0 | 22| 1 |/3]| -] O
3

. 0 .
When 8 is small show that % can be written as

(1-2)

2-62

2-62
26

2-62
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c) Inverse Functions (sin'x, cos™x, tan™* x)

By definition a function must be one-to-one which leads to restricted domains for the inverse trig functions

y =sin’x (arcsin x)

y =cosx (arccos x)
Domain:-1sx<1

y=tanx (arctan x)
Domain:-1<x=<1

Domain x€ R
it T
2

1
IR
'
[REY
o
=

d) Reciprocal Trig Functions and identities (derived from sin?x + cos?x = 1)

Secx =

cosec x =
cosx

sinx

cot x = 1 (cosx)

tan x sinx

1+ tan®x = sec?x 1+ cot?x = cosec®x

Solve for 0° < 8 < 360° the equation sec*8 — tan*0 = 2
sec’x =1+ tan’x

sec*x = 1+ 2tan?x + tan*x 14 2tan?x + tan*x — tan*x = 2

2tan’x =1 tanx = J_r\g x = 35.3°, 145°, 215°,325° 3 s.f.

e) Double angle and addition formulae

The addition formulae are given the formula booklet
Make sure you can use these to derive :

sin(4A + B) = sinA cosB * cosAsinB

cos(A + B) = cosA cosB ¥ sinAsinB
DOUBLE ANGLE FORMULAE

sin 2A = 2 sinAcosA tan(A + B) = ta_nA + tanB

cos 2A = cos?A —sin?A 1+ tanAtanB
=2cos’A-1
=1 - 2sin’A

Tan 2A = 2204

1-tanZA

e Useful to solve equations

e cos 2A often used to integrate trig functions involving sin?x or cos?x

EXPRESSING IN THE FORM r1sin(@ + ) and 1cos(0 + a)
e Useful in solving equations asin © + bcos0=0

e Useful in finding minimum/maximum values of acos0 + bsin6

and asinf + bcos@

Find the maximum value of the expression 2sinx + 3cosx and the value of x where this occurs (x < 180°)
2sinx + 3cosx = Rsin(x + o)  (Rsin x cos a + Rcos x sina) rcos a =2

rsina=3
R=+/22 4 32 tanaz%
=13 o =56.3°

2sinx + 3cosx = V13 sin(x + 56.3°)
Max value =+v13 occurs when sin(x + 56.3°) =1
X=33.7°
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5 LOGARITHMS AND EXPONENTIALS y=a* o y=a
e A function of the form y = a*is an exponential function 3 ,
e The graph of y = a*is positive for all values of x "*-._‘I ' :7_
and passes through (0,1) ‘-\ i
e Alogarithm is the inverse of an exponential function -8 ;’.
y = a¥ x=logay | T

- - + .'-,.'.':"an .

§ 4 3 3 11 1 # ¥ ¢ 4
Logarithms — rules to learn 1

logaa=1 logal1=0 logaa* = x alo8aX = x
logam + logan = logamn logam - logan = loga (%) klogam = loga mk

Write the following in the form alog 2 where a is an integer 3log 2 + 2log 4 — }:logl6
Method 1: log 8 + log 16 —log 4 = log (?) =log 32 =5log 2

Method 2 : 3log 2 + 4log 2 — 2log 2 = 5log 2

An equation of the form a* = b can be solved by taking logs of both sides

a) MODELLING CURVES
Exponential relationships can be changed to a linear form y = mx + ¢ allowing the constants m and c
to be ‘estimated’ from a graph of plotted data

Plot log y against log x. nis the
y=Ax" logy=log(Ax") logy=nlogx+logA gradient of the line and log A is

y =mx +¢c the y axis intercept

y = Ab* logy =log (Ab*) logy=xlogb+logA
y =mx + ¢

Plot log y against x. log b is the
gradient of the line and log A is
the y axis intercept

V and x are connected by the equation V = ax®
3]
The equation is reduced to linear form by taking logs 1“
& Gradient =2
logV=blogx+loga 3
. - Intercept=3
(y= mx+c) (logV plotted against log x) £
1 1 _lar | I -
From the graph b =2 1 /'V HEEE
loga=3 a=10° : s e T
:-4:;"':,,::—:+::-r-
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b) The exponential function y = e*
Exponential Growth y = e¥ Exponential Decay y=e™*

Solve 2e¥%2=6 leaving your
, —1—1 eIt answer in exact form
1 ¥ 1 ; 1 1 x—2 3
e =
; In(e*2) =1n3
The inverse of y = e*is the natural logarithm denoted by In x x—2=1In3

x=In3+2

The rate of growth/decay to find the ‘rate of change’ you need to differentiate to find the gradient
LEARN THIS

y = Aekx dy — Akek* The number of bacteria P in a culture is modelled by
dx P =600 + 5e%?" where t is the time in hours from the start of the
experiment. Calculate the rate of growth after 5 hours

P = 600 + 1502 Z—‘: = 302t

- or 0.2x5
t=5 ” 3e

= 8.2 bacteria per hour

6 DIFFERENTIATION

e The gradient is denoted by % if y is given as a function of x
e The gradient is denoted by f’(x) is the function is given as f(x)

LEARN THESE
n 4y _ n-1 _ n 4 _ n-1 _ dy _
y = o = X y=ax® ——=nax y = ool 0
_ kx4 _ x — dy _ 1 _ . kx 9y — kx
y=e ol ke y = Inx ol y=a ™ (klna)a
y = sin kx % — kcos kx y = cos kx L — _ksin kx y = tan kx L — ksec?kx
dx dx dx

a) Methods of differentiation

CHAIN RULE for differentiating y = fg(x) y =f(u) where u = g(x) Z—z = Z—Z X Z—z

PRODUCT RULE for differentiating y = f(x)g(x) Z—z = f'(x)g(x) + f(x)g'(x)

: o _f®  dy _ ffg)-fx)g/(x)
QUOTIENT RULE for differentiatingy = 90 ax PO

PARAMETRIC EQUATIONS vy = f(t) x =g(t) Z—z = % + %

www.mathsbox.org.uk



IMPLICIT DIFFERENTIATION- take care as you may need to use the product rule too (xy?, xy, ysinx)
Aol _ drel  dy

dx dy dx

b) Stationary (Turning) Points
e The points where Y — 0 are stationary points (turning points/points of inflection) of a graph

e The nature of the turning points can be found by:

Maximum point Minimum Point

dy
—>0
@y dx
dx<0
dy i
a_o } |\\h"//l
—
\ w d 1
Z_o
dx —
dy d
Minimum if — >0
dx?

2

. . d
Maximum if <2 <0
dx?

Find and determine the nature of the stationary points of the curve y = 2x3 - 3x? + 18

d d . .
2 — 6x2 — 6x % = 0 at a stationary point

dx

2 2
6X(x - 1) =0 Turning points at (0, 18) and (1,17) % =12x—-6 x=0 % <0 (0,18)is a maximum
x=1 2 0 (1,17)is a minimum

. . . d?
Points of inflection occur when a_szl =0 (f"(x) = 0)
d2
but d—Z = 0 could also indicate a min or max point

d? . .

Convex curve : —XZ > (0 for all values of x in the ‘convex section of the curve’
dzy . ‘ . ’
Concave curve : ) < 0 for all values of x in the ‘concave section of the curve

c¢) Using Differentiation

Tangents and Normals
The gradient of a curve at a given point = gradient of the tangent to the curve at that point

The gradient of the normal is perpendicular to the gradient of the tangent that point

Find the equation of the normal to the curve y = 8x — x? at the point (2,12)

Z—z = 8 — 2x Gradient of tangentat (2,12)=8-4=4

Gradient of the normal =-% (y-12)=-% (x-2)
4y +x=50
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d) Differentiation from first principles

As h approaches zero the gradient of the chord gets
closer to being the gradient of the tangent at the point

' ET flx+h)—f(x)
f'G) = lim (F2)

(x+h,f(x+h)

Find from first principles the derivative of x> — 2x + 3

’ BT f(x+h)—f(x)
£ = lim (F29)

3_ (43
— lim ((x+h) 2(x+h)+3 -(x 2x+3))

h—0 h
- lim (x3+3x2h+3xh2+h3—2x—2h +3 —x3+ 2x—3)>
h—-0 h
2 2.p3_
_ lirn(3x h+3xh“+h Zh)
h—0 h
= ’llirr(l)(3x2 +3xh+ h%?-2)
=3x%2 -2
7 INTEGRATION
Integration is the reverse of differentiation
LEARN THESE
n+1
fx” dx = );+1 + ¢ (cisthe constant of integration)
kx 1 kx 1
Jedx = e +c Jodx =Inx+c
fsinkxdxz—%coskx+c [ coskx dx = %sinkx+c

a) Methods of Integration
INTEGRATION BY SUBSTITUTION
Transforming a complex integral into a simpler integral using ‘u = “ and integrating with respect to u

Jxv1—x? dx . . " .
, du du If it is a definite integral it is often easier to
Letu=1- x* —=-2x so dx=— o
dx —2x calculate the limits in terms of u and
du . . . .
fx 1—x2dx = f xvu — substitute these in after integrating
1, 1 *
=- gf uz du Look for integrals of the form
1 3
=——-uz+c¢
3 ax+b
[e®™*Pdx  [cos(ax + b) dx J—dx

1 3
=—c(1-xM2+c

Look out for integrals of the form
[ =—[fI™ +c

fre g, —
ff(x) dx =In|f(x)| + ¢
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INTEGRATION BY PARTS dv
dv du Jinxdx u=lhx —=1
fu—dx=uv—- [v—dx
dx dx v du 1
Take care in defininguanda o x V=X
dv
J xe* dx u=x ;:ezx flnxdxlenx—fx%dx
[ xin dx u=lnx L=«
dx =xlnx —x+c

PARAMETRIC INTEGRATION
To find the area under a curve defined parametrically use area = fy%dt
Remember that the limits of the integral must be in terms of t

A curve is defined parametricallybyx =t -1 y = %Calculate the area of the region
included by the line x= 2, the x-axis and the y-axis.
x=21t=3 x=0 t=1
dx 34
E:]. flgdt:[‘l-lnt]f
= 4In3 — 4Inl
=4In3

b) AREA UNDER A CURVE

The area under a graph can be approximated using rectangle of height y and width dx. The limit as the
number of rectangles increases is equal to the definite integral

n b
lim ) y;6x = jydx

n—-oo
=1 a

Calculate the area under the graph y = 4x — x3 between x=0and x = 2
2
Jo 4x —x3dx

2 4
=222
0 4

=8-4-(0-0)
= 4 \

For an area below the x-axis the integral will Vs, f
result in a negative value |

c) AREA BETWEEN 2 CURVES

If no limits are given you need to identify the x coordinates of the points where the curve intersect
Determine which function is ‘above’ the other

221 (0 = g(x)]dx £l
f(x) >O .

X1 X
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d) SOLUTION OF DIFFERENTIAL EQUATIONS
Separating the variables

If you are given the coordinates of a point on the curve a particular solution

can be found if not a general solution is needed

Find the general solution for the differential
equation
yZ—z = xy% + 3x

d
Y2 =x(y* +3)

y —

fy2+3dy = [xdx
%lnly2 +3| = %xz +c

8 NUMERICAL METHODS

a) CHANGE OF SIGN — locating a root
For an equations f(x) = 0, if f(x1) and f(x2) have opposite signs and f(x) is a continuous function between x; and
X2 then a root of the equation lies in the interval xi1< x < x;

b) STAIRCASE and COWBEB DIAGRAMS
If an iterative formula (recurrence relation) of the form xn«1=f(xn) converges to a limit, the value of
the limit is the x-coordinate of the point of intersection of the graphs y = f(x) and y = x
The limit is the solution of the equation f(x) = x

A staircase or cobweb diagram based on the graphs y = f(x) and y = x shows the convergence

eg Solve the equation x* = 12x + 12 =0 ot
First we will write if in the form x = fix) 18 4
K412 = 12x =T 41=x 45
12
Plofting the graghs ¥ = :_E +fandy = x
the solubion (s the point of intersection of tha .
two graphs
....... P e
We can confirm thal there iz & poinf of infarsection
bafween x 2 1 and x = F by & change of Sign the valles ane Sibsifufed
Substitutingx = 2info ¥ = :_3 + 1 gives = 1.66... (shown on the dagram)
Substiuting x = 1.66._. y=1.38
Repealing this the valwes converge fo 11157 Use you ANS
The solufion of x ! T2x+12=0 I x=11157 button on your
calculator
. . _ _ f(xn)
c) NEWTON-RAPHSON iteration f(x) =0 x,41 = X, — 1)
n
The equation e — 0.5x = 0 has a root close to 0.5. Using 0.5 Limitations of the Newton-Raphson method
as the first approximation use the Newton-Raphson you find
the next approximation As the method uses the tangent to the curve, if the
x1=0.5 f(0.5)=e*—-0.25 starting value is a stationary point or close to a
f'(x) =-2e*-0.5 f(0.5)=-2e1-0.5 stationary point (min, max or inflection) the
-1
%= 0.5 — < _10-25 %, = 0.595 method does not work
—2e71-0.5

www.mathsbox.org.uk



d) APPROXIMATING THE AREA UNDER A CURVE
TRAPEZIUM RULE - given in the formula book but make sure you know how to use it!

The trapezium rule gives an approximation of the area under a graph

b 1 b—
fa ydx = ;h[(YO+3’n) +2(y1 + y2+...yn-1)] whereh = Ta

An easy way to calculate the y values is to use the TABLE function on a calculator — make sure you list the
values in the formula (or a table) to show your method

e The rule will underestimate the area when the curve is concave

e The rule will overestimate the area when the curve is convex

UPPER and LOWER bounds - Area estimated using the area of rectangles
For the function shown below if the left hand ‘heights’ are used the total area is a Lower Bound —the
rectangles calculated using the right hand heights the area results in the Upper Bound

Upper Bound

Lower Bound

9 VECTORS

A vector has two properties magnitude (size) and direction

a) NOTATION
Vectors can be written as

(3
as= (4)
a=3i+4j where iandj perpendicular unit vectors (magnitude 1) R

Magnitude-direction form (5, 53.1°) also known as polar form
The direction is the angle the vector makes with the positive x axis

Express the vector p = 3i — 6j in polar form
3
pl =32+ (=6)?
=345

p =(3V5, 63.4%

The Magnitude of vector a is denoted by |a| and can be found using Pythagoras |a| = V32 + 42
A Unit Vector is a vector which has magnitude 1
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A position vector is a vector that starts at the origin (it has a fixed position)

s

2

oi - (2

) 2i+4

b) ARITHMETIC WITH VECTORS

Multiplying by a scalar (humber)
_(3 C A
a-= (2) 3i+2j

0-2()-

2 4) 6i + 4j
a and 2a are parallel vectors

Multiplying by -1 reverses the direction of the

Addition of vectors

+-(2) o)

Subtraction of vectors

b =) 5=
o -(3)+() )
-0 -()-(0)-3)

Thisisreally a +-b

A and B have the coordinates (1,5) and (-2,4).

a)  Write down the position vectors of A and B
— (1 == _ (=2
04 = (5) 0B = ( 4)
b)  Write down the vector of the line segment joining A to B
E=—ﬁ+073) or 0_B>—0_A> 3 | RER
= _(-2\_ (1\_ (-3 ot
B =(7)-(5)= (&)

Collinear - vectors in 2D and 3D can be used to show that 3 or more points are collinear
(lie on a straight line)

Show that A(3,1,2) B(7,4,5) and C(19,13,14)
AB =4i+3j+3k BC=12i+9j+9%
BC = 3AB AB and BC are parallel vectors sharing a common point B

and are therefore collinear
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10 PROOF
Notation Ifx=3thenx*=9
= x=3=>x*=9
x = 3 is a condition for x> =9

= x=3 & x*>=9is nottrue as x could =-3

= Xx+1=3&x=2

a) Proof by deduction — statement proved using known mathematical principles
Useful expressions : 2n (an even number) 2n +1 (an odd number)

Prove that the difference between the squares of any consecutive
even numbers is a multiple of 4

Consecutive even numbers 2n, 2n + 2

(2n +2)2—=(2n)?

4n%+8n + 4 —4n?

=8n+4

=4(2n +1) a multiple of 4

b) Proof by exhaustion — showing that a statement is true for every possible case or value

Prove that (n + 2)3 > 3" 1 for neN, n<4
We need to show it is true for 1,2 and 3

n=1 2721
n=2 6423
n=3 12529

True for all possible values hence proof that the
statement is true by exhaustion

c) Disproof by counter example — finding an example that shows the statement is false.

Find a counter example for the statement
‘2n + 4 is a multiple of 4’

n=2 4+4=8 amultiple of 4

n=3 6+4=10 NOT a multiple of 4

d) Proof by contradiction - assume first that the statement is not true and then show that this is not possible

Prove that for all integers n, if n® + 5 is odd then n is even

Assume that n® + 5 is odd and n is odd
letn*+5=2k+1 andlet n=2m+1 (kand m integers)
2k+1=(2m+1)3+5
2k+1=8m3+12m?+6m+6
2k=8m3*+12m2+6m +5
2k =2(4m3+6m?+3m)+5
k= (4m3+6m2+3m)+§
4m3 + 6m? + 3m has an integer value leaving k as a non-integer value
(contradicting assumptions)
Our initial assumption that when that n® + 5 is odd then n is odd is false so h must be even
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Harder Differentiation - Scaffolded Practice

W

Complete the table

fx) = 5(1—%)

Brackets
Expanded

—_

~

f) =

0|~
0|~

Prepared
For
Differentiation

Differentiated

Tidied Up

f) = (-+1)?

f) = (++2)?

f) = ~(x—2)

fx) = %(x—?

fo) = (v



Harder Differentiation - Scaffolded Practice

Complete the table

f(X) — x2—2x+1

\/;

Fraction x2 2x 1
X) == — = +—
Broken Up J@® x X  x
2 2 1
fo= -2t
x2 x2 X

Prepared
For
Differentiation

Jo) = 5v/x-

Tidied Up

fo) = 3V -

2
f(X) _ X +ix+1

Foo = 2rdrt

x+1

_ (1+2x)?




Increasingly Difficult Integration (Basic techniques only) startingpointsmaths.com

() Li—sdx () dex () J3\/)_cdx J3xdx (s) J4\5/de

O
Jde () Js_édx L;? J'(5—3x)2dx J(1+x—12)2dx

=) J3ﬁ(1—\/§)dx () J4:3x4dx () J4:5x3dx Ixt:ﬂdx

@ [Z;de Je.xz:;;qu @ j6x2x-|\-/x;—7dx

This exercise did not include: J%dx Investigate this integral.

Do not Google the answer! Desmos, however, might be useful in your investigating.

Create another 3 integration problems of your own. One which is similar to the questions you found
easy, one which is similar to the problems you found to be of medium difficulty and one which is
similar to the ones you found hard!

Now create a visual guide on how to calculate each of the three types of integral.



Year 13 — AS Revision Sheet 1

Section A
2
1) Find the value of 1253 2
1
2) Simplify x’(16x%)* 2
3) Given that (2 +V5)( a + bV5) = (4 + 35) calculate the values of a and b. 4
4) Solve 3>* =9* 3

5) Given that x> —10x—3=(x+a)* +b find the values of a and b.

Hence, or otherwise, solve  x?*-10x-3=0 4

6) a) On a coordinate grid (x and y axes running from —6 to 6), shade the region
comprising all points whose coordinates satisfy the inequalities
y<2x+5 2y+x<6 and y=>2

b) Work out the area of the shaded region. 5
7) Write e s in the form 4 x™ + 5x™ clearly stating the values

of m and n. 2
8) The circle C has equation X2+y?+4x—-2y—-11=0. Find

a) the coordinates of the centre of C, 2

b) the radius of C, 2

c) the coordinates of the points where C crosses the y-axis, giving your answers as
simplified surds. 4



Year 13 — AS Revision Sheet 1

Section A

0 Magram NOT

1o scale

E{=1. 21

gi \/ '
1T A

9) The diagram above shows a right angled triangle LMN.
The points L and M have coordinates (-1, 2) and (7, —4) respectively.
(a) Find an equation for the straight line passing through the points L and M.

Give your answer in the form ax + by + ¢ = 0, where a, b and c are integers. 4)
Given that the coordinates of point N are (16, p), where p is a constant, and angle LMN = 90°,
(b) find the value of p. (3)
Given that there is a point K such that the points L, M, N, and K form a rectangle,

(c) find the y coordinate of K. (2)

10) The line y=2x-1is a tangent to the circle C, touching C at the point P (2, 3) as
shown. Point Q is the centre of the circle.

'Y y=2x-1
a) Find the equation of the line
joining point P to the point Q.

3)

b) If the x-coordinate of point Q
is 6 find the equation of the circle

v

C.
©)




Year 13 — AS Revision Sheet 2
Section A

1)  Find the set of values of x for which

(@ 3(x—2)<8-2x, (2)
(b) (2x-7)(1+x)<0, (3)
(c) both3(x—2)<8-2xand 2x-7)(1 +x) <O0. (1)

2)  The point P(1, a) lies on the curve with equation y = (x + 1)?(2 — X).
(@) Find the value of a. Q)

(b) Sketch the curves with the following equations:

(i) y=x+1y@2-x),

. 2
@iyy==.
X
On your diagram show clearly the coordinates of any points at which the curves meet the axes.
()
(c) With reference to your diagram in part (b), state the number of real solutions to the equation
(x+1)%(2—X) = % . (1)
3) The curve C has equation y = kx3 — x? + x — 5, where k is a constant.
@ Find ¥ 2
dx

The point A with x-coordinate —4 lies on C. The tangent to C at A is parallel to the line with equation
2y —7x+1=0.

Find
(b) the value of k, (4)
(c) the value of the y-coordinate of A. (2)



Year 13 — AS Revision Sheet 2
Section A

4) (a) Find the first 3 terms, in ascending powers of x, of the binomial expansion of

(3 + bx)°
where b is a non-zero constant. Give each term in its simplest form. 4)
Given that, in this expansion, the coefficient of x? is twice the coefficient of x,
(b) find the value of b. (2)

5) (a) Find the positive value of x such that

logx 64 = 2. (2)
(b) Solve for x
log2 (11 —-6x) =2 log2 (x—1) + 3. (6)
6) (a) Find, to 3 significant figures, the value of x for which 5* =7, (2)

(b) Solve the equation 5 — 12(5) + 35 = 0. (4)



Year 2: A Level Mathematics

Algebra and Functions: Partial Fractions

Self-Assessment:

Please identify areas in which you believe are your strong points and those you feel you need to

improve on Provide evidence to support your assessment with reference to the content in this
booklet.

Strengths Areas for Improvement
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Partial fractions

mc-TY-partialfractions-2009-1

. . 3 ) . .
An algebraic fraction such as # can often be broken down into simpler parts called
x? —bxr —
partial fractions. Specifically
3z +5 2 1

22 —52 -3 x-3 2r4+1

In this unit we explain how this process is carried out.

In order to master the techniques explained here it is vital that you undertake plenty of practice
exercises so that they become second nature.

After reading this text, and/or viewing the video tutorial on this topic, you should be able to:

e explain the meaning of the terms ‘proper fraction' and ‘improper fraction’

e express an algebraic fraction as the sum of its partial fractions

Contents

Introduction

Revision of adding and subtracting fractions
Expressing a fraction as the sum of its partial fractions
Fractions where the denominator has a repeated factor

Fractions in which the denominator has a quadratic term

2
2
3
5
6
7

© o B L

Dealing with improper fractions
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1. Introduction

An algebraic fraction is a fraction in which the numerator and denominator are both polynomial
expressions. A polynomial expression is one where every term is a multiple of a power of z,
such as

5xt + 62° + 7w + 4

The degree of a polynomial is the power of the highest term in z. So in this case the degree is
4.

The number in front of x in each term is called its coefficient. So, the coefficient of x* is 5.
The coefficient of 22 is 6.

Now consider the following algebraic fractions:

x 22+ 3
2 + 2 zd+ 22+ 1

In both cases the numerator is a polynomial of lower degree than the denominator. We call these
proper fractions

With other fractions the polynomial may be of higher degree in the numerator or it may be of

the same degree, for example
42+ r+4

3+ x+ 2 x+3
and these are called improper fractions.

‘ -
\_\ Key Point

If the degree of the numerator is less than the degree of the denominator the fraction is said to
be a proper fraction

If the degree of the numerator is greater than or equal to the degree of the denominator the
fraction is said to be an improper fraction

2. Revision of adding and subtracting fractions

We now revise the process for adding and subtracting fractions. Consider

2 1
r—3 2x+1

In order to add these two fractions together, we need to find the lowest common denominator.
In this particular case, it is (z — 3)(2x + 1).
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We write each fraction with this denominator.

2 22x41) o 1 z-3
r—3 (x—3)2z+1) 2e+1  (z—3)(2z+1)
So
2 1 B 22z + 1) xr—3
-3 22+1  (@-3)2z+1) (z—-3)(2z+1)

The denominators are now the same so we can simply subtract the numerators and divide the
result by the lowest common denominator to give

2 1 de+2—-2+3 3T+ 5
r—3 20+1 (z-3)2z+1) (z-3)2z+1)
Sometimes in mathematics we need to do this operation in reverse. In calculus, for instance,
or when dealing with the binomial theorem, we sometimes need to split a fraction up into its
component parts which are called partial fractions. We discuss how to do this in the following

section.

Exercises 1

Use the rules for the addition and subtraction of fractions to simplify

3 2 5 3 4 2 1 2

b _ d _
iriTay3 Y ot 233 Y o1 e

a)

r—2 x+2

3. Expressing a fraction as the sum of its partial fractions

In the previous section we saw that
2 1 3r+5

r—3 204+1  (2—3)2z+1)
3r+5
(x —=3)(2zx+1)

By inspection of the denominator we see that the component parts must have denominators of
xr — 3 and 2x + 1 so we can write
3 + 5 B A B
(x—3)2zx+1) x—3+2x+1
where A and B are numbers. A and B cannot involve x or powers of x because otherwise the
terms on the right would be improper fractions.

Suppose we start with . How can we get this back to its component parts ?

The next thing to do is to multiply both sides by the common denominator (z —3)(2z+1). This

gives
(Bx +5)(x —3)(2z + 1) _ Az —3)2z+1) Bz —-3)(2z+1)

(x —3)(2zx+1) x—3 20 +1
Then cancelling the common factors from the numerators and denominators of each term gives

3t +5=AQ2x+1)+ B(x — 3)

Now this is an identity. This means that it is true for any values of x, and because of this we
can substitute any values of = we choose into it. Observe that if we let z = —% the first term
on the right will become zero and hence A will disappear. If we let x = 3 the second term on
the right will become zero and hence B will disappear.
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1
If r =——
2

3 1
——~4+5 = B|—=-3
o0 = o)
T_ g
2 2
from which
B=-1
Now we want to try to find A.
If £ =3
14="7A
so that A = 2.
Putting these results together we have
3T+ 5 A N B
(x—3)2x+1)  x-3 2z+1
B 2 1
r—3 2x+1

which is the sum that we started with, and we have now broken the fraction back into its
component parts called partial fractions.

Example

as the sum of its partial fractions.

Suppose we want to express 3z
PP Press "z + 2)

Observe that the factors in the denominator are £ — 1 and = + 2 so we write

3x A B

G—D@+2) 7-1 242

where A and B are numbers.

We multiply both sides by the common denominator (z — 1)(x + 2):
3v=A(x+2)+ Bz —1)

This time the special values that we shall choose are + = —2 because then the first term on the
right will become zero and A will disappear, and x = 1 because then the second term on the
right will become zero and B will disappear.

If v = —2
-6 = -3B
R
-3
B = 2
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Putting these results together we have

3T 1 . 2
(z—1)(x+2) -1 242

and we have expressed the given fraction in partial fractions.
Sometimes the denominator is more awkward as we shall see in the following section.
Exercises 2

Express the following as a sum of partial fractions
2 — 1 2 +5 3 1
a b c d
) (x +2)(z —3) ) (x —2)(z+1) ) (x—=1)(2z - 1) ) (x +4)(z—2)

4. Fractions where the denominator has a repeated factor

Consider the following example in which the denominator has a repeated factor (z — 1),

Example

3r+1
(x —1)2(x+2)
There are actually three possibilities for a denominator in the partial fractions: x — 1, x + 2 and
also the possibility of (x — 1), so in this case we write

Suppose we want to express as the sum of its partial fractions.

3r+1 A B C

G- 12@+2) -1 -1 @12
where A, B and C are numbers.

As before we multiply both sides by the denominator (z — 1)?(x + 2) to give
3v+1=A(x —1)(x+2)+ B(x +2)+ C(x — 1) (1)

Again we look for special values to substitute into this identity. If we let x = 1 then the first and
last terms on the right will be zero and A and C' will disappear. If we let © = —2 the first and
second terms will be zero and A and B will disappear.

Ifx=1

4 =3B so that B =

Q| W~

-5=9C so that C = —g

We now need to find A. There is no special value of z that will eliminate B and C' to give us
A. We could use any value. We could use =z = 0. This will give us an equation in A, B and C.
Since we already know B and C, this would give us A.
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But here we shall demonstrate a different technique - one called equating coefficients. \We take
equation 1 and multiply-out the right-hand side, and then collect up like terms.

3r+1 = Alx—1)(z+2)+ B(x+2)+C(z—1)°
= A(@®+2-2)+ Bz +2)+C(z° =22 + 1)
= (A+0)2* +(A+ B —-20)r + (—2A+2B +O)

This is an identity which is true for all values of . On the left-hand side there are no terms
involving x* whereas on the right we have (A + C)z?%. The only way this can be true is if

A+C=0

This is called equating coefficients of z2. We already know that C' = —g so this means that
A = 3. We also already know that B = 3. Putting these results together we have

3r+1 5 4 5

@—12@+2) 9z—1 3@—12 9z+2)
and the problem is solved.
Exercises 3

Express the following as a sum of partial fractions
52 +17x + 15 T 2?2 +1
a) b) c)
(x+2)%(x+1) (x —3)2(2z+1) (x—1)2(z+1)

5. Fractions in which the denominator has a quadratic term
Sometimes we come across fractions in which the denominator has a quadratic term which cannot
be factorised. We will now learn how to deal with cases like this.

Example

Suppose we want to express
5x

(2 + x4+ 1)(z — 2)

as the sum of its partial fractions.

Note that the two denominators of the partial fractions will be (z*+z+1) and (z—2). When the
denominator contains a quadratic factor we have to consider the possibility that the numerator
can contain a term in x. This is because if it did, the numerator would still be of lower degree
than the denominator - this would still be a proper fraction. So we write

bx Az +B n C
(22 +2x+D(r—-2) 224+x+1 -2

As before we multiply both sides by the denominator (22 + x + 1)(z — 2) to give
5r = (Ax+ B)(x —2) + O(2* + 2 + 1)

One special value we could use is = 2 because this will make the first term on the right-hand
side zero and so A and B will disappear.
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10
10="17C and so C= -
Unfortunately there is no value we can substitute which will enable us to get rid of C' so instead

we use the technique of equating coefficients. We have
50 = (Ar+B)(x —2)+C(2* +x+1)
= A2? —2Ax+ Bz —2B+C2®>+Czx+C
= (A+C)2*+ (-24+B+C)z+ (-2B+C)

We still need to find A and B. There is no term involving 22 on the left and so we can state
that
A+C=0
1 1
Since C' = 70 we have A = —70.

The left-hand side has no constant term and so

—2B+C =0 so that B:%

. 10 5 .
But since C' = - then B = = Putting all these results together we have

5 _ — Dz +2 2
(22 + x4+ 1)(z — 2) ?24+r+1 x—2
—10xz +5 10

Exercises 4

Express the following as a sum of partial fractions

2) 22 —3x -7 b) 13 x
(22 +2x+2)(22 —1) (2x 4+ 3)(x2+ 1)

6. Dealing with improper fractions

So far we have only dealt with proper fractions, for which the numerator is of lower degree than
the denominator. We now look at how to deal with improper fractions.

Consider the following example.

Example
423 4+ 10z + 4

— in partial fractions.
r(2x + 1) P

Suppose we wish to express
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The numerator is of degree 3. The denominator is of degree 2. So this fraction is improper.
This means that if we are going to divide the numerator by the denominator we are going to
divide a term in 2® by one in 22, which gives rise to a term in . Consequently we express the
partial fractions in the form:
3
4x° 4+ 10x 4+ 4 :Ax+B+g+ D
z(2x 4+ 1) r 2zx+1

Multiplying both sides by the denominator x(2z + 1) gives
42° + 1024+ 4= A2*(2z +1) + Bx(2z + 1) + C(2x + 1) + Dz

Note that by substituting the special value x = 0, all terms on the right except the third will be

zero. If we use the special value z = —% all terms on the right except the last one will be zero.
If x =20
=C
1
If r =——
2
4 10 1
—— = —+4 = —=D
8 2 2
L 544 = D
5 =
1
—1- = —=D
2
D = 3

Special values will not give A or B so we shall have to equate coefficients.

42° + 102 +4 = Az*(2z+ 1)+ Bx(2z + 1)+ C(2z + 1) + Dz
= 242 + Az? +2B2* 4+ Bx +2Cx + C + Dz

= 242° + (A+2B)x* + (B+2C + D)z +C
Now look at the term in 3.
2A =4 so that A=2

Now look at the term in x2. There is no such term on the left. So

2
A+2B=0 so that A=-2B so that B:_Q =-1
Putting all these results together gives
42% 4+ 10z + 4 5 1+4+ 3
———. xr — —
z(2x + 1) r 2r+1

and the problem is solved.

Exercise 5

Express the following as a sum of powers of x and partial fractions

341 20t + 322+ 1 T2 —1
——— b)) ————— o)
2 +1 22 4+ 3z + 2 T+ 3

a)
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Answers

Exercise 1
or + 11 2z + 16 10 11
a) b) <) d)
(x+1)(z+ 3) (x —2)(z+2) (2x +1)(z+3) (3x —1)(6x+9)
Exercise 2
1 1 3 1 3 6 1 1
b - - d -
Vo2t rs Vi Yot moi Y-y s
Exercise 3
2) 2 1 4 3 b) 1 4 3 B 2
r+2 (z+2)2 z+1 49(x —3) T(zr—3)%2 49(2z+1)
o) 1 n 1 n 1
2@ —-1) (z—-1)2 2z+1)
Exercise 4
2) 20 +1 3 b) 4 2x — 3 o —2z 43 n 6
2?+r+2 2x-1 20 +3 2241 T2 —xz+1) 73z —2)
Exercise 5
x4 1 , 6 45 62
b) 22° — 6 174 —— — Tr—21 4+ ——
a)x+x2+1 ) 2 v +:1:+1 x4 2 c) T +x+3
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Year 2: A Level Mathematics

Coordinate Geometry: Parametric Equations

Self-Assessment:

Please identify areas in which you believe are your strong points and those you feel you need to

improve on Provide evidence to support your assessment with reference to the content in this
booklet.

Strengths Areas for Improvement




Parametric Equations Cheat Sheet

So far, we have only looked at functions given in two variables, y and x. This is known as the cartesian equation of a
curve. We can also define a curve using a different system, known as parametric equations.

We define the x and y coordinates separately, in terms of a third variable, t:

- x =p(t) 0—| Each value of t defines a point on the curve.
L]

y=q(t)

To develop a better understanding of how this works, let’s look at the following curve defined parametrically:

= =t - o—
x Sﬁ’ y t 2t’ 0<t<2 This is the domain of the parameter t, which tells us

the values of t which we can substitute into x and y
to find points on the curve.

If we wanted to find the value of t at this point (4, 2) then
using x = 3\'?, we letx = 4: 4 =34t
4 s 16
| ;—VZ,-'.I,:T
@ We could also lety = 2 and solve 2 = t* — 2t, but this
| would be more difficult.

Att =1, we havethatx = 31 =3
andy = (1) —2(1) = -1
.". the point (3,—1) corresponds to when t = 1.

Converting between parametric and cartesian equations

To convert between parametric and cartesian equations, you must use substitution to eliminate the parameter. You
also need to be able to relate the domain and range of a cartesian equation to its parametric counterpart.
Remember that:

. The domain of f(x) is the range of p(t)
. The range of f(x) is the range of q(t)

Example 1: A curve has parametric equations. x =In(4 —t), y=t—2, t<3
(a) Find the cartesian equation for the curve in the form y = f(x).
(b) Find the domain and range of f(x).

a) Using x = In(4 — t), we start by making t the subject: e*=4—t¢t
" t=4-—e*
Substituting into y: y=04—-e*)-2
S>y=2-e*
b) We use the domain/range properties of parametric The domain of f(x) is the range of In(4 — t) for
functions to deduce the domain and range of f(x) t < 3. By a sketch or otherwise, you can deduce
thisis x > 0.

The range of f(x) is the range of t — 2 for t < 3.
This willbe y < 1.

When the parametric equations involve trigonometric functions, you may need to use trigonometric identities to
convert to cartesian form. Here are two examples showing how this is done in practice:

Example 2: A curve C has parametric equations
x =cott, y=cosec’t—2, 0<t<m

Find the cartesian equation of the curve in the form y = f(x).

Using 1 + cot?x = cosec?x x? = cot?t = cosec’t — 1
sox? + 1 = cosec’t

Substituting into y: Sy=x*+1-2
sy=x*-1

Using 1 + cot?x = cosec?x x? = cot?t = cosec’t — 1

sox? + 1 = cosec’t

PM I
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Example 3: A curve C has parametric equations

. b
x = 2cost, y=sm(t—g), o<t<m

Find a cartesian equation of the curve in the form y = f(x), stating its domain.

a) We start by expanding y using the addition y = sin(t) cos (E) — cos(t) sin (E)
formulae from Chapter 7 of Pure Year 2: 6 6

. 1
= —sint — = cost
2

2

Using the result from the previous step and Since x = 2cost, y = ﬁsint _—
substituting x = 2cost: 2 *
Now we need to substitute out sint as it is the X x\2 2

o . S (—) = cost (—) = cos’t
only remaining term with ¢t in it. We can use the
. . .o 2= his. 2 2
identity sin®t + cos*t to do this Sosint=1— (;_Zc) and sint = [1— G)
Substituting this new expression for sint back into V3 2 1
the expression from the 2" step: ny=—1/[ [1- (—) ——x
We now have the required cartesian equation. 2 2 4
We look at the range of the given parametric The domain of this function is the range of
equation, x = 2cost, to find the domain of our x = 2costfor 0 <t <.
cartesian equation. By a quick sketch of x = 2cost, we can see that x

takes on all values between but not including -2

Alternatively, you could also substitute t = 0 and and 2,soouris—2 < x < 2

t = minto x = 2cost to find the domain.

Sketching parametric equations
Parametric curves are usually more difficult to sketch than curves given in cartesian form.

. To plot parametric curves, we need to construct a table of values and use it to sketch the curve.

3

Example 4: A curve is given by the parametric equations x = t?, y = %
Sketch the curve for —4 <t < 4.

We start by constructing the following table and filling it in:

t -4 3 -2 -1 0 1 2 3 4
x=1t* 16 9 4 1 0 1 4 9 16
t -12.8 5.4 -1.6 0.2 0 0.2 1.6 5.4 12.8
y==
5

more values if you feel the need.

Plotting our points then sketching the curve that goes through all of them:

=, ;

Note that you can use as many or as little t values in your table as you like. In this case using the 9
integers in the range —4 < t < 4 is enough for us to figure out the shape. You can always use

Edexcel Pure Year 2

Points of intersection
Further problems will involve the use of coordinate geometry. You will often need to find intersections between curves
defined parametrically and functions given in cartesian form.

With such questions, the general procedure is to substitute your parametric equations into your cartesian equation,
resulting in an equation for t which should be solved. The solutions to this equation represent the values of t where the
two functions intersect.

Example 5: Find the points of intersection of the parabola x = t2,y = 2t with the circle
x2+y?—9x+4=0.

Substituting x = t2,y = 2t into the circle: )2+ 20*—9(tH +4=0
>+ 42— 92 +4=0
= t—5t+4=0

Solving the quadratic: The solutions to this equation via the quadratic formula
are

t=-1,1,2,0r-2

To find the points, we need to substitute these

X R L x=1 x=1
values of t back into the given parameterisation
2 . . . _ .
x =t% y = 2t. Doing so, starting witht =-1and 1 y=2 y=2
Now with t = 2 and -2 =4 =4
y=4 y=-4
Writing our solutions as coordinates: ~ ourpointsare (1,2), (1,-2), (4-4) and (4,4)

Modelling with parametric equations

You need to be able to use your knowledge of parametric equations to solve problems involving real-life scenarios. The
mathematical techniques used for such problems are no different to regular questions, but in order to succeed you need
to make sure you fully understand the scenario given in the question, so take some time to read through the question

properly.

Mechanics problems are a popular choice for modelling questions.

Example 6: The path of a skateboarder from the point of leaving a ramp to the point of landing is modelled
using the parametric equations

x=25t, y=—-49t>+4t+15 0<t<k

where x is the horizontal distance in meters from the point of leaving the ramp and y is the
height in metres above ground level of the skateboarder, after t seconds.

a) Find the initial height of the skateboarder.

b) Find the value of k and hence state the time taken for the skateboarder to complete his jump.
c) Find the horizontal distance the skateboarder jumps.

d) Show that the skateboarder’s path is a parabola according to the given model and find the
maximum height above ground level of the skateboarder.

a) The initial height is the value of y at t = 0. =>y=15
b) k is the value of t when the skateboarder finally —49t+4t?+15=0= t = 2.205,t = —1.388
lands. This is when y = 0. Solving y = 0: But since t represents time, it cannot be negative.

So time taken = 2.21 s to 3 significant figures.

c) As x represents horizontal distance, we simply x = 25(2.205...) = 55.1 to 3 significant figures.
needtofindxatt =k =221
d) We need to convert into the cartesian form. _ X
x=25t~t=
Finding t in terms of x: 25
PP ; 2
Substituting into y: Soy = —4.9 (i) +4(ﬁ)+15
4
=— 24— 15
=Y ="%m0" Tt
This is the equation of a parabola, which shows dy 98 +i —0
that the skateboarder’s path is a parabola dx 6250x 25

(according to the given model). The maximum
height of the skateboarder will be the maximum
value of y. Differentiating y and equating to 0:

Solvingforx:y:%)xé: :y:@
49

Ox©
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What Is A Parametric Equation?

In this section we explore what parametric equations are and how we can relate them to
equations we are familiar with.

Parametric Equation

A parametric equation is that includes an introduce an extra, independent variable called
a parameter. Usually ¢ or 6.

Cartesian Equation

A Cartesian equation is an equation that only includes x and y.

Remember

The parametric equation for the unit circle centred at the origin:

x = cos(t), y = sin(t)

Show that & = cos(t), y = sin(¢) forms a unit circle at the origin (hint: put the
equation in its Cartesian form and note that the Cartesian equation of a circle is given by
(x —a)? + (y — b)®> = 7?2 where (a,b) is the centre and r is the radius.

Solution:

First we square both parametric equations obtaining;:
x? = cos?(t), y = sin*(t)

We then add them obtaining:

22 + y? = cos?(t) + sin?(t)
Py’ =1

Which is the Cartesian equation of the unit circle centred at the origin.

Page 2



Remember

General parametric equation for a circle with radius r and centre (a,b) :

x=rcos(t)+a y=rsin(t) + b

Show that « = rcos(t) + a, y = rsin(t) + b forms a circle centred at the origin with radius
r and centre (a,b).

Remember

The Cartesian equation for a circle is given by:

[ (z—a)?+ (y—b)?=r2

Solution:

First we subtract a and b from both equations respectively:
x—a=rcos(t), y—b=sin(t)
We then square both sides of them obtaining:
(x —a)* =12 cos(t), (y—0b)*=rZsin?(t)
We then add both equations together:

(x —a)? + (y — b)? = r?cos®(t) + 2 sin?(t)
(z —a)® + (y — b)* = r*(cos?(t) + sin®(¢))
(x—a)*+ (y—b)* =r?

Page 3



Write the following parametric equations # = > — 1 and y = ¢t — 3 in Cartesian form.

Solution:

A curve C is given parametrically by the equations # = t?> and y = 3t. The line
z + 2y + 9 = 0 meets C at the point P. Find the coordinates of P.

Solution:

We know thatz = t? and y = 3t, substituting this into the equation for our line gives:

2 +6t+9=0
(t+3)*=0
— t=-3

Substituting into our equations for  and y gives:
r=9and y=-9

So P = (9,-9).

Example

A curve has parametric equations z = cos(2t) and y = cos?(t). Find the Cartesian form of
the curve.
Solution:
x = cos(2t)
x = cos?(t) — 1
cos’(t) =z 41
cos?(t) =y
Hence,
z+1l=y

A good rule of thumb is to rearrange to make ¢ or some form of ¢, cos?(t) for example, the subject
of both parametric equations. Then you can equate these 2 equations in order to eliminate t. Also
bear in mind trigonometric identities when solving these questions.
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9.1.1 Parametric Equations - Basics /

Your notes
Parametric Equations - Basics
What are parametric equations?

= Graphs are usually described by a Cartesian equation
= The equationinvolves xandy only
= Equationslike this can sometimes be rearranged into the form, y = f(x)

T VERTICAL

PATH 0OF

MOTION

H.
HORIZONT AL

s AND v ARE DEPEMDENT OMN TIME, 4

= |nparametric equations both x andy are dependent on a third variable
= Thisis called a parameter
= tand®© areoftenused as parameters
= Acommonexample ..
= xisthehorizontal position of an object
= yisthevertical position of an object
= andthe position of the objectis dependentontime t
= xisafunctionoft,yisafunctionoft
= x=f(t)
= y=9(t)
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What do | do with parametric equations? /

= |tisstill possible to plota graph of y against x from their parametric equations Your notes
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4

FLOTTING A GRAPH FROM PARAMETRIC EQUATIONS Your notes

e.g. PLOT THE GRAPH GIVEN BY THE PARAMETRIC
EQUATIONS x=2t+1 AND y=1t’-1 FOR -3<t<3.

CONSTRUCT A TABLE OF VALUES

PLOT THE GRAFH OF v AGAINST =

10

an

—10 15 "O\K/ 5 10 X
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= Also see Parametric Equations - Sketching Graphs
What is the link between parametric equations and circles?

Yy
2
P (x,y)
24
S CENTRE (D,0)
= RADIUS 2
-2 0 2 X DIUS
=2
g 4 3 CARTESIAN
x*+y*=2 EQUATION
x = 2cos@ PARAMETRIC
; EQUATIONS
y = 2sinB _
= Foracircle, centre (0, 0)andradiusr
= X=rcos©
= y=rsin®
= (Notethatris constant, thisis not two parameters)
= Foracircle, centre(a,b)andradiusr
= X=rcosO+a
= y=rsin@+b
Page 5of 21
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s

@ Worked example Your notes

#3 (a) Write down the radius and the centre of the
]

circle defined by the parametric equations

x = 3cosd
and
¥ = 3sinfl = 4
(b) Hence write down the Cartesian equation of
the circle
a) CENTRE: (0,-4)
RADIUS: 3 e RN
Y= reinB + b
b) X2+ (y+47=9 Ha3 =9

CENTRE (0, -4}

#Fsavemyexams
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9.1.2 Parametric Equations - Eliminating the Parameter /
Your notes

Parametric Equations - Eliminating the Parameter

What does eliminating the parameter mean?

CARTESIAN EQUATIONS

y=6x—-x2-5
y = 2lnx

x2+y2=1

PARAMETRIC EQUATIONS

x=1+3 y=4-1
x = et y = 4%
x =cost y = sint

= |nparametric equations, x = f(t) andy = g(t)
= Thereisstillaconnectiondirectly linkingxandy
= This will be the Cartesian equation of the graph

How do | find the Cartesian equation from parametric equations?

Page 7 of 21
© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

e.g. FIND A CARTESIAN EQUATION FOR THE

CURVE GIVEN PARAMETRICALLY AS
1—-3 2t

x=—-— y=e
4

STEP 1 REARRANGE ONE EQUATION TO
MAEKE + THE SUBJECT

Ay 3 BOTH EQUATIONS EASY
t = Ax +3 TO REARRANGE
STEP 2 SUBSTITUTE INTO OTHER EQUATION
y = eZ{4X+3]
STEP 3 AEARRAMGE INTO CARTESIAM FORM
y = e8x+6

NOT MUCH TO
DO HERE |

= STEP1: Rearrange one of the equations to make t the subject
= Eithert=p(x)ort=q(y)
= STEP 2: Substitute into the other equation

= STEP 3 Rearrangeinto the desired (Cartesian) form

How do | eliminate t when trig is involved?

Page 8 of 21
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4

e.g. FIND A CARTESIAN EQUATION FOR THE Your notes

CURVE GIVEN PARAMETRICALLY AS

x =3 +cost y =2 —sint
STEP 4 REARRANGE BOTH EQUATIONS INTO
THE FORM cost=... AND sint=..

cost = x—3

sint = 2—vy

STEP 2 SQUARE BOTH SIDES OF BOTH EQUATIONS

cos?t = (x—3)°

sin?t = (2 —y)°

STEP 3 ADD THE EQUATIONMS TOGETHER

cos?t + sin*t = (x — 3+ (2 —y)

STEP 4 USE THE TRIG IDENTITY
“sin'x +cosfx =1 TO ELIMINATE +

1=(x-3 7+ (2-y)

SEP B REARRAMIGED INTC DESIRED FORM

(x— 3)+(y 2 =1

\E ty=2) =(2- g,-']
EQUATION OF A

CIRCLE CEMTRE: (3, 2]
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RADWS: 1 J /

Your notes
= STEP1 Rearrange both equationsinto theforms “cost=.."and “sint=.."
= STEP 2 Square BOTH sides of BOTH equations
= STEP 3 Addthe equations together
» STEP 4 The trigidentity “sin?x + cos2x=1" eliminates t

= STEP 5 Rearrange into desired (Cartesian) form
= Thistechniqueis seeninTrigonometric Identities

O Exam Tip

When choosing which equation to rearrange, aim for “as simple as possible”:

= Linearequations are simplerthan quadratics
= egRearrangex=2t+3
or

y= 3t2 +3t-47

= Single exponential terms are quite easy to deal with
= egx=et—t=Inx

Trig identities may be needed and remember squared terms are good!

= egsin?x +cos?x=1
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@ Worked example /
Your notes
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', Find the Cartesian equation for the curve C defined

by the parametric equations

x = 3sin2r
and
y = 2cos2t
« THIS IS A sinfcos BASED QUESTION
» AWM FOR "SOUARE AMD ADD
STEP 1 REARRAMGE BOTH IMTD FORM
sint=.." AND fcost=.."

% = sin2t = cos2t

B
2

STEP 2&3 "SQUARE AND ADD"

(i)z + (l)z= sin’2t + cos?2t

3 2
STEP 4 ELIMINATE +
R
STEP 5 REARRANGE INTC DESIRED FORM
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2 2
B X oy EQUATION Of /
9 4 AN ELIPSE
Your notes
Ax? + Qy? =36
#Fsavemyexams
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9.1.3 Parametric Equations - Sketching Graphs ,

Your notes
Parametric Equations - Sketching Graphs
How do | sketch a graph from parametric equations?

= Plotting a graphis coveredin Parametric Equations - Basics
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4

SKETCH THE GRAPH OF y AGAINST x
Your notes

FOR THE PARAMETRIC EQUATIONS
x=3t+1 y=t-4

3t+1=0
t=-1 —> y=(-37-4 y=AXIS INTERCEPT
o (38 _3 =z
) 9 Y= [e]
?-4=0 x—AX|S INTERCEPTIS)
t=+2 —> x=3x2+1=7 y=0
x=3x-2+1=-5
(-5, 0)
(7,0)
Y
y WILL BE POSITIVE
FOR LARGE x
>~
X
-5 0 74
_39
9
TURNIMG
POINT

IT IS NOT REQUWIRED BUT THE CARTESIAN EOUATION
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IS By=x*-2x-35 WHICH 15 A QUADRATIC /

Your notes

= Still find the key features of agraph ...

= . they-axisintercept

= . thex-axisintercept(s)

= . asymptotes

= . location of (andif required coordinates of) stationary points (see Parametric Differentiation)
= Sketchthese points andjoinup accordingly

3_
lnt"=0 y—AXIS INTERCEPT
3lnt=0 A
£ =g

R y=4:1°-9=-5

(0, 5) x—AXIS INTERCEPTIS)
442-9=0 Y
2.8
(e
& 4 - 3 ; JéFIMD
=+ = = = .
t t 5 X 3ln2
WHY HAS t=-1 x=l"(%)
BEEN LEFT ©OUT?Y
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’ s

Your notes
0 * X
In2Z
3
IT IS NOT %YET CLEAR WHAT ELSE THE GRAPH
: DOES SO FIND ITS CARTESIAN EQUATION
x = lnt
% = 3lnt
- X
lnt = 3
x x\2
e y=4(e.3)—9
2,
y=4¢e -9

A& FOSITIWE ExXPONENTIAL GRAPH
+ ASYMPTOTE AT x=-8

Y
O X
27
8
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4

Your notes

O ExamTip

Not all curves defined parametrically lead to familiar shaped graphs and it may be worth plotting a
few extra points by calculating them.

Your calculator may be able to produce a table of values quickly, however, rememberyou are
sketching and not plotting.

It may be easier to find the Cartesian equation first and draw the graph from that - this will depend
onthe question.

Itis only a definite strategy if you cannot make progress otherwise.

If you are given the sketch of a graphitis usually only forreference and can be used to check
answers for axes intercepts, etc.
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@ Worked example /
Your notes
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4

Your notes
‘, Sketch the graph of the curve defined by the
o . ,
parametric equations
x=¢ andy=1*—1
stating clearly the coordinates of any points
where the curve intercepts the coordinate axes.
DEDUCE x>0 SO y-AXIS
15 AM ASYMPTOTE
x=¢e=0 y=AXIS INTERCEPT
NO SOLUTIONS x=0
y=t*-t=0 x-AXIS INTERCEPTIS]
-1 = D ¥ = L
t=0, t=1

AT t=0, x=e"=1 THERE WILL BE & TURNING POINT
AT t=9, x=gl=e BETWEEN x=1 AND x=¢

y-AXIS 15 AN
ASYMPTOTE

(Er¢,ua [e,m%
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VA

0] /]\_/é %

TURMNING
POINT

WHY

I5 THE GRAPH THIS waAY LWPT

coeh ‘QeX ‘oo 3 SY HIMSNY
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C4 Coordinate geometry - Parametric curves PhysicsAndMathsTutor.com

1. The cartesian equation of the circle C'is
x?+)?—8x—6y+16=0.

(@)  Find the coordinates of the centre of C and the radius of C.

(4)
(b)  Sketch C.
)
(c)  Find parametric equations for C.
®)
(d) Find, in cartesian form, an equation for each tangent to C which passes through the
origin O.
(%)
(Total 14 marks)
2.
1
| f_’} =.‘C

The diagram above shows a sketch of the curve C with parametric equations
x=5f-4, y=(9-7)
The curve C cuts the x-axis at the points 4 and B.

(@) Find the x-coordinate at the point 4 and the x-coordinate at the point 5.
®)

Edexcel Internal Review 1
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The region R, as shown shaded in the diagram above, is enclosed by the loop of the curve.

(b)  Use integration to find the area of R.

(6)
(Total 9 marks)

i) X

The diagram above shows a sketch of the curve with parametric equations

X =2 C0S 2t, y = 6sint, 0<t<

N

(@) Find the gradient of the curve at the point where t:% .

(4)
(b)  Find a cartesian equation of the curve in the form
y=1Fx), - k<x<k,
stating the value of the constant .
(4)

Edexcel Internal Review 2
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(c)  Write down the range of f (x).

(2)
(Total 10 marks)

4. (a) Using the identity cos26 = 1 — 2sin6, find J.Sin2 fdao.

_'|_' &

W
0 1 x
V3
)
The diagram above shows part of the curve C with parametric equations
. v
x =tané, y = 2sin26, 0<0< >
The finite shaded region .S shown in the diagram is bounded by C, the line x = % and the x-
axis. This shaded region is rotated through 2z radians about the x-axis to form a solid of
revolution.
(b)  Show that the volume of the solid of revolution formed is given by the integral
kj'gsin 20d6o
0
where £ is a constant.
®)

Edexcel Internal Review 3



C4 Coordinate geometry - Parametric curves
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(c)  Hence find the exact value for this volume, giving your answer in the form p7r2 +gr 3,

where p and g are constants.

@)
(Total 10 marks)

The curve C shown above has parametric equations

x=1> -8t y=t2

where ¢ is a parameter. Given that the point 4 has parameter 7 = -1,

(@) find the coordinates of 4.

The line / is the tangent to C at 4.

(b)  Show that an equation for I is 2x — 5y —9 = 0.

The line / also intersects the curve at the point B.

(c)  Find the coordinates of B.

Edexcel Internal Review
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yl

0 4 \ X
The diagram above shows the curve C with parametric equations

x =8cost, y=4sin2t, 03:3%.

The point P lies on C and has coordinates (4, 2\3).

(@)  Find the value of 7 at the point P.

)
The line /is a normal to C at P.
(b)  Show that an equation for /is y = —xV3 + 613.

(6)
The finite region R is enclosed by the curve C, the x-axis and the line x = 4, as shown shaded in
the diagram above.
(c)  Show that the area of R is given by the integral EG4 sin? ¢ cos «dr .

3

(4)

(d)  Use this integral to find the area of R, giving your answer in the form a + b\3, where 4
and b are constants to be determined.
(4)

(Total 16 marks)

Edexcel Internal Review 5
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R
yd

o In2 In4 by

v

The curve C has parametric equations

x=In(t+2), yzﬁ, (>-1

The finite region R between the curve C and the x-axis, bounded by the lines with equations
x=1n2and x = 1n 4, is shown shaded in the diagram above.

(@  Show that the area of R is given by the integral

2
|
o (t+1)(t+2)
(4)
(b)  Hence find an exact value for this area.
(6)
(c) Find a cartesian equation of the curve C, in the form y = f(x).
(4)
(d)  State the domain of values for x for this curve.
()

(Total 15 marks)

Edexcel Internal Review 6
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8. A curve has parametric equations

x=tan?¢,  y=sint, 0<t<%.
. . dy . L
(@)  Find an expression for d_y in terms of «. You need not simplify your answer.
X

®)

(b)  Find an equation of the tangent to the curve at the point where tz%.

Give your answer in the form y = ax + b, where a and b are constants to be determined.

©)

(c)  Find a cartesian equation of the curve in the form 2 = (x).
(4)

(Total 12 marks)

-

0.5

v

4

The curve shown in the figure above has parametric equations

x=sint, y=sin(t + %), -5<t<Z.

(@)  Find an equation of the tangent to the curve at the point where 7= % .
(6)

(b)  Show that a cartesian equation of the curve is

y=%x+%\/(l—x2), -1<x<l

®)
(Total 9 marks)

Edexcel Internal Review 7
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10.
yﬂ
La 4
B R
0] a X
The curve shown in the figure above has parametric equations
x=acos3t, y=asint, 0<¢< %
The curve meets the axes at points 4 and B as shown.
The straight line shown is part of the tangent to the curve at the point 4.
Find, in terms of a,
(@) an equation of the tangent at A,
(6)
(b) an exact value for the area of the finite region between the curve, the tangent at
A and the x-axis, shown shaded in the figure above.
(9)
(Total 15 marks)
11.

v

Q
—

The curve shown in the figure above has parametric equations

x=t-2sint, y=1-2cos ¢, 0<t<2n

Edexcel Internal Review 8
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(@)  Show that the curve crosses the x-axis where t:% and t:%r.
)
The finite region R is enclosed by the curve and the x-axis, as shown shaded in the figure above.
(b)  Show that the area of R is given by the integral
IT (1-2cos¢)? dr.
®)
(c)  Use this integral to find the exact value of the shaded area.
(7)

(Total 12 marks)

12.

yA

0 2 I >

The curve C has parametric equations

1 1
x=—,y=—, ltl<1.
1+1¢ 1-¢

(@  Find an equation for the tangent to C at the point where 7 = .
)

(b)  Show that C satisfies the cartesian equation y = ﬁ
x p—

©)

Edexcel Internal Review 9
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The finite region between the curve C and the x-axis, bounded by the lines with equations x = %
and x = 1, is shown shaded in the figure above.

(c) Calculate the exact value of the area of this region, giving your answer in the form
a + b In ¢, where a, b and ¢ are constants.

(6)
(Total 16 marks)

13. A curve has parametric equations

x=2cott, y=2sin’t, 0<t< %
. . dy .
(@  Find an expression for d_y in terms of the parameter .
X
(4)
(b)  Find an equation of the tangent to the curve at the point where ¢ = %
(4)
(c) Find a cartesian equation of the curve in the form y = f(x). State the domain on which the
curve is defined.
(4)

(Total 12 marks)

14.

yA

P
7 //I/cil

><V

Edexcel Internal Review 10
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The diagram above shows a sketch of the curve C with parametric equations

. Vs
x=3tsint,y=2sect, 0<t< —.

2
The point P(a, 4) lies on C.

(@  Find the exact value of a.

®)
The region R is enclosed by C, the axes and the line x = a as shown in the diagram above.
(b)  Show that the area of R is given by
%
6 (tan ¢ + £) dz.
0
(4)
(c)  Find the exact value of the area of R.
(4)

(Total 11 marks)

15.

v (metres)
A

N

B x (metres)

The diagram above shows a cross-section R of a dam. The line AC is the vertical face of the
dam, AB is the horizontal base and the curve BC is the profile. Taking x and y to be the

horizontal and vertical axes, then 4, B and C have coordinates (0, 0), (372, 0) and (0, 30)
respectively. The area of the cross-section is to be calculated.

Initially the profile BC is approximated by a straight line.

Edexcel Internal Review 11
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(@)  Find an estimate for the area of the cross-section R using this approximation.

1)

The profile BC is actually described by the parametric equations.
x=164- 72 y=30sin2, Z <<,
4 2

(b)  Find the exact area of the cross-section R.

)
(c) Calculate the percentage error in the estimate of the area of the cross-section R that you

found in part (a).
)

(Total 10 marks)

16. The curve Cis described by the parametric equations
x=3cost, y=cos2t, 0<r<nxm

(@  Find a cartesian equation of the curve C.
)

(b)  Draw a sketch of the curve C.

)
(Total 4 marks)

17.

-1

Edexcel Internal Review 12
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The curve shown in the diagram above has parametric equations

X =C0St y=sin 2t 0<t<2nm
. . dy .
(@  Find an expression for ™ in terms of the parameter .
X
®)
. ) dy
(b)  Find the values of the parameter ¢ at the points where ™ =0.
X
®)
(c)  Hence give the exact values of the coordinates of the points on the curve where the
tangents are parallel to the x-axis.
)
(d)  Show that a cartesian equation for the part of the curve where 0 <7< ris
y = 2xV(1 - x°).
®)
(e)  Write down a cartesian equation for the part of the curve where 7<t<2x.
)

(Total 12 marks)

Edexcel Internal Review 13
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1. (@ x*+)°—8x—6y+16 = (x—4)°-16+(y—3)>-9+16

(x-4°-(y-3)2%=9 M1 Al
Centre (4, 3), radius 3 AlAl 4
(b)
Y A
(4,3)
3
9, 4 x

B1, Bl 2

(c) x=4+3cost
y=3+3sint
(0<t<2n) M1 Al Al 3

(4,3)

v

(d) Line through origin y = mx
x-coordinate of points where this line cuts C satisfies
(1+m2)x2—8x—6mx+16=0 M1 Al
As line is tangent this equation has repeated roots
(8 + 6m)? = 4(1 + m?)16
16 + 9m” + 24m = 16 + 16m

24m = Tm? M1 Al
m = O, m = E
7
. 24
Equations of tangentsare y =0, y = 7x Al 5

[14]

Edexcel Internal Review 14
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2. @ y=0=19-1)=1(3-1)3+1)=0
t=0,3-3 Any one correct value Bl
At71=0,x=5(072-4=—-4 Method for finding
one value of x M1
Atr=3,x=5(3)?-4=41
(Atr=-3,x=5(-3)? - 4=41)
At4,x=-4;atB,x=41 Both Al 3
dx L
(b) E:mt Seen or implied Bl
. dx . 2
J.ydx—fyadt—jt@—t Jor dt M1 Al
=I(90t2 —1012)1t
3 5713
S0 100717 _ 3038 - 2% 3%(= 304) M1
3 5 |,
A = 2]y dx=648 (units?) Al 6
3. @ ax = —4sin 2t Y 6 cos ¢ B1, Bl
dt dt
dy _ 6C_OSt __ S ) ML
dx 4sin 2¢ 4sint
T 3 3 .
Att= —, m=-— =——— accept equivalents, awrt -0.87 Al 4
3 4><§ 2

Alternatives to (a) where the parameter is eliminated

@ y=(18—9x)%

dy 1
dx

At =" x=cos?F -1
3 3

Edexcel Internal Review

——5(18—9x)_5 % (-9)

Bl
Bl
\/2§ M1 Al 4
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@ y2=18—9x

0y W __ B1
dx
At r=", y=6sinZ =33 B1
3 3
& 9 __\8 M1 Al
dx  2x3J3 2
(b)  Use of cos2¢ = 1 - 2sin’ M1
costhf,sint:l
2 6
2
Xo1-2 Zj M1
2 6
Leading to y=4(18-9x)(=3/(2-x))  cao Al
-2<x<2 k=2 Bl
(c) 0<f(x)<6 either0<f(x) orf(x) <6 Bl
Fully correct. Accept 0 <y <8, [0, 6] Bl
., 1 1. 1.
4. (a) jsm 0d0=—j(1—cos20)de:-a——sm20(+C) M1 Al
2 2 4
dx 2
(b) x=tanfd—=—=sec" ¥
do
dx .
2 4. 2 Ux o 2 can?
7r.|.y dx—irJ.y dﬁde ﬂJ-(ZSIHZH) sec” 6do M1 Al
H 2
. (2x25|n§c059) 40 M1
cos‘ @
167 [sin® 0o k=16n Al
1 1 V4
x=0=tanfd=0= 6=0, x=— = tanld=—=0=— Bl

V3 V3 6

[V:l&;joﬁsinz 9d9j

Edexcel Internal Review

PhysicsAndMathsTutor.com
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©) V:167zB9—5'” 2‘9}6

0

=16;{(l—lsin ﬁj —(0-0)}
12 4 3

:167{1 ﬁ}zinz —27z\/§

12 8 3

(b) x=r-8y=7

Atd,x=-1+8=7&y=(-1)>=1 = A(7,1)

PhysicsAndMathsTutor.com

M1
Use of correct limits *M1
p=%,q=—2 Al 3

[10]

A7,1) BL 1

&g —8,d—y=2t
de dt
i 378 Their <~ divided by their &= M1
Correct & Al
At A4, m(T) = 2(_21) _ -2 =22 Substitutes
3(-1)°--8 3-8 5
for ¢ to give any of the
four underlined oe:
T:y - (their 1) = m,(x — (their 7)) Finding an equation of a
tangent with their point
and their tangent gradient
orl=2(N)+c=>c=1-%=-2 or finds ¢ and uses dm1
y = (their gradient)x + “c” .
Hence T: y=2x-%
givesT:2x-5y-9=0 AG Al cso 5
() 2(A-8)-57-9=0 Substitution of both x = 2 — 8¢ and
y=Finto T M1
2r-5/-161-9=0
(t+ D){(~4-7t-9) =0}
(t+D{@¢+1)(2t-9) =0} A realisation that
(¢ + 1)is a factor. dM1
{t=-1(at4)t= 3 at B} 1=% Al

Edexcel Internal Review
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x= (&) -8(8)=122 36 =41 -55125 or awrt 55.1

Candidate uses their value of ¢
to find either
the x or y coordinate  ddM1

2 2

6. (3) AtP(4, 24/3) either 4 = 8cost or 2+/3 = 4sin 2¢

T

= only solution is ¢ = 3 where 0,, ¢,, %

4 = 8cost or 2\/5 =4sin 2t

T
t==
_ 3

(b) x=8cost y=4sin2t
dx

_:_8sinz,d—y=80032t

dz dt( )
d_y_8cos%”

ALP, dx_m%)

{ 8-1) 1

— =awrt 0.58

-1

Hence m(N) = —Bor==

1

7
N: y—Z\/_:—\/g(x—4)
N: y =—/3x+643 AG

or 243 =—3(4)+c = c =23 +43 =643

so N: ly = —\/§x+6\/§J

Edexcel Internal Review

PhysicsAndMathsTutor.com

One of either x or y correct. Al
Both x and y correct. Al 6

awrt

[12]

M1

or awrt 1.05 (radians) only stated in the range 0,, #,, % Al 2
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Attempt to differentiate both x and y wrt ¢ to give £p sin ¢ and

+¢ COS 2t respectively M1
d
Correct L and =~ Al
dt de
Divides in correct way round and attempts to substitute their value of
. . . . d i
t (in degrees or radians) into their d_y expression. M1*
X

You may need to check candidate’s substitutions for M1*
Note the next two method marks are dependent on M1*

Uses m(N) = —_; dM1*
their m(T)
Uses y— 243 = (their mpy)(x — 4) or finds ¢ using x = 4 and
y= 24/3 and uses y = (their my)x + “c”. dM1*
y=—+3x+64/3 Alcso AG 6

(c) A=|ydx=|4sin2:.(-8sin¢)dt

O e
NN C—w |y

—32sin 2t.sintdr = | —32(2sinzcost).sin tdt

NN —w |y

—64.sin?z cos rd¢

64.sin? ¢ cos rdt

h N
Il

N
Il
WINCE=——N [N N[N0 |y N[N ———w]y

attemptat 4 = Jyd—xdt M1
dt

correct expression (ignore limits and dz) Al

Seeing sin 2¢ = 2 sin ¢ cos ¢ anywhere in this part. M1

Correct proof. Appreciation of how the negative sign affects
the limits. Al AG 4
Note that the answer is given in the question.

Edexcel Internal Review
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(d)  {Using substitution « = sin t = 3—? = cost}

{change limits:

V3

when ¢ = z,uZ— & whent=
3 2

N

(Note that @ = 6—; ,b=-8)

k sin® ¢ or ku® with u = sin ¢

T
—, :1
g vl

(eind + 12 3!
A=64 3 11% o gopal 1
3 3 |

Correct integration ignoring limits.

Substitutes limits of either (¢ = % and ¢ = %) or

(u=landu= g) and subtracts the correct way round.

6—34—8\/5

Aef in the form a + b+/3 , with awrt 21.3 and anything that

cancelstoa = 6—34 and b =-8.

7 (a) |:x=|n(t+2)!y:i:|':>3_.:zm

t+1

1

Area (R) = J'Midx;:j2 B dr
n2¢+1 o\t+1N¢t+2

Changing limits, when:

x=IN2=1In2=Int+2)=2=¢t+2=1¢=0
x=Ind=Ind=In(t+2)=>4=t+2=1t=2

2
Hence, Area (R) = I L

Edexcel Internal Review

—t
0 (t+1)(r+2)
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M1
Al

dm1

Al aef isw 4

[16]
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(b)

Must state d—xzL Bl
de t+2
1 .

Area = j—dx. Ignore limits. M1;

t+1
1 1 .
I —|x ¢ . Ignore limits. Al AG
t+1 t+2
changes limits x — ¢ so that In2 — 0 and In4 — 2 B1

L 1 j: 4 B
t+D(+2) t+D) (t+2)
1=A(+2)+B(t+1)
Letr=-1,1=4(1)=>4=1
Letr=-2,1=B(-1)=>B=-1

_[2 1 _J- 1 1

t= - dr
0 (t+1)(t+2) 0 (t+1) (¢t+2)
= [In(t+1) - In(t + 2)]}
=(n3-In4)-(In1-1In2)

Takes out brackets: =In3-In4+In2=In3-In2= In@j

L-ﬁ-iwnh A and B found M1
t+) (+2)

Finds both 4 and B correctly.
Can be implied. Al

Writing down = ! + means first M1AO0.
t+D(+2) (@+) (+2)
Writing down = ! _ means first M1AL.
t+D@E+2) (+1) (t+2)
Either£aIn(z+ 1) or £ b In(z + 2) dm1
Both In terms correctly ft. Alft

Substitutes both limits of 2 and 0 and subtracts the correct way round. ddM1

INn3—In4+In2orIn E —In l orin3—-In2or In E
4 \2) \2)

(must deal with In 1) Al aef isw

Edexcel Internal Review

PhysicsAndMathsTutor.com

21



C4 Coordinate geometry - Parametric curves

(©) x=|n(t+2),y=i
t+1
e =t+2=>t1=€"-2
yr—t o=t
et —2+1 et -1
Attempt to make ¢ = ... the subject
givingr=¢e"-2

Eliminates ¢ by substituting in y
giving y = Lt
et -1

Aliter
Way 2

t+1= i:n:l—lort:—y
y y y

1—
y(t+1)=1:>yt+y=1:>yt=1—y:>t=—y
y

X = In(l—l-F 2} or x = In(l_—y+ ZJ
Y Yy

X = In(lJrlj
Y

.1
et =—+1
Y
e"—l:l

y
e 1
e* -1

Attempt to make ¢ =... the subject

Giving either ¢ = 1 o212
Y Y
Eliminates ¢ by substituting in x

. 1
givingy = ——
e’ -1

Edexcel Internal Review

PhysicsAndMathsTutor.com

M1
Al

dm1
Al 4

M1

Al

dm1

Al 4
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Aliter
Way 3

gf=t+2=r+1=¢e"-1

S
Y t+1 Y e -1

Attempt to make ¢+ 1 = ... the subject M1
givingr+1l=e"-1 Al
Eliminates ¢ by substituting in y dmM1

giving y = o Al 4
et -1

Aliter
Way 4
1+y

t+1= i:t+2=1+10rt+2:—
Y Y y

x= In[£+1j orx= In(“—yJ
y y

X = In(l+1J
y

e’ =1+1: e’ —1=i

y Y
)= 1

e* -1
Attempt to make ¢ + 2 =... the subject M1
Eithert+2=£+1ort+2=1+—y Al

y y
Eliminates ¢ by substituting in x dmM1
giving y = Al 4
e’ -1
(d) Domain:x>0

x>0orjust>0 Bl 1

[15]
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8. (@ «x=tan’s,y=sin¢
dr _ 2(tan 7) sec? t,d—y =cost (*)
de de 3
Jdy  cost [ cos’s
Cdx 2tanrsec?s|  2sint

B1 Correct %andd—y

dt
M1 icozt
their —
dt
Alft () +cosdt
their —
dr
(b) Whent¢= T ox=1 y 1 (need values)
4 1 ] ﬁ
T
q cos —
When ¢ = E, m(T):_y:—4
4 & otanFsec? ©
4
i 1 1
202 4/2 8

B1 aef

Edexcel Internal Review

The point (1 %) or (1, awrt 0.71)

These coordinates can be implied.

(v =sin (%J is not sufficient for B1)

any of the five underlined expressions or awrt 0.18

24



C4 Coordinate geometry - Parametric curves PhysicsAndMathsTutor.com

SN (x—1) (Note: The x and y coordinates must be

R W

the right way round.)

T: yzix-i-ioryzﬂyﬁ-ﬂ *)
AT R B
Ori_i(l)-FC:}C_i—L_i
2 a2 V2 42 a2

. . . . . d
(*) A candidate who incorrectly differentiates tan® ¢ to give d_x = 2sec? ¢
t

d . .
or d_x = sec” 7 is then able to fluke the correct answer in part (b).
t

Such candidates can potentially get: (a) BOM1ALft (b) BILB1B1M1AO cso.
Note: cso means “correct solution only”.

Note: part (2) not fully correct implies candidate can achieve a maximum
of 4 out of 5 marks in part (b).

ETNRE P Y

42 a2 8 8

M1ftaef  Finding an equation of a tangent with their point and their
tangent gradient or finds ¢ using y = (their gradient)x + “c”.

Al aef cso Correct simplified EXACT equation of tangent

Hence T: y=

(c) Wayl

sin? ¢
cos? ¢

sin? ¢

x=tan’¢=

y=sint

X= —
1-sin?¢
2
_ Y
1—y2
2N _ .2 2_.2
¥(1-)y)=)y"=>x-x"=y
x=y2+xy2:>x=y2(l+x)
2 _ X
1+x

X

M1 Uses cos? 7= 1 —sin’
M1 Eliminates ‘t’ to write an equation involving x and y.
ddM1 Rearranging and factorising with an attempt to make y2 the subject.

Al X
1+x

Edexcel Internal Review
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Aliter
Way 2
1 + cot? ¢ = cosec® ¢
_ 1
sin?¢
1 1
Hence, 1 + — = —
Xy
1
Hence, y? =1 - or —
(I+x) 1+x
M1 Uses 1 + cot? ¢ = cosec? ¢

M1 implied Uses cosec? # =

sin? ¢

ddM1 Eliminates ‘¢’ to write an equation involving x and y.
Al -1 o X

(l+x) 1+x
Aliter
Way 3
x =tan?¢ y=sint
1+tan®r=sec’¢
1

cos? ¢
B 1
1-sin?¢

Hence, 1 +x = >

1-y

1

Hence, y* =1 - or—=

@Q+x) 1+x
M1 Uses 1 + tan? ¢ = sec? ¢
M1 Uses sec’ 1= ——

cos® ¢

ddM1 Eliminates ‘# to write an equation involving x and y.

1 X
or

@Q+x) 1+x

Al 1-

Edexcel Internal Review
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Aliter
Way 4
12 =sin®t=1-cos® ¢
—1- 12
sec’ ¢
I S
(1+tan?¢)
Hence, y* =1- 1 N
@+x) 1+x

M1 Usessin’z=1-cos’ ¢

M1 Uses cos’ ¢ = .
sec? ¢

ddM1 then uses sec’ 1 = 1 + tan® ¢

1 X

Al 1- or——
@+x) 1+x

PhysicsAndMathsTutor.com

Ll is an acceptable response for the final accuracy A1 mark.

1+—
X

Edexcel Internal Review
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Aliter
Way 5

x=tan’¢ y=sint

x=tan’r=tanz= +/x

V(1 +x)

Jx

1+x

Hence, y =sin¢ =

M1 Draws a right-angled triangle and places both Jx and 1
on the triangle

M1  Uses Pythagoras to deduce the hypotenuse
ddM1 Eliminates ‘# to write an equation involving x and y

Al
1+x

il is an acceptable response for the final accuracy A1 mark.
1+—

X
There are so many ways that a candidate can proceed with part (c).
If a candidate produces a correct solution then please award all four marks.
if they use a method commensurate with the five ways as detailed on the
mark scheme then award the marks appropriately. If you are unsure of how
to apply the scheme please escalate your response up to your team leader.

[12]

9. (@ x=sint y=sin(t+ %) M1
Attempt to differentiate both x and y wrt t to give two terms in
cos

d—xzcost, d—yzcos(t+%) Al
dt dt

dr d
Correct and 57
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When tzz,
6

1

1
2 =
dr  cos(Z%) % J3

d_y_cos(%Jr%)_

=awrt0.58 Al

w

Divides in correct way and substitutes for t to give any of the
four underlined oe:

Ignore the double negative if candidate has differentiated
sin — —cos

LB

when t=—, x==, y= B1
2 2
The point (%,@) or (£,awrt0.87)
: V3 _
T: y—T—%(x—%)
Finding an equation of a tangent with their point and their
tangent gradient or finds ¢ and uses
y = (their gradient) x + “c”. dM1
Correct EXACT equation of tangent
oe. Al oe
V3 _ _3_3_A3
or =L (hre > c=F-P=-L
orT |_y =@x +@J 6
(b) y=sin(t+ §)=sinzcos £ +costsin ¢ M1

Use of compound angle formula for sine.

Nb: sin’t + cos’t = 1 => cos’t = 1 — sin’t

;. x=sintgivescos ¢ = Ji=x?) M1

Use of trig identity to find cos t in terms of x or cos’ t in terms

of x.

Edexcel Internal Review
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- y="sint+Lcost
gives y=Lx+1,/1-x?) AG Alcso 3
Substitutes for sin t, COS %, cost and sin % to give y in terms of
X.
(9]
Aliter Way 2
(@ x=sint y=sin(t+ £) =sint+cos £ +costsin £ M1
(Do not give this for part (b))
Attempt to differentiate x and y wrt t to give g—; in terms of cos
and 2—)[ in the form = a cost + b sin t
dx d T . T
— =CO0S ¢, —y=costcos——smtsm— Al
de de 6

dr b
Correct o and o

T T /A
r d COSECOSE—SIH gsmg
When ¢ = 5 _ Al

dx (7[)
COS| —
6

Divides in correct way and substitutes for t to give any of the
four underlined oe

When ¢ = £,x=1,y=£ B1
6" 2 2

The point E,E or 1,awrt0.87
2 2 2

Finding an equation of a tangent with their point and their
tangent gradient or finds ¢ and uses

y = (their gradient)x + “c”. dM1
Correct EXACT equation of tangent
oe. Al oe
V3 _ _A3_A3_4B
or $=L(hrcoc=P-L-3
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Aliter Way 3

(@ y=Lx+iJl-x?)

a ‘Zf (Zj( j(l— 2) (-2x)

Attempt to differentiate two terms using the chain

rule for the second term. M1
Correct g—“: Al
dv V3 (1)1 2\ 1
—=—x+|=| = |1-(0.5)°) 2 (-2(0.5) =— Al
= (2]@( 09)°) (-208) -
o 1. dy
Correct substitution of x = — into a correct —
2 dx
Whenr=Z, x=X  y= Vs B1
6’ 2 2
The point (% %) r (3,awrt0.87)

Ty—g=40-3)

Finding an equation of a tangent with their point and their

tangent gradient or finds ¢ and uses dmM1
y = (their gradient) x + “c”

Correct EXACT equation of tangent Al oe
oe.

Aliter Way 2

(b) x=sinzgivesy= @sinw%w/(l—sinzt) M1

Substitutes x = Sin t into the equation give in y.

Nb: sin’t + cos® 1 = 1 = cos’t = 1 — sin’t

Cost = 4/(1-sin? 1) M1

Use of trig identity to deduce that cos t = 1/(1—sin? r)

gives y = fsmt+ cost

Edexcel Internal Review
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Hence y = sinzcos £ +coszsin ¢ =sin (¢ +%)

Al cso

Using the compound angle formula to prove y =sin (¢ +%)

dy

dx : dy _ cost
1 . _— = — —_—= —_— =
0. (@ Ui 3asin 3t, Pk cost therefore = 3eind
Whenx =0, ¢ = %
Gradient is —%
Line equation is (y — $ a) = —@ (x-0)
(b)  Area beneath curve is jasin t (—3a sin 31)dt
= _3a® _
=5 I(cos 2t — c0s 4t)dt
2
3%[%sin 2t —1sin 4]
2
Uses limits 0 and % to give 3‘/156‘1
2
Area of triangle beneath tangent is %x % x A[3a = ‘/§4a

\/§a2 B 3\/§a2 _ \/§a2

4 16 16

Thus required area is

N.B. The integration of the product of two sines is worth 3 marks
(lines 2 and 3 of to part (b))
If they use parts

J.sintsinBtdt =_C0StSin 3t + I3COS3ICOStdt

=—cos¢sin3¢+3cos3¢sint + j9sin 3tsin tdt

87 = cost sin3¢ — 3 cos3¢ sint

11. (a) Solvesy=0 = cost= 1 toobtainz= Zor 4

3 3
(need both for A1)

Or substitutes both values of ¢ and shows that y = 0

Edexcel Internal Review
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M1 Al

Al
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M1
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M1 Al
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(b)

(©)

12. (a)

X — 1 _ 9 cost M1 Al
dt
Area = Iydx = I(l—Zcos t) (1 -2 cos f)dt
7
= j(l—zcos:)2 dt  AG B1
7
Area = I1—4 cost + 4 cos® ¢ dt 3 terms M1

Il— 4 cost +2(cos 2t + 1)dt  (use of correct double angle formula) M1

= j3—4 Cos? + 2 cos 2¢dt M1 Al
= [3¢—4 sin ¢ + sin 2{] M1 Al
Substitutes the two correct limits ¢ = 5?” and % and subtracts. M1
=4n+34/3 AlA1l
d—x:— ! > and d—y: ! 5 B1, B1
o (@+9) dr (1-1¢)
_ 2
Y :(1;% and at ¢ = %, gradient is -9 M1 Alcao
dx  (1-9)

M1 requires their dy/dt / their dx/dt and
substitution of t.

At the point of contact x = % andy=2 B1

Equationisy—-2=-9 (x—%) M1 Al

Edexcel Internal Review
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(b) Either obtainzintermsof xand yi,e, = 1 lort=1- 1 (or both) M1
X

Then substitute into other expression y = f(x) or x = g(y) and rearrange M1

(or put 1 1=1- 1 and rearrange)
X y

. X
To obtainy = —— (*
Y=o *)

1
Or Substitute into @+
X — 2
— -1
1+¢
_ 1 1
2—-(@Q+1) 1-¢
=y (*)
1
C Area =
(©) IZX_

2

it

putting into a form to integrate

1
OrArea=J T dx
5 2X
3
1
= 1+ 2y
2 2x-1

putting into a form to integrate

1

- (i inero)
2% 2
3

Edexcel Internal Review
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1 1 1,1 1 1, 1

-1_2_= In==>_Zjp=

2 3 4 3 6 4 3
OrArea= [+ %
1-1 (1+1)?

A B C
:I + + Zm
1-1) @+ @+

putting into a form to integrate

1 1 1
= =In@-0)-=In(l+)+=A+0)"
a5 0e)
= Using limits 0 and %2 and subtracting (either way round)

= %+% In3 or any correct equivalent.

% _dxthen use parts

X

1
Or Area =

!

3

1 t1
Exh@x—b—!;@x—Ddx
3

=—xMQx—D—{%Qx—DMQx—1——x}
1 (1,1_1,,1.1
2 3 3 12 3 3
1 1 1
=__"|n=
6 4 3
13.  (a) %=—ZCOSGCZt,%=4SintCOSt

Gy _—2sintcost SOSt (= =2sin® ¢ cos 1)
dx coSec”t
(b) AUZ%qx=Zy=1
both x and y
. . dy . . 1
Substitutes r = — into an attempt at — to obtain gradient | — —
4 dx 2
Equation of tangentisy—1 = —% (x-2)

Accept x + 2y = 4 or any correct equivalent

Edexcel Internal Review
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(c) Uses 1+ cot? ¢ = cosec? ¢, or equivalent, to eliminate ¢ M1
1+ (EJZ _2 Al
2) vy
correctly eliminates t
8
C4+x?

cao Al
The domain ir x...0

B1
Alternative for (c):
1

1
sint= ZZ;COSt=£Sint= Rk
2 2 2

X
2
x2
sin?r+c0s?r=1= 2 +5 x¥=1
2 2
Leadingtoy =

M1 Al
4+ x?

Al

[12]
14. (@@

4=2sect=c08t=%,=>t=%

M1, Al
.'.a=3><%><sin%=ﬂ—;/§ Bl 3
(b) A:Tydx:jyd—xdt

5 dt

M1
Change of variable
= [2sect x [3sint + 3¢ cost] dt M1
Attempt ‘é—’;
= '|.(6tant,+6t) dr (*)
0

Al, Alcso
Final Al requires limit stated

(©)

A=[6Insect+34];

M1, Al
Some integration (M1) both correct (A1) ignore lim.
=(6In2+3x %)-(0)

Use of %
=6In2+ =

M1

Al

[11]
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15. (@) Areaoftriangle = %x 30 x 372 (= 444.132) Bl 1
Accept 440 or 450
(b)  Either Area shaded = JESO sin 2¢.32d¢ M1 Al
R
= [-480¢ cos 2t + I 480cos 2t]g M1 Al
R
= [-480¢ cos 21 + 240sin 2]2 Al ft
7
=240(r-1) M1 Al 7
or JEGO cos 2¢.(16¢2 — £2)dt M1 Al
2
= [(30 sin 2¢ (7z2 — 16/%) — 480¢ cos 2 + J.480 oS 2t]§ M1 Al
R
= [-480¢ cos 2¢ + 240sin 2]2 Al ft
7
=240(7-1) M1 Al 7
(c)  Percentage error = 240(z —1) —estimate -, 10 13 69 M1Al 2
240(xr -1)
(Accept answers in the range 12.4% to 14.4%)
[10]
16. (a) Attempt to use correctly stated double angle M1
formula cos 2¢ = 2 cos? 1 - 1, or complete method using other
double angle formula for cos2z with cos? ¢ + sin 7= 1 to
eliminate ¢ and obtain y =
2
y=2 (gj — 1 or any correct equivalent.(even y :cosZ(cosl (%J) Al 2

(b)
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17. (a)

(b)

(©)

(d)

(€)

P oW 5

shape
position including restricted domain -3 <x < 3

o =-sint, Y o2 i 2C0_52t
dr dr dx  —sin¢
2c0s2t=0 .'.2z:£,3—”,5_”,7_”
2 2 2 2
7 3r Sr Ix
Sot=~—, —, —, —
4 4 4 4
1

(o)) ) (0

y=2sin¢cos¢

=2 J1-cos?7cost = 2x 4/1—x?
y=-2x {1-x°

Edexcel Internal Review

PhysicsAndMathsTutor.com

Bl
Bl

M1 Al Al

M1

Al Al

M1 Al

M1
M1 Al

Bl
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Year 2: A Level Mathematics

Integration

Self-Assessment:

Please identify areas in which you believe are your strong points and those you feel you need to
improve on Provide evidence to support your assessment with reference to the content in this

booklet.

Strengths

Areas for Improvement




Numerical Integration: Trapezium Rule Yr2/A level Pure Maths

Learning objectives
e Be able to apply the trapezium rule to estimate the value of an integral
e Know how to improve on an estimate by the trapezium rule

We can approximate the area beneath a curve using this method.

A
y — y=1(x)
=]
1 |
vo| V3| yma| "
1 A R R -
> X
Xo X1 X2 X3 Xn-1  Xn
<+—>
a h b

The area is divided into strips. Each strip is a trapezium (on its side.)

Each x-value has a corresponding y-value.

Each y-value is called an ordinate. If there are n strips there are n + 1 ordinates.
Each strip is has width h.

The area of 1% trapezium is % x h x (Yo + y1)
The area of 2" trapezium is % xhx(y1+Y2) etc

The area of last trapezium is % x h x (Yn-1 + Yn)

Total =5 x hx (Yo + Y1) + 5 x N x (Y1 +y2) +3 x N x (Y2 +Y3) + oo +3 5 N x (Y1 + o)

b
f f(x) dx z% h{yo+yn+2(y1+y2+ys+....+¥Yn1)} See formula book
a

Another way of saying this is:

%x width of the strips x {firsty value + lasty value + 2 x (sum of other y values) }




To improve the approximation, make the strips narrower (so that h is smaller) and therefore there
will be more strips in the interval.

Note, also, that in the diagram above, the nature of the curve will result in the approximation always
being an underestimate as all of the trapezia lie below the curve.

Example

Estimate the area beneath the curve y =/x + 1 from x = 2 to x = 6 using the trapezium rule with 5
ordinates (4 strips). Give your answer to 2 decimal places.

fx) =x+1 S0 Yo = f(2), y1 = f(3), etc

v

Xo X1 X2 X3 X4

2 3 4 5 6

Yo Y1 y2 Y3 y4
1-732 2 2-236 2:449 2-646
So, clearly, h=1 the width of each strip (That is, % =1)

To get the y-values:

yo=f(2) =+[2+1=~/3=1-732
y1=f(3)=~3+1=+[4=2

y2=f(4)=~4+1= \/3 =2-236 These have all been given to 3 decimal places.
ys=f(5)=+5+1= \/6 =2-449 This is so that the final answer can be given
ya=f(6)=/6+1= \/7 =2-646 accurately to 2 decimal places.

(So, to approximate the integral of other functions, evaluate the function at each of the x-values)

b

1
J0) dx =5 h{yo+yn+ 201 +y2+ys+ ...+ yn1)}
a

%x width of the strips x {firsty value + lasty value + 2 x (sum of other y values) }

6
So: [ AX+1 dx =3x1x{1732+2:646 + 2x(2+2:236+2-449)} =887 (t0 2 dp)
2



Exercise

1: (a) Use the trapezium rule with five ordinates (four strips) to find an approximate value of
this integral to 2 decimal places.

8

f X+2 dx

0
X0 X1 X2 X3 X4
0 8
Yo Y1 Y2 Y3 Y4

(b)  With the use of a diagram of the graph of y=+/x+ 2, explain why the estimate
obtained in part (a) is less than the exact value of the integral.



2:

(@)

(b)

The following is a sketch of the graph of y=4x 27

A

y

»
»

X

Estimate the area of the region under the curve between x=0 and x=5 usingthe
trapezium rule with 6 ordinates (5 strips).

How could your estimate in part (a) be improved?



3: A particle travels in a straight line with its velocity, v ms™, at time, t seconds, given by
v=10-7e 2

The trapezium rule with n strips is to be used to estimate the distance travelled by the particle
in its first 3 seconds of motion.

(@ Find the estimate of distance travelled when n =4 (that s, 4 strips and 5 ordinates.)

(b) Sofia, a student, claims that as n — oo, the distance travelled would be
1
5 (76 ®+53)

Show that Sofia is correct.



4:  Use the trapezium rule with 6 ordinates (5 strips) to find an approximate value for
2:3
S logio(x? + 1) dx
0-8

giving your answer to three decimal places.



5:

(@)

The diagram below shows a portion of the graph of y = 1+53

P
g

Use the trapezium rule with five ordinates (four strips) to estimate the value of
2
1
J 1+:3 dx
1

giving your answer to 4 decimal places.




(b) Hence, estimate the value of

2

1
J 2_1+x3 dx
1

(c) Isthe value of the estimate in part (b) an over-estimate or under-estimate of the exact
value of the integral?



Numerical Integration Yr2/A Level Further Pure

b
To estimate the value of L f(x) dx when f(x)is difficult to integrate.

We split the area of the region to be found into strips. The width of each strip is h.

Mid-Ordinate Rule

The middle of each strip has a y-value the same as the height of the curve at that point (the
‘ordinate’.)

The x-values are therefore called  x,, X;, X; etc.

2 2 2

The corresponding y-values are called y,,y,, Yy, etc. See the diagram below.
2 2 2

. . -a
If there are n strips then the x-values of each strip are  Xo, X1, X2...etc. SO0 h= n
A
y
/! y =1(x)
/ : ’E\\Each strip has a width of h
vo| ty| iy |
0 i Y1 | Y2 | Y3 Vi
y:uz y:3/2 ys'/z
l ! ! > X
a b
Xo X1 X2 X3 Xn

The area of the region is estimated by adding together the area of the rectangles.
Each rectangle has an area found by h x y-value in the middle

So _[: f(x) dx =~ hxywe + hxysp + hxysp

Or j: f(x) dx = h(ywe + ya2 + ys2 ...)




Example 1

6
Estimate L vXx+2 dx using Mid-ordinates Rule with 4 strips (5 ordinates) giving your answer
to 3 significant figures.

-2
If there are 4 stripsthen h=1 h= BT =1
X0 X1 X2 X3 X4
2 3 4 5 6
X172 X312 X5/2 X712
25 35 4.5 55
Y112 Y3i2 Y5/2 Y712
\/4:5 \/5:5 \/6-5 \/7:5
2:121 2-345 2-550 2-739
Calcu!atg the y-valuesAbyAslubstitLAJting 2.5,3-5 etcinto\[x+2
J': f(X) dX ~ h ( Y1/2 + y3/2 + y5/2 N ) Each is given to four significant figures.
6 - - -
L VX+2 dx =~ 1x(2:121+ 2-345+ 2.550 + 2-739) = 9-76 (to 3 significant figures)
Example 2

Estimate _[14 In(6x) dx using the mid-ordinate rule with 6 strips (7 ordinates) giving your
answer to three significant figures.

. 4-1
If there are 6 strips then h =05 h= 6 - 0-5
X0 X1 X2 X3 X4 X5 X6
1 15 2 2.5 3 3.5 4
1.25 1.75 2:25 2:75 3:25 3.75
2-:015 2:351 2-:603 2-803 2-970 3-114

b
I f(x) dx ~ h ( yl/2 + Y3/2 + y5/2 . ) Calculate the y-values by substituting 1-25, 1-75 etc into In(6x). }
a

Each is given to four significant figures.

f In(6x) dx ~ 0-5x(2-015+ 2-351 + 2.603 + 2-803 + 2-970 + 3-114) = 7-93



Exercise 1: Mid-ordinate Rule

5
1. Use the mid-ordinate rule with 4 strips (5 ordinates) to find an estimate for f \J1+x% dx
1
Give your answer to 1 decimal place.
X0 X1 X2 X3 X4
1 2 3 4 5
X1/2 X3/2 X512 X712
Y12 Y32 Ys/2 Y712
2

dx

2. Use the mid-ordinate rule with 4 strips (5 ordinates) to find an estimate for J Bl

0
Give your answer to 2 decimal places.



3:  Use the mid-ordinate rule with 5 strips (6 ordinates) to find an estimate for

O%l\)

Give your answer to 3 decimal places.

5

4:  Use the mid-ordinate rule with 5 strips (6 ordinates) to find an estimate for J

1
Give your answer to 4 decimal places.

X
\2 +x°

e*+1

dx .



Simpson’s Rule’

This is the best approximation that we study as it uses sets of three points and fits a quadratic to
them. So there must always be an even number of strips (and an odd number of ordinates.)

The derivation of Simpson’s rule is given in the appendix. For Core 3 you only need to be able to
use the rule and you do not have to derive or even memorise it.

A Each strip has a width of h
y
y =f(x)
Yo 1 2
y y "
» X

a b

X0 X1 X2 Xn
This is what Thomas
. . 1 Simpson worked out.
Area Of fII’St 2 Stl’lpS ~ §h( yO + 4yl + y2 ) See the appendix for

the method.

If this is repeated for each pair of strips and added together we get:

[Ty dx = 3{00+y) + Aatystys.) + 22+ Yatys..) )

_Lb y dx = %h { (first + last) + 4(sum of odd ordinates) + 2(sum of even ordinates) }

! Thomas Simpson FRS (20 August 1710 — 14 May 1761) was a British mathematician, inventor and eponym of Simpson's rule to
approximate definite integrals. The attribution, as often in mathematics, can be debated: this rule had been found 100 years earlier by
Johannes Kepler, and in German is the so-called Keplersche Fassregel.

Simpson was born in Market Bosworth, Leicestershire. The son of a weaver, Simpson taught himself mathematics, then turned to
astrology after seeing a solar eclipse. He also dabbled in divination and caused fits in a girl after 'raising a devil' from her. After this
incident, he and his wife had to flee to Derby. They later moved to London. From 1743, he taught mathematics at the Royal Military
Academy, Woolwich.

Apparently, the method that became known as Simpson's rule was well known and used earlier by Bonaventura Cavalieri (a student
of Galileo) in 1639, later rediscovered by James Gregory (who Simpson succeeded as Regius Professor of Mathematics at the
University of St Andrews) and was only attributed to Simpson. Despite popular opinion, Simpson’s rule was not devised by Homer
Simpson, or indeed, Mrs Simpson.



Example 1
- 4 X . . . . . ..
Estimate L v1+e® dx using Simpson’s Rule with 4 strips (5 ordinates) giving your answer

to 4 decimal places.

4-2

If there are 4 strips then h=0-5 h= — -05
X0 X1 X2 X3 X4
2 25 3 35 4
Yo V1 y2 Y3 Y4
2-89639 3-63077 4.59190 5-84084 7-45641
T Odd Odd T
First Last
Even A

[Ty dx = 3h{(otyn) + Aitystys.) + 20 +yatys..) )

_[: y dx = %h { (first + last) + 4(sum of odd ordinates) + 2(sum of even ordinates) }

Q

4
L v1+e* dx %x 0-5x { (2-89639 + 7-45641) + 4 x(3-63077 +5-84084) + 2x4.59190 }

= 9-5705

Example 2
3
Estimate jo 4 dx using Simpson’s Rule with 6 strips (7 ordinates.)

If there are 6 strips then h =05 h= % =05
X0 /)A X2 @ X4 @ X6
0 0.5\ 1 ( 15 \ 2 / 25 \ 3
Yo \ yi] Y2 \ s / ya \ys | e

1 2/ 4 \8/ 16 32/ 64
[Ty dx = 3h{(otyn) + Aitystys.) + 20 +yatys..) )

j: y dx = %h { (first + last) + 4(sum of odd ordinates) + 2(sum of even ordinates) }

f4* dX~3x05x{ (L+64) + 4x(2+8+32) + 2x(4+16)} =455



Exercise 2: Simpson’s Rule

2
1 Use Simpson’s rule with 4 strips (5 ordinates) to find an estimate for f 11 dx
0
Give your answer to 3 decimal places.
X0 X1 X2 X3 X4
0 0-5 1 1.5 2
Yo y1 y2 Y3 Y4

8
2: Use Simpson’s rule with 4 strips (5 ordinates) to find an estimate for f VX +2 dx
0
Give your answer to 1 decimal place.



3:

4:

6

Use Simpson’s rule with 4 strips (5 ordinates) to find an estimate for J

2
Give your answer to 3 decimal places

4
Use Simpson’s rule with 6 strips (7 ordinates) to find an estimate for f

1
Give your answer to 3 significant figures.

X3+ 1

3
X+3

dx

dx



Numerical Integration

Appendix: Simpson’s Rule derivation

Slrapeii's rule B oo maonerien] soethod that approecmates the valie of o definite iiegral by asing quadsatic
polvnomdals.

Let’s first derive a formula for the arcs nnder o parabola of couation y = e 4 b 4 ¢ paesing through the
throe pointsz (—f, wa b, (0w, O e ).

, ymarlsbrde
i

i, v

%) (h, )

LS

- L h

_-1=f-[ﬂr:"+ar+rr:| dx
N

]
(HT]' frr? )
iE — e — e T

3 2 "
JJ.
=E'.‘.i*—+gd.

)
= 5‘ (Bah® + Be)

Since the points (—h, ge), (0,1 ). (A, 1) are on the parabola, they satisfy y = ar® 4+ br + ¢, Therefore,

wo=ah®—bh+e
in=e
p=ah®+bh+e
Ohserve that
W+ dm 4 = (ah® —bh+e) + 4o+ (ah? + Bh 4+ o) = 2ak? + Be
Therefore, the area under the parabola is

] A
A=qim-*4yu+w=Tr{rm+4yu*y:ﬁ-



Numerical Integration

We consider the definite integral

f!irildr-

We sesmne that fr) 18 continaons on jo, 6 amd we divide (o 8 nto an even number s of subintervals of
il beingth

Ay 0
i
using tler 0+ 1 points
rg=0, Ti=04+Ar, F=a4+lAr ..., To=a0+nAr==5
Wo can comnpute the vahse of fir) at these polnts.
w=Jflra), m=[f(n). m=flrzd, .., Wa=[ixa)

..' -
e E- i

Sy Ml s S et S = = e

PR
=

'
=iy I Fq

H
=

I
-

i ot Tp-g Tn-i Fu=b

A

W cnin estbmsto IJu.L-p:r.ul 1‘1_'.' J1.|:|:n||.|I|.-_qI the arens der the ]:.lu‘nl'.rr.l]."lr AFes 1.||h.1|l,|gj| Pl mapeoissive painds,

AT & Arx
fﬂ:]uir==T{yg-:--lyl-l-y-,]+T[y,+-ly;+y...}+----l-Tipl._g+-Ip.,_1+_!.r,.l

By simmplifving, we obtain Simpson’s mile formoula

m
fu !
f Fizyde = T'r{g.b+1yl+!‘r;+-ly~,+ﬂy¢+---+-iy,._|+y..i

Example, Use Simpson's mile with n = 6 to estimate

i
Jr w1+ dx.
i

Solution. For n = 6, woe hove Ar = -‘Lk-l- = 0.5 We cunkputa ther smhies of Wos Wie BFea--+q B

E ] 1 1.5 2 2.5 3 3.5 4

=1+ a E-t.:!'i"-.'r 3 | v IRGE | 28 E-ﬂ.ﬁﬁ Lo

Therefore,

4 [
f -...-"I+r-‘d:ra:“—;I:y"f+-l-.f'l.37‘5+2ﬁ:+4u“16.ﬁ25+:31.f'i'_ﬂ+-i 43575 + /63 |
1
= (12,871
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mathcentre’

The Chain Rule

mc-TY-chain-2009-1

A special rule, the chain rule, exists for differentiating a function of another function. This unit
illustrates this rule.

In order to master the techniques explained here it is vital that you undertake plenty of practice
exercises so that they become second nature.

After reading this text, and/or viewing the video tutorial on this topic, you should be able to:

e explain what is meant by a function of a function
e state the chain rule

e differentiate a function of a function

Contents

Introduction
A function of a function
The chain rule

Some examples involving trigonometric functions

o kb=

2
2
2
4
5

A simple technique for differentiating directly
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1. Introduction

In this unit we learn how to differentiate a ‘function of a function’. We first explain what is
meant by this term and then learn about the Chain Rule which is the technique used to perform
the differentiation.

2. A function of a function

Consider the expression cos z2. Immediately we note that this is different from the straightforward
cosine function, cosz. We are finding the cosine of 22, not simply the cosine of . We call such
an expression a ‘function of a function’.

Suppose, in general, that we have two functions, f(x) and g(z). Then

y=flyg(x))
is a function of a function. In our case, the function f is the cosine function and the function g
is the square function. We could identify them more mathematically by saying that

f(z) = cosx g(z) = 2?

so that
f(g(x)) = f(2*) = cosa?

Now let's have a look at another example. Suppose this time that f is the square function and
g is the cosine function. That is,

then
flg(x)) = f(cosx) = (cos z)’
We often write (cosx)? as cos?z. So cos? z is also a function of a function.

In the following section we learn how to differentiate such a function.

3. The chain rule

, , : , : _.d
In order to differentiate a function of a function, y = f(g(z)), that is to find d—y we need to do
X
two things:

1. Substitute u = g(z). This gives us

y = f(u)
Next we need to use a formula that is known as the Chain Rule.
2. Chain Rule
dy _dy  du
dr  du = dz

www.mathcentre.ac.uk 2 (© mathcentre 2009 k=



A
\_\ Key Point
Chain rule:

To differentiate y = f(g(z)), let u = g(x). Then y = f(u) and

dy _dy  du
de  du = dz

Example
Suppose we want to differentiate y = cos 2.
Let u = 22 so that y = cosu.

It follows immediately that

du 5 dy )
— = 2 — = —SInu
dz du
The chain rule says
dy dy " du
de  du = dz
and so
dy
— = —sinu X2
W sinu T
= —2xsinz?
Example

2

Suppose we want to differentiate y = cos? x = (cos x)?.

Let u = cosa so that y = u?

It follows that

du ) dy 5
— = —sinzx — =2u
dx du
Then
dy _ dy du
de du = dx
= 2uX —sinx
= —2coszxsinx
Example

Suppose we wish to differentiate y = (2z — 5)°.

Now it might be tempting to say ‘surely we could just multiply out the brackets’. To multiply
out the brackets would take a long time and there are lots of opportunities for making mistakes.
So let us treat this as a function of a function.

www.mathcentre.ac.uk 3 (© mathcentre 2009 k=



Let w = 22 — 5 so that y = u'%. It follows that

du dy
— =2 —= =100
dz du “
Then
dy  dy " du
de  du dz
= 10u” x 2
= 202z —5)°

4. Some examples involving trigonometric functions

In this section we consider a trigonometric example and develop it further to a more general
case.

Example

Suppose we wish to differentiate y = sin 5.

Let u = Hx so that y = sinu. Differentiating

du 5 dy
— = —= = Ccosu
dx du
From the chain rule
dy _ dy du
dz  du dzx
= cosu X b
= Hcosdr

Notice how the 5 has appeared at the front, - and it does so because the derivative of 5x was 5.
So the question is, could we do this with any number that appeared in front of the z, be it 5 or
6 or 1, 0.5 or for that matter n ?

So let’s have a look at another example.

Example

Suppose we want to differentiate y = sin nx.

Let u = nx so that y = sinu. Differentiating

du dy
P n T CoS U
Quoting the formula again:
dy _dy  du
dr du dzx
So
j—i = CoSU XN
= ncosnw

So the n's have behaved in exactly the same way that the 5's behaved in the previous example.

www.mathcentre.ac.uk 4 (© mathcentre 2009 k=



‘ -
\_\ Key Point

: d
if y =sinnx then Y ncosna
dx

d _ .
For example, suppose y = sin 6 then d—y = 6 cos 6 Just by using the standard result.
x

Similar results follow by differentiating the cosine function:

‘ -
\_\ Key Point

: d .
if y = cosnx then YW~ nsinna
dx

. 1 d 1 1
So, for example, if y = cos §x then é = —3 sin éx.

5. A simple technique for differentiating directly

In this section we develop, through examples, a further result.
Example
Suppose we want to differentiate y = e’

Let v = 23 so that y = e*. Differentiating

du 2 dy u
1= 3x v e
Quoting the formula again:
dy dy " du
de  du ™ dzx
So
d
ﬁ = ¥ x 3z°
= 32%"

We will now explore how this relates to a general case, that of differentiating y = f(g(z)).
To differentiate y = f(g(x)), we let u = g(x) so that y = f(u).

www.mathcentre.ac.uk 5 (© mathcentre 2009 k=



The chain rule states

dy dy " du
de  du ™ dz
In what follows it will be convenient to reverse the order of the terms on the right:
dy du " dy
de  dz = du

which, in terms of f and g we can write as

W _ D gla)) x L (fla((@))

This gives us a simple technique which, with some practice, enables us to apply the chain rule
directly

‘ -
\_\ Key Point

(i) given y = f(g(x)), identify the functions f(u) and g(x) where u = g(z).
(i) differentiate g and multiply by the derivative of f

where it is understood that the argument of fis u = g(x).

Example
To differentiate y = tan 22 we apply these two stages:
(i) first identify f(u) and g(x): f(u) =tanu and g(x) = 22

d : N o .
(i) differentiate g(x): d—g = 2. Multiply by the derivative of f(u), which is sec? u to give
T

d
& = 2xsec? 12

dx
Example
To differentiate y = e!++°,
(i) first identify f(u) and g(x): f(u) =e* and g(z) =1+ 2.
d N o .
(i) differentiate g(x): d—g = 2z. Multiply by the derivative of f(u), which is " to give
i

dy _
doz

9 el
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You should be able to verify the remaining examples purely by inspection. Try it!

Example
y = sin(z+¢°)
dy
< = 1 T x
. (1 + ¢e%) cos(z + €)
Example
y = tan(z? +sinx)
d
o (22 + cos x). sec?(z* + sin )
dx
Example
y = (2-2°)°
dy 4 5\8
— = —=bx". 9(2 —
e z". 9(2—27)
= —452%(2 — 2°)®
Example
y = In(z+sinz)
dy 1
A R
dz (14 cos) r+sinx
~ l+cosx
gz 4sinz
Exercises

1. Find the derivative of each of the following:
a) (Bz—7)"'? b) sin(br+2) c) In(2x—1) d) >3

1
e) Vbhr—3 f) (6z+5)°3 g) G2 h) cos(1— 4x)
2. Find the derivative of each of the following:
a) In(sinz) b) sin(lnz) c¢) e “* d) cos(e™™)
1 1
i 5f) V14 a2 o T
€) (sinw+cosw) ) 22 9) cos T 2 +2x+1
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3. Find the derivative of each of the following:

a) In(sin®z) b) sin’(lnz) c) +/cos(3z—1) d) [1+COS(ZE2—1)]3/2

Answers
2
Lo 3) 368z -7 b) 5cos(5r+2) ¢ —— d) s
e) 5 f) 10(6x +5)%3 g) A h) 4sin(1 — 4z)
2v/bx — 3 (3—x)°
1
2 a) BT _ cotx b) cos(inz) c) sinxe ¥
sin x .
d) e *sin(e™ e) 3(cosx —sinz)(sinz + cosx)? f
) e sin () ) 3 X P
) sin x _ h) —2(+1) =2
I cosryg  anEsecT (22 +2x+1)4  (z+1)3
3. 2) 2?osx — 9otz b) 2sin(In z) cos(In x)
sin x x
_3si 1
c) 3sin(3r — 1) d) —3zsin(z? —1)[1 + cos (z? — 1)]1/2
2y/cos(3z — 1)
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Engineering laths 87
First Al Kit

Product and quotient rules

Introduction

As their names suggest, the product rule and the quotient rule are used to differentiate
products of functions and quotients of functions. This leaflet explains how.

1.The product rule

It is appropriate to use this rule when you want to differentiate two functions which are multiplied
together. For example

y=-e"sinx is a product of the functions e” and sinx

In the rule which follows we let u stand for the first of the functions and v stand for the second.

If v and v are functions of x, then

Example

If y = 7xe* find %
dx

Solution

Comparing the given function with the product rule we let

u="Tx, v=e*
It follows that d 4
u v
— d —~ —_9 2x
dz 7 o dz ©
Thus, using the product rule,
d 2x 2x 2x 2x
a(?xe ) = Tx(2e™) +e*(7) = Te*"(2x + 1)

www.mathcentre.ac.uk 8.4.1 © Pearson Education Ltd 2000 B



2. The quotient rule

It is appropriate to use this rule when you want to differentiate a quotient of two functions, that
is, one function divided by another. For example

el‘

Y= — is a quotient of the functions e” and sinz
sin x
In the rule which follows we let « stand for the function in the numerator and v stand for the
function in the denominator.

If v and v are functions of x, then

Example
sinx dy
If y = find —=.
Y= 32 M
Solution

Comparing the given function with the quotient rule we let

2

u = sinx, and v =31
It follows that
du J dv 6
1, — C0s® an 1~ 0%

Applying the quotient rule gives

dy 3z*cosx —sinz (6z) 3z(vcosz —2sinz) wxcosx —2sinz

de 9t 9t 33

Exercises

d
Choose an appropriate rule in each case to find d_y
x
.y =a’sinx

.y =¢e"cosx

1
2
3
4 gy = 21
)
6

y = Tzlog, x
_ x—1
Y= snoe
Answers
. . . T(p2_2p41
1. 2cosz + 2zsinx 2. —e®sinx + e cosx = e%(cosz —sinx) 3. %

2z—22—1
4. T e

d. 7(1 + lOge .T), 6. sin 22—2(z—1) cos 2;13.

sin? 2z

www.mathcentre.ac.uk 8.4.2 © Pearson Education Ltd 2000 Bl EE
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USEFUL TRIGONOMETRIC IDENTITIES

Definitions
sin x
tanx =
COS T
1 1 1
secxr = COSEC T = — cotx =
COS T Sy tan x
Fundamental trig identity
(cosz)® 4 (sinz)? =1 ;f You can ek this ong g
" toy gap
You Con get thiy oo 1+ (tanx)? = (secx)% i Ir ang f 2t
) — . a3
from the ap ot if 2 ‘cot :U) +1= (COSQC[E) “' 3'1111

Yo divide by Coinsy

&

Odd and even properties

/_,-v 08(—x) = cos(x) sin(—z) = —sin(:n}_ /" tan(—x) = — tan(x)

. E-I’,Jﬂ g O Eign |r'-\.'\l-"|""l':".'lj'l"\I Il\"‘E’- 1A :"-lc'r toin e l?[-l'l-:if ;Fh'lr[ T JR%

Double angle formulas

sin(2zx) = 2sinx cos cos(2z) = (cos x)? — (sin r)?
_ 2 _
i el i g om M. cos(2x) = 2(cos x) ) ~ Yy get thig ¢
h 'D_w_ F won swb T—=c05(2z) =1 - 2(sin2)* by 4o e
5 i I Qap i
L ':.l'.'-\.'.l'_."'-!lﬂ E i Ill:‘l:!‘:' Ev"ﬁ'nr’ Ir\-r_llll- I-“:i-:l"'l
L I:-.-.'.I-:_:.' _ll}

Half angle formulas

[sin(%x)f _ %(1 — COS x)j :r-':.-i' CQap Fr:_-.h
Ry tan
[COS(%%)}Z = 1(1 + cosx) 1™ "he rag

:u'_;.u-_:ll
= ::II:' r‘herH“;‘
Ond  Hhy,. A 5
" E s
=, e L 'D‘L.,-,q
] )

BT Sums and differences of angles
c o e
|||:- 'JI;h._;l. -1 8

A% gge wod ek ! "t .-0s(A+ B) =cosAcos B —sin Asin B
5L = | S .l"'|-\. o
3 pplHie o ul' fo LCOS(A B) = cos Acos B + sin Asin /S :,,

) =

) = o Bee gt IL.E{:
A+ B) =sin Acos B + cos Asin B -j rtpmu ¢

- .

sin
. . — “—'ﬂ "*"-.'Il'n
sin(A — B) = sin Acos B — cos Asin i uuev )
Eiﬁ;;l \“E L
B

Gﬁ-‘l "'-'E'P" Iﬂ‘? " :- Gdd

. . o). Ll o L

** See other side for more identities ** ' -



USEFUL TRIGONOMETRIC IDENTITIES

4 ~ i
o Tmm r..-'_-l Jl"r".l'.' I:'-:I '-'I"-.Ji.-"_i'

g

cele \

-

cos(—z) = cos(x)

cos ()

cos(x) =

sin(z) cos(5 —x) = sin(x)

cos(z — §) =

cos(m — x) = — cos(x)

cos(z — m) = — cos(x)

cos(z + ) = — cos(x)

cos(z + ) =
cos(z + 2m) =

r) = —sin(x)

3mo_
2

cos(z — %) = —sin(z) cos(

sin(x)

cos(r)

cos(2m — x) =

cos(r)

cos(r — 2m) =

cos(r)

sin(—z) = —sin(x)

sin(x)

sin(x)

sin(x)

sin(x)

cos(z)

sin( — ) =

sin(r — §) = — cos(x)

= sin(x)

sin(m — z)

= —sin(x)

sin(z — )

= —sin(x)

sin(x 4 )
sin(z + 22)

— cos(x)

sin(2m — x) = —sin(x)

sin(z)

sin(z — 2m) =

sin(z)

sin(z 4 2m) =

tan(—z) = — tan(x)

tan(z) = tan(z)
tan(z — §) = — cot(x)

tan(x)

tan(z + §) = — cot(x)

tan(x) =
tan(x 4+ m) =

cot(z)

tan(m — z) = — tan(x)

tan(§ —x) =
tan(2 — z) =

tan(z)

tan(z — ) =
tan(z — 3L) = — cot(z)

tan(z)

cot(x)
— tan(x)

tan(z + 3) = — cot(z)

tan(2m — x)

tan(x)

tan(zr — 27) =

tan(x)

tan(x + 2m) =

** See other side for more identities **



EEWeb.com

TRIGONOMETRY

LAWS AND IDENTITIES

TANGENT IDENTITIES RECIPROCAL IDENTITIES

tanf = Sin 0 csch = ! sinf = ! sin® 6 + cos® 6 = 1
" cos@ sin 8 csch
1 1 2 — 2
_ _ tan“ 0 + 1 = sec“ 0
oto cos 8 secl = I cosO = y
sin 6 cotf = tan @ = cot?6 + 1 = csc? 6
tan 8 cotd

EVEN/ODD IDENTITIES
sin(—0) = —sinf

DOUBLE ANGLE IDENTITIES
sin(20) = 2sinf cos 6

HALF ANGLE IDENTITIES

_(9)_+ 1 —cos@
sin 2 = T 2

cos(—6) = cos @ cos(26) = cos? @ —sin? 6

tan(—0) = —tan# =2cos?0 -1 9 1+ cos
COS(E) =t
csc(—0) = —csc =1-2sin%6
sec(—6) = sech 2tan 6 0 1—cos@
R — )=+
tan(26) 1 —tan2 @ tan ( 2 ) ~.J1+cos8

cot(—8) = —cotd

PRODUCT TO SUM IDENTITIES SUM TO PRODUCT IDENTITIES

sina sin 8 =%[cos(a—ﬁ)—cos(fl+ﬁ)] a_ﬁ)

: . . (a+B
sma+smﬁ=251n( > )cos(

2
cosacosf = %[cos(a —B) + cos(a + B)] sina — sin 8 = 2 cos (a ; 'B) sin (a ; ﬁ)
. 1 . a+p a—p
SlnaCOSﬁ=§[Sln(a+ﬁ)+5m(0l—,3)] cosa+cosﬁ=2cos( > )cos( > )
NP - (at+p\ . (a—B
cosasmﬁ—E[sm(a+ﬁ)—sm(a—ﬁ)] cosa—cos,3=—251n< > )sm( 5 )

SUM/DIFFERENCES IDENTITIES MOLLWEIDE’S FORMULA

sin(a £ B) = sina cos B + cosa sin B 1
arh cos[hia-p

cos(a + B) = cosacos B F sinasin 8 T
¢ sin (Ey)

tana + tanf

t th)=—"--"—
an(a £ f) 1+tanatanf

EEWeb.com

Electrical Engineering Community

Latest News e Professional Networking
Engineering Community Personal Profiles and Resumes
Online Toolbox Community Blogs and Projects
Technical Discussions Find Jobs and Events

The Best Source for Electrical Engineering Resources

PYTHAGOREAN IDENTITIES

PERIODIC IDENTITIES
sin(@ + 2mn) = sin 6

cos(0 + 2mn) = cos 6
tan(6 + mn) = tan 6
csc(B + 2mn) = csc
sec(6 + 2mn) = secl
cot(6 + mn) = cotd
LAW OF COSINES

a? =b% +c?—2bccosa
b? = a? + ¢? — 2accos

c?=a?+b?—2abcosy

LAW OF SINES

sina  sinf siny

a b c
LAW OF TANGENTS
1
aep tnfb@p)
a+b tan[%(a+ﬁ)]

b—c_tan[z¢-)
b+c tan[%(ﬁ+y)]

a—cztan[%(a’—)/)]
atc tan[%(a+y)]

COFUNCTION IDENTITIES

sin(%—@) = cosf

EEWeb.com



ALevelMathsRevision.com
Trigonometric Equations and Identities Exam Questions (From OCR 4722)

Q1, (Jun 2012, Q7a)

(i) Given that & is the acute angle such that tana = 3, find the exact value of cosa. 12]
(ii) Given that £ is the obtuse angle such that sinf = 5, find the exact value of cosff [3]
Q2, (OCR 4752, Jun 2006, Q3)
@ is an acute angle and sin 8 = : . Find the exact value of tan 6. (3]
Q3, (OCR 4752, Jan 2007, Q3)
o 1 .
Given that cos 8 = 1 and 6 is acute, find the exact value of tan 6. (3]
Q4, (OCR 4752, Jan 2008, Q3)
You are given that tan 8 = %and the angle @ 1s acute. Show, without using a calculator, that cos” @ = i'—
[3]
Q5, (Jan 2010, Q1)
(i) Show that the equation
2sin’x = 5cosx - 1
can be expressed in the form
2cos’x+5cosx-3=0. [2]
(ii) Hence solve the equation
2sin’x = Scosx — 1,
giving all values of x between 0% and 360°. [4]
Q6, (Jun 2010, Q7)
¥ N~ X = cos*x
(i) Show that —— = tan’x— I. [2]
| —sin"x
(ii)} Hence solve the equation
sin"x — cos’x
—_———=5-tanx,
| —sm"x
for 0° < x < 3607, [6]
Q7, (Jun 2013, Q2)
solve each of the following equations, for 0¥ = x = 3607
(i) sinsx=08 [3]

(i} sinx= lcosx

4]




ALevelMathsRevision.com
Q8, (Jun 2009, Q5)

Solve each of the following equations for 0° € x £ 180°,

(I} sin2x = 0.5 3]
(i) 2sin"xy=2-+vIcosx 5]
Q9, (Jun 2014, Q4)
(1) Show that the equation
SINX = COSX = BEOSE
tanx
can be expressed in the form

tan’x —tanx—6 = 0. 12]
(il) Hence solve the equation sinx —cosx = f:;:i\ for 0 = x = 360° 4]

Q10, (Jun 2017, Q9) [Modified]
The cubie polynomial fix) 1s defined by f(x) = 4t +0x 5.

(i) Show that (2x—1) is a factor of Hx) and hence express f{x) as the product of a linear factor and a
quadranc factor. (4]

(i) (a) Show that the equation

q
4sin2@cos 28+ ——— = 13tanle
o5 28

can be expressed in the form
4s5in’ 204+ 9sin28—-5=0. [4]

{b) Hence solve the equation

. g
iin 260 005 26 + —— = 26
4 5in 268 cos 26 o0 20 13tan2

for 0 = @ =360 Give each answer in an exact form (4]

Q11, (OCR 4752, Jun 2009, Q7)
Show that the equation dcos*@ =4—-xinf may be written in the form

4sin” @ —sin @ = 0.

Hence solve the equation 4 cos" B =4 -sinf for 0" < 8 < 180°. [5]

Q12, (OCR 4752, Jun 2011, Q7)

Solve the equation tan 8 = 2sin @ for 0 £ 8 < 360°. 4]




ALevelMathsRevision.com

Q13, (Jan 2008, Q9)
(i
y
A
0 -
| &0 180°
Fig. 1

Fig. | shows the curve ¥ = 2 sinx for values of x such that - 180" £ x £ 1807, State the coordinates
of the maximum and minimum points on this part of the curve. [2]

(i)

-1 80° 7 1807

Fig.2
Fig. 2 shows the curve ¥ = 2 sinx and the line v = k. The smallest positive solution of the equation
2sinx = k is denoted by «. State, in terms of @, and in the range - 180" £ x £ 1807,
(a) another solution of the equation 2 sinx = k, [1]

{b) one solution of the equation 2sinx = —&. [1]

Q14, (OCR 4752, Jun 2013, Q9)

(i) Show that the equation % = | may be rewritten as sin® = 1 = sin"6. 12]
x Lan 8 o p
{ii) Hence solve the equation e e | for 0° = @ = 360 13]
Q15, (Jun 2014, Q4)
(i) Show that the eguation
BINX - CO8X = boazx
Lan .y
can be expressed in the form
tan"x—tanx—6 = (. 121
(i) Hence solve the equation sinxy —cosx = BEOST for 0 < x < 360° 14]

lanx




1 (a) Use the identity cos’d + sin> @ = 1 to prove that tan’0 = sec*  — 1 Q)
(b) Solve, for 0 < 6 <360, the equation,
tan® 0 + sec® O+ 5 sec =2

Give your answers to 1 decimal place. 5)

(Total for question 1 is 7 marks)

2 (a) Use the identity cos’d + sin® @ = 1 to prove that cosec’d = 1 + cot’ ?2)
(b) Solve, for 0 < 8 < 2, the equation,
cosec’ O+ cot’ =3

Give your answers in terms of . (3)

(Total for question 2 is 7 marks)

3 Solve, for 0 <x < 360, the equation,
tan’x + 4secx—2=0

Give your answers to 1 decimal place.

(Total for question 3 is 5 marks)

4  Solve, for -180 <x < 180, the equation,
2 cot’ x — cosec’ x + cosec x =4

Give your answers to 1 decimal place where appropriate.

(Total for question 4 is 5 marks)

5  Prove the identities:
(a) sec’x —cosec’ x = tan’ x — cot’ x Q?)

(b) (sec x —cos x)* = tan® x —sin’ x Q?)

(Total for question 5 is 5 marks)

6  Prove that:
(a) sec’x—tan*x = 1 +2tan’x Q?)
(b) Hence solve, for 0 <x < 360, the equation, “4)

sec’x—tan*x = 3

(Total for question 6 is 6 marks)

- /




Year 2: A Level Mathematics

Sequences and Series

Self-Assessment:

Please identify areas in which you believe are your strong points and those you feel you need to

improve on Provide evidence to support your assessment with reference to the content in this
booklet.
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Sequences and Series Cheat Sheet

A sequence is a list of terms. For example, 3, 6,9, 12, 15, ...
A series is the sum of a list of terms. For example,3+6+9+12 + 15 + ...
The terms of a sequence are separated by a comma, while with a series they are all added together.

Definitions

Here are some important definitions prefacing the content in this chapter:

. A sequence is increasing if each term is greater than the previous.
e.g.4,9,14,19, ..

. A sequence is decreasing if each term is less than the previous.
eg.54,3,21,..

. A sequence is periodic if the terms repeat in a cycle; u,,, = u,, for some k, which is known as the
order of the sequence. e.g. -3, 1, -3, 1, -3, ... is periodic with order 2.

Arithmetic sequences
An arithmetic sequence is one where there is a common difference between each term. Arithmetic sequences
are of the form

a, a+d, a+2d, a+ 3d,
where a is the first term and d is the common difference.
. The n' term of an arithmetic series is givenby: u, = a+ (n —1)d

Factorising out S,, from the LHS

Arithmetic series and a from the RHS
An arithmetic series is the sum of the terms of an arithmetic sequence.

. The sum of the first n terms of an arithmetic series is given by S, = ; [2a+ (n—1)d] or
Sp=7(a+0)

where a is the first term, d is the common difference and [ is the last term.

You need to be able to prove this result. Here is the proof:

Example 1: Prove that the sum of the first n terms of an arithmetic series is S,, = g [2a + (n — 1)d].
We start by writing the sum out normally [1], and then in reverse [2]:
[1 S,=a+@+d)+@+2d)+-+ @+ n-2)d)+ (a+ n-1)d)
21 Sp=(a+m-Dd)+@a+n-2)d)++(a+2d)+(a+d)+a
Adding [1] and [2] gives us:

[1] + [2]: 25, =na+ (n— 1)d)

L%=;ua+m—na

Example 2: The fifth term of an arithmetic series is 33. The tenth term is 68. The sum of the first n
terms is 2225. Show that 7n% + 3n — 4450 = 0, and hence find the value of n.

Sthtermis 33 ~ a+4d =33 [1] (n™ term formula)
10th termis 68 ~ 68 = a + 9d [2] (n*" term formula)
Solving [1] and [2] simultaneously, we find that d = 7 and a = 5.
Sum of first n terms is 2225 .". %[Za + (n—1)d] = 2225
;[10 +(n—1)(7)] = 2225
n(3 +7n) = 2225(2)

7n% + 3n — 4450 = 0

To find the value of n, we just need to solve the quadratic. Using the quadratic formula, we find that
n = 25 or n = —25.4. Since the term number must be a positive integer, we can conclude that n =
25.

O
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Geometric sequences
The defining feature of a geometric sequence is that you must multiply by a common ratio, r, to get from
one term to the next. Geometric sequences are of the form

a, ar, ar?, ars, ar®,

where a is the first term in the sequence and r is the common ratio.

. The nt" term of a geometric sequence is given by: U, = ar*1

u, u,
It can help in many questions to use the fact that % = K2 — 1 Thisis especially helpful when the

k Uk+1
terms of the sequence are given in terms of an unknown constant. Part a of example 4 highlights this.

Geometric series
A geometric series is the sum of the terms of a geometric sequence.

. The sum of the first n terms of a geometric series is given by:

a(l—-1)
=T

by multiplying the top and bottom of the fraction by -1, we can also use

_ a(@™—-1)

n r—1

You need to be able to prove this result. Here is the proof:

Example 3: Prove that the sum of the first n terms of a geometric series is S, = a(%:n)
Sp=a+ar+ar?+-+ar"?t [1]
multiplying the sum by r rSy=ar+ar’+ar®+--+ar® 2]
Subtracting [2] from [1] Sp—1rSp,=a—ar®
= S,(1-r)=all-1") Factoring out S,, and a
LSy = “(%:”) Dividingby 1 —r

Since division by zero is undefined, this formula is invalid when r = 1.

Sum to infinity

The sum to infinity of a geometric sequence is the sum of the first n terms as n approaches infinity. This does not
exist for all geometric sequences. Let’s look at two examples:

244+8+16+32+

Each term is twice the previous (i.e. r = 2). The sum of such a series is not finite, since each term is bigger than
the previous. This is known as a divergent sequence.

24 l4atiby
248

Here, each term is half the previous (i.e.r = %). The sum of such a series is finite, since as n becomes large, the
terms will tend to 0. This is known as a convergent sequence.

- A geometric sequence is convergent if and only if |r| < 1.

The sum to infinity of a geometric sequence only exists for convergent sequences, and is given by:

Ox©
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Example 4: The first three terms of a geometric series are (k-6), k, (2k+5), where k is a positive constant.

a) Show that k2 — 7k —30 = 0
b) Hence find the value of k.
c) Find the common ratio of this series and hence calculate the sum of the first 10 terms.

d) Find the sum to infinity for a series with first term k and common ratio k—;ﬁ.

a) Using the fact that uz“ = % =r k _ 2k +5
3 k+1 k — 6 k
Cross-multiplying and simplifying: =>k*=2k+5)(k—-6)

= k? =2k? -7k — 30
= k? — 7k — 30 = 0 as required.

b) Solving the quadratic: (k—10)(k+3)=0 = k=10, k=-3
Since we are told k is positive, we can conclude k = 10.
" 0 5 T (2510

) From part a, *2 = r = & = 2 Sip =20 - 20CI) _ 95428.6 = 25400 t0 3 5. f.
d)a:lOandr:%:2 LS. = 10 _2

S5 o S = =

2 -2 3

5

Recurrence relations

A recurrence relation is simply another way of defining a sequence. With recurrence relations, each term is given as a function of
the previous. For example, u,,; = u, + 4, u; = 1 represents an arithmetic sequence with first term 1 and common difference
4. In order to generate a recurrence relation, you need to know the first term.

Example 5: The sequence with recurrence relation u,,; = puy + q, u; = 5, where p is a constant and g = 13, is periodic with
order 2. Find the value of p.
We know the orderis 2. Soif u; = 5,thenuz =5 u, =puy +13 =5p +13
too. Finding us: uz = pu, + 13 =p(Sp + 13) + 13
Equating to 5: p(5p+13)+13 =5
Simplifying: 5p?+13p+8=10
Solving the quadratic by factorising: Gp+8)(p+1 =0
We get 2 values, one of which is correct. p=-lorp=-16
Substitute p = —1.6 and p = —1 into the Substituting p = —1.6 into the recurrence relation gives a
recurrence relation separately to see which one sequence where each term is 5 and so does not have order 2.
correctly corresponds to a periodic sequence of Using p = —1 does give us a periodic sequence with order 2
order 2. however,sop = —1.
Sigma notation

You need to be comfortable solving problems where series are given in sigma notation. Below is an annotated example explaining
how the sigma notation is used.

Inputting r = 1 into this expression gives us the first
term, r = 2 gives us the second term, and so forth

This tells us the last value of r for our
sequence, i.e. our last term will be
7 —2(20) = =33
(20) ® 20

2(7 N 27') = 5 + 3 + 1 N 1 + o ._I— This series in particular represents an
r=1

arithmetic series with first term 5

This is the value of r where our _l_.
series starts, i.e. our first term is

7-2(1)=5 and common difference -2

If you are ever troubled by a series given in sigma notation, it is a good idea to write out the first few terms and analyse the series
that way.

Modelling with series

Geometric and arithmetic sequences are often used to model real-life scenarios. Consider the amount of money in a savings
account; this can be modelled by a geometric sequence where r represents the interest paid at the end of each year and a is the
amount of money in the account at the time of opening.

You need to be able to apply your knowledge of sequences and series to questions involving real-life scenarios. It is important to
properly understand the context given to you, so take some time to read through the question more than once.

Example 6: A virus is spreading such that the number of people infected increases by 4% each day. Initially 100 people were
diagnosed with the virus. How many days will it be before 1000 are infected?

a =100 andr = 1.04. We are really just trying to find the smallest value of n such 7] 109 100y 1.04
that U, > 1000.
1. divide both side by 100 [K:] i)

2. take logs of both sides o U0 n bose (10407

3. divide both side by log(1.04) to solve for n (note that log(10) = 1)

4. round your answer up
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1. A farmer has a pay scheme to keep fruit pickers working throughout the 30 day season.
He pays £a for their first day, £(a + d ) for their second day, £(a + 2d ) for their third
day, and so on, thus increasing the daily payment by £d for each extra day they work.

A picker who works for all 30 days will earn £40.75 on the final day.

(a) Use this information to form an equation in a and d.

)
A picker who works for all 30 days will earn a total of £1005
(b) Show that 15(a +40.75) = 1005

)
(¢) Hence find the value of a and the value of d.

(4)

(Total 8 marks)

2. Jill gave money to a charity over a 20-year period, from Year 1 to Year 20 inclusive.
She gave £150 in Year 1, £160 in Year 2, £170 in Year 3, and so on, so that the amounts
of money she gave each year formed an arithmetic sequence.

(a) Find the amount of money she gave in Year 10.

(2)

(b) Calculate the total amount of money she gave over the 20-year period.

(3)

Kevin also gave money to the charity over the same 20-year period.

He gave £A in Year | and the amounts of money he gave each year increased, forming
an arithmetic sequence with common difference £30.

The total amount of money that Kevin gave over the 20-year period was twice the total
amount of money that Jill gave.

(c) Calculate the value of A.

(4)
(Total 9 marks)

C1 Sequences and series: Arithmetic series — Questions 2
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3. A 40-year building programme for new houses began in Oldtown in the year 1951
(Year 1) and finished in 1990 (Year 40).

The numbers of houses built each year form an arithmetic sequence with first term a
and common difference d.

Given that 2400 new houses were built in 1960 and 600 new houses were built in 1990,

find
(a) the value of d,

©)
(b) the value of a,

)
(c) the total number of houses built in Oldtown over the 40-year period.

©)

(Total 8 marks)

4, The first term of an arithmetic series is a and the common difference is d.
The 18th term of the series is 25 and the 21st term of the series is 32% .

(a) Use this information to write down two equations for a and d.

(2)
(b) Show that a =-7.5 and find the value of d.

(2)
The sum of the first n terms of the series is 2750.
(c) Show that n is given by

n® —15n=55x40.

(4)
(d) Hence find the value of n.

©)

(Total 11 marks)

C1 Sequences and series: Arithmetic series — Questions 3
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5. Sue is training for a marathon. Her training includes a run every Saturday starting with a
run of 5 km on the first Saturday. Each Saturday she increases the length of her run
from the previous Saturday by 2 km.

(a) Show that on the 4th Saturday of training she runs 11 km.

1)
(b) Find an expression, in terms of n, for the length of her training run on the nth
Saturday.
)
(c) Show that the total distance she runs on Saturdays in n weeks of training is n(n +
4) km.
©)
On the n th Saturday Sue runs 43 km.
(d) Find the value of n.
)
(e) Find the total distance, in km, Sue runs on Saturdays in n weeks of training.
)

(Total 10 marks)

6.  The first term of an arithmetic sequence is 30 and the common difference is —1.5

(a) Find the value of the 25th term.

)
The rth term of the sequence is 0.
(b) Find the value of'r.

)
The sum of the first n terms of the sequence is Sp.
(¢) Find the largest positive value of Sp.

©)

(Total 7 marks)

C1 Sequences and series: Arithmetic series — Questions 4
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7. A girl saves money over a period of 200 weeks. She saves Sp in Week 1, 7p in Week 2,
9p in Week 3, and so on until Week 200. Her weekly savings form an arithmetic
sequence.

(a) Find the amount she saves in Week 200.

(3)

(b) Calculate her total savings over the complete 200 week period.

©)
(Total 6 marks)

C1 Sequences and series: Arithmetic series — Questions 5
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8.  Ann has some sticks that are all of the same length. She arranges them in squares and
has made the following 3 rows of patterns:

Row 1 Il

Row 2 —l_l

Row 3 1l

She notices that 4 sticks are required to make the single square in the first row, 7 sticks
to make 2 squares in the second row and in the third row she needs 10 sticks to make 3
squares.

(a) Find an expression, in terms of n, for the number of sticks required to make a
similar arrangement of n squares in the nth row.

®3)
Ann continues to make squares following the same pattern. She makes 4 squares in the
4th row and so on until she has completed 10 rows.
(b)  Find the total number of sticks Ann uses in making these 10 rows.

©)
Ann started with 1750 sticks. Given that Ann continues the pattern to complete k rows
but does not have sufficient sticks to complete the (k+ 1)th row,
(¢) show that k satisfies (3k — 100)(k + 35) < 0.

(4)
(d) Find the value of k.

()

(Total 12 marks)

C1 Sequences and series: Arithmetic series — Questions 6
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9.  An athlete prepares for a race by completing a practice run on each of 11 consecutive
days. On each day after the first day, he runs further than he ran on the previous day.
The lengths of his 11 practice runs form an arithmetic sequence with first term a km and
common difference d km.

He runs 9 km on the 11th day, and he runs a total of 77 km over the 11 day period.

Find the value of a and the value of d.
(Total 7 marks)

10. On Alice's 11th birthday she started to receive an annual allowance. The first annual
allowance was £500 and on each following birthday the allowance was increased by
£200.

(a) Show that, immediately after her 12th birthday, the total of the allowances that
Alice had received was £1200.

1)
(b) Find the amount of Alice's annual allowance on her 18th birthday.

)
(c) Find the total of the allowances that Alice had received up to and including her

18th birthday.

©)
When the total of the allowances that Alice had received reached £32 000 the allowance
stopped.
(d) Find how old Alice was when she received her last allowance.

(7)

(Total 13 marks)

C1 Sequences and series: Arithmetic series — Questions 7
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11. An arithmetic series has first term a and common difference d.
(a) Prove that the sum of the first n terms of the series is

in[2a+(n—1)d].

(4)
The rth term of a sequence is (5r — 2).
(b)  Write down the first, second and third terms of this sequence.
1)
(c) Show that > (5r-2) = %n(Sn +1).
r=1
©)
200
(d) Hence, or otherwise, find the value of Z (5r-2).
r=5s
(4)

(Total 12 marks)

C1 Sequences and series: Arithmetic series — Questions 8
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12.

An arithmetic series has first term a and common difference d.
(a) Prove that the sum of the first n terms of the series is

in[2a+(n—1)d].

(4)
Sean repays a loan over a period of n months. His monthly repayments form an
arithmetic sequence.
He repays £149 in the first month, £147 in the second month, £145 in the third month,
and so on. He makes his final repayment in the nth month, where n > 21.
(b) Find the amount Sean repays in the 21st month.
)
Over the n months, he repays a total of £5000.
(c) Form an equation in n, and show that your equation may be written as
n2 — 150n + 5000 = 0.
©)
(d) Solve the equation in part (c).
®3)
(e) State, with a reason, which of the solutions to the equation in part (c) is not a
sensible solution to the repayment problem.
(1)

(Total 13 marks)

C1 Sequences and series: Arithmetic series — Questions 9
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13. The rth term of an arithmetic series is (2r — 5).

(a) Write down the first three terms of this series.

)
(b) State the value of the common difference.
1)
(c) Show that " (2r —5) =n(n—4).
r=1
©)

(Total 6 marks)

14. The first three terms of an arithmetic series are p, 5p — 8, and 3p + 8 respectively.

(a) Show that p=4.

)
(b) Find the value of the 40th term of this series.

©)
(c) Prove that the sum of the first n terms of the series is a perfect square.

©)

(Total 8 marks)

15. The sum of an arithmetic series is

D" (80-3r)
r=1
(a) Write down the first two terms of the series.
)
(b) Find the common difference of the series.
1)
Given that n =50,
(¢) find the sum of the series.
©)

(Total 6 marks)

C1 Sequences and series: Arithmetic series — Questions 10
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16. In the first month after opening, a mobile phone shop sold 280 phones. A model for
future trading assumes that sales will increase by X phones per month for the next 35
months, so that (280 + X) phones will be sold in the second month, (280 + 2X) in the
third month, and so on.

Using this model with x = 5, calculate

(@) (1) the number of phones sold in the 36th month,

)
(i) the total number of phones sold over the 36 months.
)
The shop sets a sales target of 17 000 phones to be sold over the 36 months.
Using the same model,
(b) find the least value of X required to achieve this target. @
4

(Total 8 marks)

17. (a) An arithmetic series has first term a and common difference d. Prove that the sum
of the first n terms of this series is

%n[Za +(n - 1)d].

(4)
The first three terms of an arithmetic series are k, 7.5 and k + 7 respectively.
(b) Find the value of k.
)
(c) Find the sum of the first 31 terms of this series.
(4)

(Total 10 marks)

C1 Sequences and series: Arithmetic series — Questions 11
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18. An arithmetic series has first term a and common difference d.

(a) Prove that the sum of the first n terms of the series is

%n[za +(n-1)d].

(4)
A polygon has 16 sides. The lengths of the sides of the polygon, starting with the
shortest side, form an arithmetic sequence with common difference d cm.
The longest side of the polygon has length 6 cm and the perimeter of the polygon is 72 cm.
Find
(b) the length of the shortest side of the polygon,

()
(¢c) the value of d.

)

(Total 11 marks)

C1 Sequences and series: Arithmetic series — Questions 12



C1 Sequences and series — Arithmetic series PhysicsAndMathsTutor.com

1. (@) a+29d=40.75 or a=40.75-29d or 29d=40.75-a M1l Al 2
Note
Parts (b) and (c) may run together

Ml for attempt to use a + (n — 1)d with n = 30 to form an equation .
So a+ (30 — 1)d = any number is OK

Al as written. Must see 29d not just (30 — 1)d.
Ignore any floating £ signs e.g. a +29d = £40.75 is OK for M1A1
These two marks must be scored in (a). Some may omit (a)
but get correct equation in (¢) [or (b)] but we do not give
the marks retrospectively.

(b) (SSO):%O(aH) or 370(a+40.75) or ?(2a+(30—1)d) or

So 1005=15[a+40.75] * Alcso 2
Note

Parts (b) and (c) may run together
Ml for an attempt to use an Sp formula with n = 30.

Must see one of the printed forms. (S3( = is not required)

Alcso for forming an equation with 1005 and Sp and simplifying

to printed answer.
Condone £ signs e.g. 15[a + £40.75] = 1005 is OK for A1

(c) 67=a+40.75 so a=(£)26.250r2625por

264 NOT & M1 Al
29d =40.75 - 26.25 M1
=14.5 so d=(£)0.50 or 0.5 or 50p or % Al 4
Note
15t M1 foran attempt to simplify the given linear equation for a.
Correct processes. Must get to ka= ... ork=a+ mi.e. one
step (division or subtraction) from a = ... Commonly:

15a=1005 - 611.25 (= 393.75)
1St A1 Fora=26.25or 2625p or 26+ NOT 1% or any other fraction

224 M1 for correct attempt at a linear equation for d, follow through
their a or equation in (a) Equation just has to be linear in d,
they don’t have to simplify tod =...

ond Ap depends upon 274 M1 and use of correct a. Do not penalise
a second time if there were minor arithmetic errors in finding
a provided a = 26.25 (o.e.) is used.

C1 Sequences and series: Arithmetic series — Mark Schemes 13
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2. (a)

(b)

. 1
Do not accept other fractions other than 5

If answer is in pence a “p” must be seen.
Sim Equ
Use this scheme: 1st M1A1 for a and ond pAd for d.

Typically solving: 1005=30a + 435d and 40.75 = a + 29d.
If they find d first then follow through use of their d when finding a.

[8]

a+9d=150+9 x10=240 M1 Al 2
Note
M: Using a + 9d with at least one of a= 150 and d = 10.
Being ‘one off” (e.g. equivalent to a + 10d), scores MO.
Correct answer with no working scores both marks.

‘Listing’ and other methods

M: Listing terms (found by a correct method with at

least one of a = 150 and d = 10), and picking the joth
term. (There may be numerical slips).

%n{2a+(n—1)d}:?{2><150+19><10},:4900 M1 A1, Al 3

Note

M: Attempting to use the correct sum formula to obtain Sp(), with at least

one of a= 150 and d = 10. If the wrong value of n or a or d is used, the
M mark is only scored if the correct sum formula has been quoted.

15t A: Any fully correct numerical version.

‘Listing’ and other methods

M: Listing sums, or listing and adding terms (found
by a correct method with at least one of a =150 and d = 10),
far enough to establish the required sum. (There may be

numerical slips). Note: 20t term is 340.
A2 (scored as A1 A1) for 4900 (clearly selected as the answer).

If no working (or no legitimate working) is seen,
but the answer 4900 is given, allow one mark (scored as M1 A0 A0).

C1 Sequences and series: Arithmetic series — Mark Schemes 14
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(©)

Kevin: %n{2a+(n—1)d}:?{2A+19x30} B1

Kevin’s total = 2x74900” (or “4900” = 2x Kevin’s total)  M]

? {2A+19x30} = 2x"4900" Alft

A =205 Al 4

‘Listing’ and other methods

By trial and improvement:

Obtaining a value of A for which Kevin’s total is twice Jill’s total,
or Jill’s total is twice Kevin’s (using Jill’s total from (b)): M1
Obtaining a value of A for which Kevin’s total is twice

Jill’s total (using Jill’s total from (b)): Alft

Fully correct solutions then score the B1 and final A1l.

The answer 205 with no working (or no legitimate working)
scores no marks.

[9]

a+9d=2400 a+39d=600 M1
d=" 13%00 — 60 (accept + 60 for Al) MIAT 3
Note

If the sequence is considered ‘backwards’, an equivalent solution may be
given using d = 60 with a = 600 and | = 2940 for part (b). This can still
score full marks. Ignore labelling of (a) and (b)

15t M1 for an attempt to use 2400 and 600 in a+(n — 1)d formula. Must
use both values

i.e. need a + pd = 2400 and a + qd = 600 where p =8 or 9 and
g =38 or 39 (any combination)

M4 \1 foran attempt to solve their 2 linear equations in a and d as
farasd=...

Al  for d ==+ 60. Condone correct equations leading to d = 60

or a + 8d =2400 and a + 38d = 600 leading to d = — 60. They should get
penalised in (b) and (c).

NB This is a “one off” ruling for Al. Usually an A mark must follow
from their work.

ALT

15E M1 for (30d) = % (2400 — 600)

(2400 — 600)

204 M for (d =) +
30

C1 Sequences and series: Arithmetic series — Mark Schemes 15
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(b)

(©)

4.  (a)

Al ford=+60

a+9d =600, a+39d =2400 only scores MO BUT if they solve to find
d =+ 60 then use ALT scheme above.

a—540 =2400 a= 2940 MI Al 2
Note

M1 for use of their d in a correct linear equation to find a leading
toa=...

ATl their a must be compatible with their d so d = 60 must have a = 600
and d =-60, a = 2940

So for example they can have 2400 = a + 9(60) leading toa = ...
for M1 but it scores A0

Any approach using a list scores M1A1 for a correct a but

MOAUO otherwise
Total
= %n {2a+(n -1d }:%x40x(5880+39x— 60)(ft valuesof aand d) M1 Alft
= 70800 Alcao 3
Note
M1 for use of a correct Sp formula with n = 40 and at least one of
a, d or | correct or correct ft.
18t A1t for use of a correct S40 formula and both a, d or a, | correct or

correct follow through
ALT

Total :%n{a+l}:%x40x(2940+600)(ft value of a) M1 Alft

224 A1 for 70800 only
[8]

a+17d =25 or equiv. (for 15t B1),

a+20d = 32.5 or equiv. (for 214 B1), BI,BI 2
Note

Alternative:

15t B1: d=2.5 or equiv.or d= 32.5-25 , No method required,

but a = —17.5 must not be assumed.

ond gj. Either a +17d = 25 or a + 20d = 32.5 seen, or used with a
value of d...
or for ‘listing terms’ or similar methods, ‘counting back’ 17
(or 20) terms.
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(b)

(©)

(d)

Solving (Subtract) 3d=7.5 sod=25 M1
a=325-20x25 soa=-17.5(%) Alcso 2
Note
M1: In main scheme: for a full method (allow numerical or sign
slips) leading to solution for d or a without assuming a =—17.5
In alternative scheme: for using a d value to find a value for a.
Al: Finding correct values for both a and d (allowing equiv. fractions
such as d = 15/6), with no incorrect working seen.
2750 = g[—35+§(n—1)] MIALft
{ 4x2750=n(5n-175) }
4 x 550 =n(n-15) M1
nZ_15n=55x40 (¥ Alcso 4
Note
In the main scheme, if the given a is used to find d from one of the
equations, then allow M1A1 if both values are checked in the ond
equation.
15tM1 for attempt to form equation with correct Sy formula and
2750, with values of a and d.
15t A1ft for a correct equation following through their d.
204\ for expanding and simplifying to a 3 term quadratic.
214 A1 for correct working leading to printed result (no incorrect
working seen).
n2—15n—55x40=0o0r n®—15n—2200=0 Mi
(n—=55)(n+40)=0 n=... M1
n =55 (ignore — 40) Al 3
Note
15t M1 forming the correct 3TQ = 0 . Can condone missing “= 0"

but all terms must be on one side.
First M1can be implied (perhaps seen in (c), but there must be an
attempt at (d) for it to be scored).

24 M1 for attempt to solve 3TQ, by factorisation, formula or

completing the square (see general marking principles at end of
scheme). If this mark is earned for the ‘completing the
square’ method or if the factors are written down directly,

the 15t M1 is given by implication.
Al for n = 55 dependent on both Ms. Ignore — 40 if seen.
No working or ‘trial and improvement’ methods in (d) score all 3
marks for the answer 55, otherwise no marks.
[11]
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5. (a) 57,9, 11or5+2+2+2=11or5+6=11
usea=5,d=2,n=4andtg=5+3x2=11 B1 1

B1  Any other sum must have a convincing argument

(b) th=a+ (n-1)d with one ofa=>5 ord =2 correct
(can have a letter for the other) M1
=5+2(n—1)or2n+3orl1+2(n+1) Al 2

M1 for an attempt to use a + (n — 1)d with one of a or d correct
(the other can be a letter)
Allow any answer of the form 2n + p (p # 5) to score M1.

Al for a correct expression (needn’t be simplified)
[Beware 5 + (2n — 1) scores A0Q]
Expression must be in n not X.
Correct answers with no working scores 2/2.

© Sn =g[2 x 5+2(n— 1)] or use of g(s + “their 2n + 3”)

(may also be scored in (b)) MI1A1
={n(S+n-1}=n(n+4)*) Alcso 3
Ml for an attempt to use Sp formula witha=5ord =2

or a =5 and their “2n + 3”
1tAl fora fully correct expression

M AT for correctly simplifying to given answer.
No incorrect working seen. Must see Sp used.

Do not give credit for part (b) if the equivalent work is
given in part (d)
(d) 43=2n+3 M1
[n] =20 Al 2

M1 for forming a suitable equation in n (ft their (b)) and
attempting to solve leading to n =...

Al for 20
Correct answer only scores 2/2. Allow 20 following a
restart but check working.
eg 43 = 2n + 5 that leads to 40 = 2n and n =20 should
score M1AO.

(e) S20=20 x 24, =480 (km) MIA1 2
M1 for using their answer for n in n(n + 4) or Sp formula,
their n must be a value.

Al for 480 (ignore units but accept 480 000 m etc)
[ no matter where their 20 comes from]
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NB “attempting to solve” eg part (d) means we will allow sign slips and
slips in arithmetic but not in processes. So dividing when they should
subtract etc would lead to MO.
Listing in parts (d) and (e) can score 2 (if correct) or 0 otherwise in each part.
Poor labelling may occur (especially in (b) and (c)).
If you see work to get n(n + 4) mark as (c)
[10]

6 (a) u25=a-+24d=30+24 x (-1.5) M1
=_6 Al 2

M:  Substitution of a= 30 and d = +1.5 into (a + 24d).
Use of a + 25d (or any other variations on 24) scores MO.

(b) a+(n-1)d=30-15r-1)=0 M1
r=21 Al 2

M: Attempting to use the term formula, equated to 0, to form
an equation in r (with no other unknowns).
Allow this to be called n instead of'r.
Here, being ‘one off (e.g. equivalent to a + nd), scores M1.

© 20 =% (60 + 19(—1.5)}or S3] =% (60 + 20(—1.5)}

or o] :%{30+0} MIALft
=315 Al 3

M: Attempting to use the correct sum formula to obtain
S20, S21, or, with their r from part (b), Sy—1 or Sy.
15t A(ft): A correct numerical expression for Sp(, S21, or, with their r
from part (b), Sy—1 or Sr.... but the ft is dependent on an

integer value of I.

Methods such as calculus to find a maximum only begin to score
marks after establishing a value of r at which the maximum sum
occurs. This value of r can be used for the M1 Alft, but must be
a positive integer to score A marks, so evaluation with, say,
n=20.5 would score M1 A0 AO.
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‘Listing’ and other methods

(a) M: Listing terms (found by a correct method), and picking the 2_5th term.
(There may be numerical slips).

(b) M: Listing terms (found by a correct method), until the zero term is seen.
(There may be numerical slips).
“Trial and error’ approaches (or where working is unclear or non-existent)
score M1 Al for 21, M1 AO for 20 or 22, and MO A0 otherwise.

(¢) M: Listing sums, or listing and adding terms (found by a correct method),

at least as far as the 20t term, (There may be numerical slips).
A2 (scored as A1 A1) for 315 (clearly selected as the answer).
“Trial and error’ approaches essentially follow the main scheme,
beginning to score marks when trying S2(, S21, or, with their r

from part (b), Sy—1 or Sy.

If no working (or no legitimate working) is seen, but the answer 315
is given, allow one mark (scored as M1 A0 A0).

For reference:
Sums: 30, 58.5, 85.5, 111, 135, 157.5, 178.5, 198, 216, 232.5, 247.5, 261, 273,
283.5,292.5, 300, 306, 310.5, 313.5, 315, ...........
[7]

7 (a) Identifya=5andd=2 May be implied B1
(U200 =)a+(200-1)d (=5+(200-1) x2) M1
=430(p) or (£)4.30 Al 3

B1 can be implied if the correct answer is obtained.
If 403 is not obtained then the values of a and d must
be clearly identified asa=5 and d = 2.
This mark can be awarded at any point.

M1 for attempt to use nth term formula with n = 200.
Follow through their a and d.
Must have use of n =200 and one of @ or d correct or
correct follow through.
Must be 199 not 200.

Al  for 403 or 4.03 (i.e. condone missing £ sign here).
Condone £403 here.

NB a=3,d=2isB0anda+200dis MO BUT 3 + 200 x 2 is BIM1
and A1l if it leads to 403.
Answer only of 403 (or 4.03)scores 3/3.

ALT Listing

They might score B1 if a= 5 and d = 2 are clearly identified.
Then award M1A1 together for 403.
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®) (5200 =)2—g° [2a + (200 — 1)d] or ? (a + “their 403”) MI
- %[2 x5+ (200 1) x 2] or %(5 + “their 403”) Al
— 40 800 or £408 Al 3

M1 for use of correct sum formula with n = 200.
Follow through their a and d and their 403.
Must have some use of n = 200, and some of a, d or |
correct follow through.

15tA1 for any correct expression (i.e. must have a =5 and d = 2)
but can f.t. their 403 still.

onda for 40800 or £408 (i.e. £ sign is required before we
accept 408 this time).
40800p is fine for A1 but £40800 is AO.
ALT Listing
200 200
D" (2r +3). Give M1 for 2 x SRk (201) + 3k (with k > 1),

r=1

Al for k=200 and A1 for 40800.
[6]

8 (a) Recognising arithmetic series with first term 4 and common
difference 3. Bl
(If not scored here, this mark may be given if seen elsewhere
in the solution).
at(n-1H)d=4+3(n-1)(=3n+1) MI1Al 3

B1: Usually identified by a =4 and d = 3.

MI1: Attempted use of term formula for arithmetic series, or...
answer in the form (3n + constant), where the constant
is a non-zero value

Answer for (a) does not require simplification, and a correct
answer without working scores all 3 marks.

(b) Sn=g{2a+(n—l)d}:%{8+(10—1)x3},:175, MIAL, A1 3

M1: Use of correct sum formula withn=9, 10 or 11.
Al: Correct, perhaps unsimplified, numerical version. Al: 175

Alternative: (Listing and summing terms).

MI1: Summing 9, 10 or 11 terms. (At least ISt, 204 and last terms
must be seen).

Al: Correct terms (perhaps implied by last term 31). Al: 175
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(c)

(d)

Alternative: (Listing all sums)
M1: Listing 9, 10 or 11 sums. (At least4, 7, ....., “last”).
Al: Correct sums, correct finishing value 175. Al: 175

Alternative: (Using last term).

M1: Using Sp :g(a + ) with Tg9, T10 or T11 as the last term.

Al: Correct numerical version % 4+31). A1: 175

Correct answer with no working scores 1 mark: 1,0,0.

Sk < 1750: §{8+3(k—1)}<1750(orsk+1 >1750:%{8+3k}>1750JM1

3k2 + 5k — 3500 < 0 (or 3k% + 11k — 3492 > 0) MIAl

(Allow equivalent 3-term versions such as 3k2 + 5k = 3500).
(3k = 100)(k + 35) <0
Requires use of correct inequality throughout.(*) Alcso 4

For the first 3 marks, allow any inequality sign, or equals.

15t M: Use of correct sum formula to form inequality or equation

in k, with the 1750.

ond M:(Dependent on 15t M). Form 3—term quadratic in K.

ISt A: Correct 3 terms.

Allow credit for part (c¢) if valid work is seen in part (d).

% or equiv. seen (or 93—7} k =33 (and no other values) M1, Al 2

Allow both marks for k = 33 seen without working.
Working for part (d) must be seen in part (d), not part (c).
[12]
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9 at+(n-1)d=k
(uyr1=)a+10d=9

n
E[2a+(n—1)d]=77 @s1)
or ——

(S;;=) % (2a+10d)=77 or —=

eg a+10d=9 or a+9=14
at+s5d=7

a=5and d = 0.4 or exact equivalent

L5t
a+nd=29is MOAO
1St A1 Fora+10d = 9.

PhysicsAndMathsTutor.com

k=9orl1l Ml
Alc.a.o.

I=9%90r1l Ml

Al

Ml
AlAl

M1 Use of up to form a linear equation in a and d.

2ond pp Use of Sp to form an equation for a and d

(LHS) or in a (RHS)
ond

For 15t

A1A correct equation based on Sp.

2 Ms they must write n or use n = 11.

3rd m1 Solving (LHS simultaneously) or (RHS a

linear equation in a)

Must lead to a = ... or d = .... and depends on one

previous M
3 A1fora=5
4N AL ford =04 (0.e)

(a+l)

ALT  Uses — n =77 to geta =5, gets second and

third M1 Ali.e. 4/7

Then uses g[2a+(n—1)d]=77 to get d, gets 15t M1

Al and 4t A1

MR  Consistent MR of 11 for 9 leadingtoa =3,d = 0.8

scores M1AOM1AOM1 Al1ftAlft
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10. (a) a+(a+d)=£(500+ 500+ 200)=£1200 SO Bl 1
(b) a=500,d=200; us=a-+(8—1)d M1
=£(500 + 7 x 200) = £1900 Al 2
() Sg=§(2x500+(8—1)x200) MI Al
=£ 9600 Al 3
(d) %(1ooo+(n_ 1) 200) = 32 000 M1 Al
N2 +4n-320=0 MI reducing to a 3 term quadratic MI Al
Al any multiple of the above
(n+20)(n-16)=0 Ml
n=16 Al
Age is 26 Al 7

[13]

In (b) if the sum is found by repeated addition, i.e.

ul = £500, up = £700, uz = £900, ug = £1100, u5 = £1300,

ue = £1500, u7 = £1700, ug = £1900,

allow M1 A1 at completion.

If for (c) these 8 terms are added up, allow M1 A2 at completion. Do notdivide
the As with this method if (b) has been completed similarly. If only(c) is done by

repeated addition allow A1 if the individual terms are correct if a complete
method is shown.

11. (@) S=at+(a+d)y+(@+2d)+...+[a+(n—1)d] B1
S=[a+(n-1)d]+[a+(n—-2)d]+... +aorequiv. Ml
Add: 2S=n[2a+ (n—1)d] = S=n[2a+ (n — 1)d] cso (¥) MI1 Al 4
B1: requires min of 3 terms, including the last.

(b) 3,8,13 B1 1
First M1 generous; second M1 hard.
Note: Result is given so check working carefully.
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(c) a=3 d=5 Blft
Sum = %n[(z x 3) + 5(n - 1) = %n(Sn + 1) (%) Ml Al 3

For B1 f.t. 3 terms must be in AP,
But allow M1 for candidate’s ““a” and ““d” in given

result in (a)
EXTRA
5> - Y02 Bl
5 nn+b _ 2n M1
2
2
_5n"+n :n(Sn +1) (*) (cs0) Al
2 2
d d 200 200( ) 1
Findin e.g. 5r-2)=—x200x1001 (= 100100 M1
(d) g le g le > ( )
. 1
Sum of first 4 terms: Z(Sr—2)=5x4><21 or 42 stated Bl
r=1
200
D (5r—2) =S(200) — S(4) = 100100 — 42 = 100058 M1Al 4

r=5

ALT: Working with 23, 28,33, .............

a=23 BI; Finding “n” and d M1

Applying S = %n[Za + (n — 1)d] with candidate’s 23, n= 195 or 196,

d=5 Ml
First M1 for substitution of 200 in result from (c)

S.C. Allow second M1 for S(200) — S(5)
[12]
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12.

(2)

(b)

(©)

(d)

(e)

(S=at+t(@+d)y+... ...+[a+(n-1)d] B1
Soa@a+m-1)d+... ...+a M1
2S=[2a+(n—1d]+... ...+[2a+(n—1)d] } either dM1
2S=n[2a+ (n-1)d]
5= g[za +(n—1)d] Alcso. 4
B1 requires at least 3 terms, must include first and last
terms, an adjacent term and dots + signs.
15t M1 for reversing series. Must be arithmetic with a,
nand d or I. (+ signs not essential here)
2Nd gm1 for adding, must have 2S and be a genuine
attempt. Either line is sufficient.
Dependent on 15t M1
(NB Allow first 3 marks for use of | for last term but as
given for final mark)
(a=149,d=-2)
u21 =149 +20(-2)=£109 M1 Al 2
M1 for usinga =149 andd = #2ina + (n - 1)d formula.
Sp = g[z x 149+ (n—1)(-2)] (n(150 —n) M1 Al
Sh = 5000 = n% — 150N + 5000 = 0 (*) Alcso. 3
M1 for using their a, d in Sp Al any correct expression
Alcso for putting Sp = 5000 and simplifying to given
expression. No wrong work
(n—100)(n—50)=0 Ml
n=>50or 100 A2/1/0 3
M1 Attempt to solve leadington = ...
A2/1/0 Give ALAOQ for 1 correct value and A1AL1 for
both correct
u100 <0 ..n =100 not sensible BI ft 1

B1 f.t. Must mention 100 and state u100 < 0 (or loan
paid or equivalent)

If giving f.t. then must have n >76.
[13]
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13. (a) -3, -1, 1 BIBl 2
B1: One correct
(b) 2 Blft 1
(ft only if terms in (a) are in arithmetic progression)
(c) Sum= %n{2(—3)+(n ~1)(Q2)} or %n{(—3)+(2n—5)} M1 Alft
1 . 2 *
= En{2n—8}= n(n—4) (Not just n“ — 4n) (*) Al 3
[6]
14. (@) Gp-8)—p=@p+8) —-(5p-19) M1

Solve, showing steps, to get p =4, or verify thatp=4. (*) Al c.s.o. 2

Alternative: Using p = 4, finding terms (4, 12, 20), and indicating
differences. [M1]

Equal differences + conclusion (or “common difference = 8”).  [Al]

(b) a=4andd = 8 (stated or implied here or elsewhere). Bl
Ta0=a+(n—1)d=4+(39 x 8) =316 Ml Al 3

© Sn= %n[2a+(n— 1)d] = %n[8+8(n— D] MI Alft
= 4n? = 2n)? Al 3

[8]

15. (@) 77 74 BIBI 2
(b) d=74-77=-3 Blft |1

©) S50= %n[2a+9n— 1)d] = 25[(2 x 77) + (49 x —3)] M1 Al ft
=175 Al 3

Alternative method: Find last term, then use %n(a +1)

[6]
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16. (a) () a+(n-1)d=280+(35x 5)=455 Ml Al 2

(ii) %n[2a+(n—l)d]=18[560+(35><5)]=13230 MIALft 2

(b) 18 [560 + (35 x d)] = 17 000 M1 Al
d=10.98... x=11 (allow 11.0 or 10.98 or 10.99 or 10§—§)M1 Al 4
[8]
17. (@) S=a+(a+d)y+(@+2d)+...+a+(n-1)d B1
S=a+(n-1)d+a+(n-2)d+...+a Ml
Adding,
2S=n[2a+(n—1)d]:>S=g[2a+(n—1)d] Ml Al 4
(b) k+k+7=2x75=k=4 M1 Al 2
© S31=%[2(4)+30(3%)] M1 Al ft
1751.5 M1 Al 4
[10]
18. (a) S=a+(@+d)+..+[a+(n-1)d] Bl
S=[a+(n-1)d]+............... +a Ml
Add: 2S=n[2a+(n-1)d], S=%n[2a+(n—1)d] (*) MIAl 4
(b) a+15d=6 Bl
%n[2a+(n—1)d]=8(2a+15d)=72 M1 Al
Solve simultaneously: a=3 3cm MI Al 5
(c) a=3: 15d=6-3=3 d=02 MI Al 2
[11]
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Year 2: A Level Mathematics

Statistics: Sampling

Self-Assessment:

Please identify areas in which you believe are your strong points and those you feel you need to

improve on Provide evidence to support your assessment with reference to the content in this
booklet.

Strengths Areas for Improvement
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Data Collection Cheat Sheet Edexcel Stats/Mech Year 1

Population and sample e  Systematic sampling Non-random sampling

In statistics, population is the whole set of items that are of interest. Information The required elements are chosen at regular intervals from an ordered list. There are two types of non-random sampling that you need to know:
obtained from a population is known as raw data. A census measures or observes every e Quotasampling

member of a population. A sample is a selection of observations taken from a subset of Example 2: A sample of size 20 is required from a population of 100.

An interviewer or researcher selects a sample that reflects the

population and used to find out more information about the population as a whole. characteristics of the whole population.

100 — 20=5 sc? every fifth person is chosen. Advantages Disadvantages
Advantages Disadvantages The first person is chosen at random. e Allows asmallsampleto | ® Non-random sampling can
Census | o Results should be completely e Time consuming and expensive If the first person chosen is 2, the remaining samples will be 7, 12, 17 etc. still be representative of introduce bias
accurate e Cannot be used when testing - the population e Population must be divided
destroys process Advar?tages - Dlsadvantag?s - e No sampling frame into groups, which can be
e Hard to process large quantity of e Simple and quick to use e Asampling frame is needed required costly or inaccurate
data e Suitable for large samples e  Bias introduced if sampling frame is not e Quick, easy and e Increasing scope of study
Sample | @  Less time consuming and e Data may not be as accurate and large populations random inexpensive increases number of
cheaper e Sample may not be large enough e Easy comparison groups, which adds time
e Fewer people have to respond to give information about small between different and expenses
e Less data needs to be processed subgroups of the population e Stratified sampling groups within a e Non-responses not
The population is divided into mutually exclusive strata and a random sample is population recorded
Individual units of a population are known as sampling units. Sampling units are named taken from each. ber in strat
. . numbper 1n stratum
and numbered to form a list called a sampling frame. Number sampled in a stratums= x overall sample size

number in population . . . .
e Opportunity sampling or convenience sampling

Sample is taken from people who are available at the time of
study and who fits the criteria you are looking for.

Random sampling

Example 3: A factory manager wants to find out about what his workers think
Each member of the population has an equal chance of being selected. The sample

about the factory canteen facilities. He decides to give a questionnaire

should be representative of the population and bias should be removed. There are 3 to a sample of 80 workers. It is thought that different age groups will Advantages Disadvantages
types of random sampling. have different opinions. e Easyand inexpensive e Unlikely to provide a
representative result
* Simple random sampling There are 75 workers between ages 18 and 32, 140 workers between ages 33 * Highly dependent on
A simple random sample of size n is one where every sample of size n has an equal and 47, and 85 workers between ages 48 and 62. individual researcher
chance of being selected.
Explain how he can use stratified sampling to select the sample. Types of data

Example 1: The 100 members of a yacht club are listed alphabetically in the
club’s membership book. The committee wants to select a sample 1. Total number of workers: 75 + 140 + 85 = 300
of 12 members to fill in a questionnaire. Explain how a simple 2.
random sample can be taken using:

Variables or data associated with numerical observations are called
guantitative variables or quantitative data.

Finding the number of workers needed from each age group:
18-32: % x 80 = 20 workers Variables associated with non-numerical observations are qualitative

A) Calculator or random number generator: 33-47: % X80 = 37% ~ 37 workers variables or qualitative data
Number each member from 1-100. Use a calculator or random number 48-62; % X 80 = 223 ~ 23 workers A variable that can take any value in a given range is a continuous
generator to generate 12 random numbers between 1-100. Select the members If the number of workers required is not a whole number, it is rounded off variable. A variable that can only take specific values is a discrete
who correspond to the numbers. to the nearest whole number. variable.
. 3. Number the workers in each group.
B) Lottery sampling: 4. Use a random number generator or table to produce the required In a grouped frequency table, the specific data values are not shown.
Write the name of members on identical cards and place them in the hat. Draw quantity of random numbers. e Class boundaries show the maximum and minimum values in
up 12 cards and select these members. each group or class
. Advantages Disadvantages e The midpoint is the average of class boundaries
Advantages , Dlsadvantages e Sample accurately reflects e Population must be clearly classified into e The class width is the difference between upper and lower
e  Free of bias e Not swt.able for large samples and population structure distinct strata class boundaries
* Easyand ch?ap for small samples populr?\tlons e Proportional representation | ¢ Same disadvantages as simple random
and populajuons ) * Sampling frame needed of group within population sampling within each stratum Large data set
*  Each sampling unit has a known and If you need to do calculations on large data sets in your exam, the
equal chance of selection

relevant extract will be provided.
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Measures of Location and Spread Cheat Sheet

Measures of central tendency
A measure of central tendency describes the centre of the data. You need to
decide of the best measure to use in particular situations.

The mode or modal class is the value of class which occurs most often. This is
used when data is qualitative or quantitative with one mode or two modes
(bimodal). It is not informative if each value only occurs once.

The median is the middle value when the data values are put in order. This is
used for quantitative data and usually used when there are extreme values as
they are unaffected.

The mean can be calculated using:
XX
X =—
n
Where X (x bar) is the mean,
2x is the sum of the data values,
n is the number of data values

For data given in a cumulative frequency table, the mean can be calculated
using:

Ixf

If

Where Zfx is the sum of the products of the
data values and their frequencies,
Xf is the sum of frequencies

X =

The mean is used for quantitative data. It uses all values in the data therefore it
gives a true measure of data. However, it is affected by extreme values.

You can calculate the mean, class containing median and modal class for
continuous data presented in a grouped frequency table by finding the
midpoint of each class interval.

Other measures of location

The median(Qy) splits the data into two equal halves (50%).

The lower quartile (Q) is one quarter of the way through the dataset.
The upper quartile (Qs) is three quarters of the way through the dataset.

Percentiles split the data set into 100 parts. The 10'" percentile is one-tenth of
the way through the data, for example. 10% of data values are less than the
10*" percentile and 90% are greater.

To find lower and upper quartiles for discrete data:
1. Divide n by 4. (lower quartile) OR
Find % of n. (upper quartile)
2. Ifthisis a whole number, the lower or upper quartile is the midpoint
between this data point and the number above. If it is not, round up
and pick this number.

«resources-tuition-courses

When data is presented in a grouped frequency table, you can use interpolation to
estimate the medians, quartiles, and percentiles. This method assumes that the data
values are evenly distributed within each class.

n

Q= Zth data value

Q= gth data value

3
Qs = Tnth data value

Measures of spread
Measures of spread shows how spread out the data is. They are also known as measures
of dispersion or measures of variation.

e Range

The difference between largest and smallest values in the dataset.

e Interquartile range (IQR)

The difference between upper and lower quartile.

e Interpercentile range

Difference between the values of two given percentiles.

Variance (6%) and standard deviation (o)
The variance also shows how spread out the data is. There are 3 versions of the formulae
used to find variance:

_52 -
1. o2 = Ex=%)” Easier to use when

n .
iven raw data
2. o2 _Z_XZ_(Z_X)Z/ :

n n

You can remember this as “mean of squares minus square of means”
3. g2=13x
’ n

Where S, = Z(x — %)% = Zx? —

2x)? . L
Ex)” Syx is @ summary statistic

used to simplify formula
You can use calculator to calculate S, pity

Standard deviation is the square root of variance.

_E(x—x)2 |Ex? sz_ Soex
7= n S n n) |n

For grouped data presented in frequency table:

UL@ﬂwﬁf_Hﬁ_@&f
- - T

of of

If(x — x)? B
0

Where f is the frequency of each group and Xf is the total frequency

)OS
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Example 1: Shamsa records the time spent out of school during lunch hour
to the nearest minute, x, of the students in her year in the
table below. Calculate the standard deviation.

Time spent out of school (min) | 35 36 37 38

Frequency 3 17 29 34

1. FindZfx?, Efxand Zf
Tfx? =3 x35%2+ 17 X 36% 4+ 29 X 372 + 34 x 382
= 114504
Yfx=3%x35+4+17%x36+29x37+34x38
= 3082
Yf=3+4+17+29+34=83
2. Use formula for grouped data in frequency table to find variance:
114504 (3082\°
=83 _<W) = 0.74147 ...

3. Square root variance to find standard deviation:

o =+v0.74147 ... = 0.861 (3s.f.)

0.2

Coding
Each value in the data can be coded to give a new set of values, which is easier
to work with. Coding also changes different statistics in different ways.

If data is coded using the formula y = %, where a and b are constants that

you have to choose or given in the question:
e Mean of coded data: y = %

Rearrange the formula to find original mean: X = by + a

e Standard deviation of coded data: oy = %

Rearrange the formula to find original standard deviation: o, = bo,,

Example 2: A scientist measures the temperature, x°C, at five different points
of a nuclear reactor. Her results are given below:
332°C, 355°C, 306°C, 317°C, 340°C

—300 .
e o to code this data.

a. Usethecodingy =

Substitute each value into x to get coded data, y.
Original data, x 332 355 306 317 340
Coded data, y 3.2 5.5 0.6 1.7 4.0

b. Calculate the mean and standard deviation of the coded data.
Yy = 15, Zy? = 59.74
1
Vv — e— 3
Y=7
, 5974 (15)2__2948
Yy~ 5 5) 7
0, =V2.948 = 1.72 (3s.f)

Q

c. Calculate the mean and variance of the original data using your
answers from part b.

3 =%39 o % = 330°C

10
1J2=%50@=17ru%i)




Representations of Data Cheat Sheet

Outliers
An outlier is commonly any value which fits into one of the following:

* Greaterthan Q3 + k(Qs = Q) — | The value of k will be
e lessthan Q; — k(Q; — Qy) given in the exam

Some questions have other ways of identifying the outliers. In the exam, you will
be told which method to use.

Example 1: Some data is collected. Q; = 46 and Q; = 68. A value greater than
Qs + k(Q; — Q) orless than Q; — k(Q; — Q,) is defined as an outlier. Work
out if a)7, b)88 and c)105 are outliers. The value of k is 1.5.

68 + 1.5(68 — 46) = 101
46 — 1.5(68 —46) = 13
7<13 and 105>101 so 7 and 105 are outliers, 88 is not an outlier.

In some cases, the outliers are legitimate values which will still be correct. Some
outliers are clearly an error and they are called anomalies. They can be due to
experimental or recording error, or data values not relevant to the study. The
process of removing anomalies from a data set is called data cleaning.

Boxplots
A boxplot shows the quartiles, maximum and minimum values and any outliers
Lowest Two sets of data can be compared using boxplots.

value that N

not an r /that.is not an
outlier, or | i ‘ outlier, or
boundary boupdary for
for outlier L } outlier

n " P / . | 1

% \ o

Lower Median Upper
quartile quartile

Highest value

Outlier

Example 2: The blood glucose level of 30 males is recorded. The results, in
mmol/litre, are summarised below:

Lower quartile: 3.6
Upper quartile: 4.7
Median: 4.0
Lowest value: 1.4
Highest value: 5.2

An outlier is an observation that falls either 1.5x interquartile range above
the upper quartile or 1.5x interquartile range below the lower quartile.

a. Given that there is only one outlier, draw a boxplot for this data:
1. Calculate the value of outlier:
3.6 —1.5%x1.1=1.95
47+ 15%x 1.1 =6.35

«resources-tuition-courses

2. Draw the boxplot and label the axis.
The end of the whisker is plotted at the outlier boundary since the actual
figure is not known.

195 h 0 i

4 4 + $
= ' T T
] J 1 '

Blood glucose level (mmol/litre)

Cumulative Frequency
You can use a cumulative frequency diagram to help find estimates for the median,
quartiles and percentiles in a grouped frequency table.

Histograms
Group continuous data can be presented using histograms. Histograms show the
rough location and general shape of the data, and how spread out the data is.

The area of the bar is proportional to the frequency of each class.
To calculate the height of each bar (frequency density):
Area of bar=k X frequency

When k =1,

. frequency
Frequency density = ————
class width

Joining the middle of the top of each bar in histogram forms a frequency polygon.

Example 3: A random sample of 200 students was asked how long it took them to
complete their homework. Their responses are summarised in a table:

Time, 25<t <30 30<t<35 |35<t<40 |40<t<50 |50<t<80
t(min)
Frequency 55 39 68 32 6

a. Draw a histogram and frequency polygon to present the data.
1. Find the class width and frequency density of each class.

Time, t(min) Frequency Class width Frequency density
25<t<30 55 5 11
30<t<35 39 5 7.8
35<t<40 68 5 13.6
40<t<50 32 10 3.2
50<t<80 6 30 0.2
. frequency
Frequency density = s width

Draw the histogram using class width as the width of each bar and

b.

Frequency Density

Edexcel Stats/Mech Year 1

Frequency Density

| S -

0 ) "n \ » - T “ " “ r N - v
Time (min)

Estimate how many students took between 36 and 45
minutes to complete their homework.

2

-
o

>

T ————
. ‘ 0 % W W A * "

Time (min)

The number of students is directly proportional to the area
under graph between 36 and 45 minutes.

Area: (40 —36) X 13.6 + (45 — 40) x 3.2 = 70.4 students

Comparing data
When comparing data, you can comment on

A measure of location
A measure of spread

You can use the mean and standard deviation or median and
interquartile range (suitable for data sets with extreme values)

Median should not be used with standard deviation and mean should
not be used with interquartile range.

frequency density as the height.
3. Todraw the frequency polygon, join the middle of the top of each bar of
the histogram.

1.4 < 1.95, therefore the outlier is 1.4.

)OS
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Correlation Cheat Sheet

Bivariate data is data which has pairs of values for two variables. You can represent bivariate data on a scatter
diagram. The independent or explanatory variable is something which the researcher can control and is usually
plotted on the x-axis. The dependent or response variable, which is measured by the researcher, is usually plotted
on the y-axis.

Correlation describes the nature of linear relationships between two variables.

Weak positive
correlation

Strong positive
correlation

No linear
correlation

Weak negative
correlation

Strong negative
correlation

A negative correlation means that one variable decreases when the other increases. Positive correlation means
that one variable increases with the increase of the other variable.

Two variables have a causal relationship if a change in one variable causes a change in the other. If two variables
are correlated, you need to look at the context of the question to determine if they have a causal relationship.

Example 1: In the study of a city, the population density, in people/hectare, and the distance from the city centre,
in km, was investigated by picking a number of sample areas with the following results.

Area A B C D E F G H I J
Distance (km) 06(38(24)|3.0(20|15(1.8|3.4(4.0|0.9
Population density (people/hectare) | 50 (22 |14 |20 |33 (47 |25 |8 16 | 38

a. Draw a scatter diagram to represent this data.

z &
2 ) X
< 5 30 Remember to label
T ‘8’ X your axis and
[ . .
o £ 0 * include units
+ () »
o —
= 8. X

10 g .
S o = Distance from
a2

centre (km)
0 | ] | 4
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b. Describe the correlation between distance and population density. Describe the strength of

correlation and whether
it is positive or negative

There is a weak negative correlation.

c. Interpret your answer to part b.

) ) _ ) Interpret results
As distance from the centre increases, the population density decreases. —— i, context to the

question

Linear regression

The least squares regression line, or regression line, is a line of best fit which can be drawn on a scatter
plot. This is the straight line that minimises the sum of the squares of the distances of each datapoint
from the line.

The regression line of y on x is written in the form:
y=a-+ bx

The coefficient b tells you the change in y for each unit change in x.
e For positively correlated data, b is positive
e For negatively correlated data, b is negative

You can substitute a known value of the independent variable into x and use the regression line to
estimate the corresponding value of the dependent variable. This should only be done within the range
of data given and is known as interpolation. Extrapolation out of the data range gives a much less
reliable estimate.

If you need to predict a value of x for a given value of y, you will need to use the regression line of x on
y.

Example 2: The daily mean windspeed, w knots, and the daily maximum gust, g knots, were recorded
for the first 15 days in May in Camborne. The data was plotted on a scattered diagram. The
equation of the regression line of g on w for these 15 daysis g = 7.23 + 1.82w.

a. Give an interpretation of the value of the gradient of this regression line.
The daily maximum gust is expected to increase by approximately 1.8 knots when the daily
mean windspeed increases by 1 knot.

b. Predict the daily maximum gust when the daily mean speed is 16 knots.
Substitute 16 into w in the regression equation:
g =7.23+1.82(16)
= 36.35 knots

PMTEducation




«resources-tuition-courses

Probability Cheat Sheet Edexcel Stats/Mech Year 1

Calculating probabilities Mutually exclusive independent events Tree diagrams
An experiment is a repeatable process that gives rise to a number of outcomes. An Events which have no outcomes in common are called mutually exclusive. The closed A tree diagram can be used to show the outcomes of two or more events
event is a collection of one or more outcomes. A sample space is the set of all possible curves do not overlap in a Venn Diagram. happening in succession.
outcomes.

S Example: A bag contains seven green beads and five blue beads. A bead is
Probabilities can be written as decimals or fractions and are in the range of taken from the bag at random and not replaced. A second bead is then
O(impossible) to 1(certain). taken from the bag. Find the probability that:
If each outcome has an equal likelihood of occurring, a. Both beads are green

1. Draw a tree diagram to show the events.

number of possible outcomes in the event

Probability of event =

total number of possible outcomes For mutually exclusive events, i
P(A or B) =P(A)+P(B) 11 Green
Example 1: The table shows the time taken, in minutes, for a group of students to
complete a number puzzle. 7 G
reen
. . When one event has no effect on another, they are independent. For independent events E
Time, t(min) | 5<t<7|7<t<9[9<t<11]|11<t<13 |13<t<15 A and B, the probability of B happening is the same regardless of whether A happens. 5 Blue
Frequency 6 13 12 15 4 For independent events, —
P(4 and B)=P(4)xP(B) 11
A student is chosen at random. Find the probability that they finished the
number puzzle: You can also use this multiplication rule to check if events are independent. 7
; Green
a. Inunder 9 minutes _—
Total number of students: 6 + 13 + 12 + 15 + 4 = 50 Example 2: The Venn diagram shows the number of students in a particular class who 5 11
Number of students who finished under 9 minutes: 6 + 13 = 19 watch any of three popular TV shows _
- . _19 12 Blue
P (finished under 9 minutes) = — \
b. Inover 10.5 minutes S 4 Blue

10.5 minutes is% through the 9 < t < 11 class. Estimate using interpolation:

A B C =
! 12=3
— X —
4
S e o 22 2. Multiply along the branch of tree diagram:
P (finished in over 10.5 minutes) = — b ) >
” P(green and green) = e X 'l = =

Venn Diagrams

A Venn diagram can be used to represent events graphically. Frequencies or b he bead diff |

probabilities can be placed in the regions of Venn diagrams. - T e, eads are difterent colours

P(different colours) = P(green then blue) 4+ P(blue then green)
7 5 5 7

a. Find the probability of a student chosen at random watches B or C or both.
A rectangle represents the sample space, S. It contains closed curves which represent 44+54+10+7 =26

= — X — + P —
12 11 12 11
events. P(watches B or C or both)= z—z = 1—2 35
S| A S S 66
A B B A B b. Determine whether watching A and watching B are statistically independent.
344 7
PA)= — = —
30 30
P(B)= 445410 _ 19
30 30
P(A and B)= 22
30 15
. . 7 19 133
Intersection of A and Union of Aand B The shaded area P(A)xP(B)= 30 %30 = %00
B shows the eventin shqws the eventin shoyvs the eventin P(4 and B)% P(A)xP(B)
which both A and B which either A or B which A does not Theref hing A and . ericallv ind g
oceur or both ocecur occur erefore, watching A and watching B are not statistically independent.

e
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Statistical Distributions Cheat Sheet

Probability distributions
A variable can take any of a range of specific values. A variable is random if the
outcome is not known until the experiment is carried out. Random variables
are written as upper case letters, for example X or Y. The particular values the
random variable can take are written as equivalent lower case letters, for
example x or y. The probability that the random variable X takes a particular
value x is written as:

P(X =x)

A probability distribution fully describes the probability of any outcome in the
sample space. The probability distribution of a discrete random variable can be
describe using probability mass function, a table or a diagram.

When all probabilities are the same, the distribution is known as discrete
uniform distribution. For example, the score when a fair dice is rolled.

Example 1: Three fair coins are tossed. A random variable, X is defined as the
number of heads when the three coins are tossed. Shown the
probability distribution as X as a a) table, b) probability mass
function, c) diagram.

All possible outcomes when the coins are tossed:

HHH, HHT, HTH, THH, HTT, THT, TTH, TTT

Since the coins are fair, the probability of getting each outcome
listed above is the same.

a. Table
No. of heads, x o123
POr =) N ENERE:
8181818
b. Probability mass function:
1
- x=0,3
8
= 3
PX=2)12 x=12
0 otherwise
c. Diagram:
28 ) £)
A
i
- - ’
0 1 2 3
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Binomial distribution
You can define a random variable X to represent the number of successful trials
when you are carrying out a number of trials.

You can model X with a binomial distribution B(n, p) if:
e There are a fixed number of trials, n
e There are two possible outcomes (success and failure)
e There is a fixed probability of success, p
e The trials are independent of each other

If a random variable X has the binomial function B(n, p), then its probability mass
function is given by:

PX=r)=C)p"1—p)"" (n) n!
T rl(n—r)!

= "C,

nis also called the index and p is called the parameter.

You can also use the binomial probability distribution function in the calculator to
work out the binomial probabilities.

Example 2: The probability that a randomly chosen member of a reading group is
left-handed is 0.15. A random sample of 20 members of the group is
taken.

a. Suggest a suitable model for the random variable X, the number of
members in the sample who are left-handed. Justify your choice.

The random variable can only take two values, left-handed or right-handed.

There are a fixed number of trials: 20, and a fixed probability of success:
0.15. Assuming each member in the sample is independent, a suitable
model is X~B(20, 0.15).

b. Use your model to calculate the probability that:
i Exactly 7 of the members in the sample are left-handed

PX=7)= (270) x (0.15)7(0.85)13

=0.01601 ...
= 0.0160 (3 s.f.)

ii. Fewer than two of the members in the sample are left-handed
PX<2)=PX=0)+PX=1)
= 0.03875...4+ 0.13679 ...
= 0.176 (3s.f.)

)OS
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Cumulative probabilities

P(X < x) gives the sum of all individual probabilities for values up to and
including x.

P(X < x) gives the sum of all individual probabilities for values not greater
than x.

P(X = x) gives the sum of all individual probabilities for x and values greater
than x.

P(X > x) gives the sum of all individual probabilities for values greater than x.

You can use the tables in the formula book or the binomial cumulative
probability function in the calculator to find cumulative probabilities for
X~B(n,p).

Example 3: A spinner is designed so that the probability it lands on red
is 0.3. Jane has 12 spins. Find the probability that Jane
obtains:

a. No more than 2 reds
Let X = number of reds in 12 spins.
X~B(12,0.3)
P(X <2)=0.2528

b. Atleast5reds
PX=5)=1-PX <4)
=1-0.7237
=0.2763

Jane decides to use this spinner for a class competition. She wants
the probability of winning a prize to be <0.05. Each student will have
12 spins and the number of reds will be recorded. Find out how many
reds are needed to win a prize.

Let r =the smaller number of reds needed to win a prize
We need to find the value of r so that P(X = r) < 0.05

From the table:

P(X <5) =0.8822
P(X <6) =0.9614
P(X <7)=0.9905

x = 6 is the first value which gives a probability greater than 0.95, so
we use the probability of P(X < 6) to find r.
P(X < 6) = 0.9614 implies that :
PX=>7)=1-09614
= 0.0386 < 0.05

Lr=7

7 or more reds are needed to win a prize.




Hypothesis Testing Cheat Sheet

Hypothesis testing

A hypothesis is a statement made about the value of a population parameter. It
can be tested by carrying out an experiment or taking a sample from the
population. The statistic calculated from the sample is called the test statistic.

The null hypothesis (H,) is the hypothesis assumed to be correct. This is rejected if
the test statistics is lower than a given threshold, called the significance level.

The alternative hypothesis (H;) tells us about the parameter if your assumption is
shown to be wrong.

Example 1: John wants to see if a coin is unbiased or biased towards coming
down heads. He tosses the coin 8 times and counts the number of
heads, X, obtained in 8 tosses.

a. Describe the test statistic.
The test statistic is X, the number of heads obtained in 8 tosses.

b. Write down a suitable null hypothesis.
The probability of landing heads for an unbiased coin is 0.5 so
Hy:p = 0.5

c. Write down a suitable alternative hypothesis.
The probability for heads is greater than 0.5 if the coin is biased towards
heads so:
Hy:p > 0.5

Finding critical values

A critical region is a region of the probability distribution which, if the test statistic
falls within it, would cause you to reject the null hypothesis. The critical value is
the first value to fall inside of the critical region.

The actual significance level of a hypothesis test is the probability of incorrectly
rejecting the null hypothesis.

Example 2: A single observation is taken from the binomial distribution
B(6, p). The observation is used to test Hy: p = 0.35 against
Hy:p > 0.35

a. Using a 5% significance level, find the critical region for this test.
Assume Hy is true then X~B(6,0.35)

PX>4)=1-P(X<3) You can use the
=1-0.8826 cumulative

— :011_1;‘(1)( —a binomial tables or
09777 your calculator
=0.0223

The critical region is 5 or 6.

This is the same

as the probability
of X falling within
the critical region

b. State the actual significance level of this test.
P(reject null hypothesis)= P(X > 5)
= 0.0223
= 2.23%
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One-tailed test
A one-tailed test can be used to test if the probability has increased or decreased.

For one-tailed tests,
Hi:p>--orp<--

Example 3: The standard treatment for a particular disease has a E probability of
success. A researcher has produced a new drug which has been
successful with 11 out of 20 patients. He claims that the new drug is
more effective than the standard treatment. Test, at 5% significance
level, the claim made by the researcher.

1. Define your test statistic, X and parameter, p.

X is the number of patients in the trial for whom the drug was successful.

p is the probability of success for each patient.

2. Formulate a model for the test statistic.
X~B (20,p)

The researcher
claims that the new
drug is better sop >
0.4

3. Identify your null and alternative hypotheses.
Hy:p =04
Hy:p>04

4. Method 1:
Assume Hj, is true and calculate the probability of 11 or more successful
treatments
X~B (20,0.4)

P(X=>11)=1-P(X <10)
=1-0.8725

= 0.1275

=12.75%

5. Compare probability with significance level.
12.75% > 5% so, there is not enough evidence to reject H,

6. Write a conclusion in context.
The new drug is no better than the old one.

OR
Method 2:

1. Work out the critical region and see if 11 lies within it.
PX=>13)=1-P(X <12)

=0.021

PX=>12)=1-P(X <11)

=0.0565

The critical region is 13 or more. Since 11 is not in the critical region, we
accept Hy.

2. Write a conclusion in context of the question.
There is no evidence that the new drug is better than the old one.

)OS
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Two-tailed Test
A two-tailed test is used to test if the probability is changed in either direction. The critical
region is split at either end of distribution. The significance level at each end is halved.

For two-tailed tests,
Hi:p # -

Example 4: In Enrico’s restaurant, the ratio of non-vegetarian to vegetarian meals is found
to be 2 to 1. In Manuel’s restaurant in a random sample of 10 people ordering
meals, 1 ordered a vegetarian meal. Using a 5% significance level, test whether
the proportion of people eating vegetarian meals in Manuel’s restaurant is
different from Enrico’s restaurant.

1. The proportion of people eating vegetarian meals at Enrico’s is %

2. X isthe number of people in the sample at Manuel’s restaurant who ordered
vegetarian meals.
p is the probability that a randomly chosen person at Manuel’s orders a vegetarian
meal.

1 1
3. HO'p_E'Hl'p:'tg
If Hy is true, X~B (10,%)

4, Method 1:

PX<1)=PX=0)+PX=1)
9

-(@) +1() ()
—\3 3/ \3
= 0.01734...+ 0.08670...
= 0.104 (3s.f.)

0.104 > 0.025 so insufficient evidence to reject Hy.

Method 2:
Let ¢, and ¢, be the two critical values.
P(X <c¢;) <0.025and P(X = ¢,) < 0.025

For lower tail:

P(X <0) =0.017341...< 0.025
P(X <1) =0.10404...> 0.025
Soc; =0

For upper tail:
PX=6)=1—-P(X <5)
= 0.07656...> 0.025
PX=27)=1-PX<6)
= 0.01966...< 0.025
Soc, =7

Observed value of 1 is not in critical region so H is not rejected.

5. Conclusion: There is no evidence that proportion of vegetarian meals at Manuel’s
restaurant is different to Enrico’s.




Sampling - Year 1 Statistics PhysicsAndMathsTutor.com

Questions

Q1.

A lake contains three different types of carp.

There are an estimated 450 mirror carp, 300 leather carp and 850 common carp.
Tim wishes to investigate the health of the fish in the lake.

He decides to take a sample of 160 fish.

(a) Give a reason why stratified random sampling cannot be used.

(b) Explain how a sample of size 160 could be taken to ensure that the estimated
populations of each

type of carp are fairly represented.
You should state the name of the sampling method used.

As part of the health check, Tim weighed the fish.

His results are given in the table below.

Weight (w kg Freguency (1) Midpoing (m kg)
2w 35 B 2.75
IiSZwad 32 3.75
4=w<45 4 1.25
A5 w5 40 47
S w<6 16 5.5
{ You may use :’ﬂ_. fror = 692 and :"'__ fmi* = 3053)

(c) Calculate an estimate for the standard deviation of the weight of the carp.

Tim realised that he had transposed the figures for 2 of the weights of the fish.
He had recorded in the table 2.3 instead of 3.2 and 4.6 instead of 6.4.

(d) Without calculating a new estimate for the standard deviation, state what effect

(i) using the correct figure of 3.2 instead of 2.3
(ii) using the correct figure of 6.4 instead of 4.6
would have on your estimated standard deviation.

Give a reason for each of your answers.

(Total for question = 7 marks)
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Q2.

Helen is studying one of the qualitative variables from the large data set for Heathrow from
2015.

She started with the data from 3rd May and then took every 10th reading.
There were only 3 different outcomes with the following frequencies
Crufcome A B O

Frequency 16 . 1

(a) State the sampling technique Helen used.

(b) From your knowledge of the large data set

(i) suggest which variable was being studied,
(ii) state the name of outcome A.

George is also studying the same variable from the large data set for Heathrow from 2015.
He started with the data from 5th May and then took every 10th reading and obtained the
following

Cntcome A i C

Frequency 16 l 1

Helen and George decided they should examine all of the data for this variable for Heathrow
from 2015 and obtained the following

Cntcome A i C

Frequency 155 26

(c) State what inference Helen and George could reliably make from their original samples
about the outcomes of this variable at Heathrow, for the period covered by the large data set
in 2015.

(Total for question = 4 marks)
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Q3.
Charlie is studying the time it takes members of his company to travel to the office.

He stands by the door to the office from 08 40 to 08 50 one morning and asks workers, as
they arrive, how long their journey was.
(a) State the sampling method Charlie used.

(b) State and briefly describe an alternative method of non-random sampling Charlie could
have used to obtain a sample of 40 workers.

Taruni decided to ask every member of the company the time, x minutes, it takes them to
travel to the office.

(c) State the data selection process Taruni used.

Taruni's results are summarised by the box plot and summary statistics below.

i

f T T T ! T T T ! T T !
0 20 30 40 50 &0 T B0 0 100 110 120 150 140

*

*

Joumey time (mumates)
n=05 ¥ x=4133 3 x=202204

(d) Write down the interquartile range for these data.
(e) Calculate the mean and the standard deviation for these data.

(f) State, giving a reason, whether you would recommend using the mean and standard
deviation or the median and interquartile range to describe these data.

Rana and David both work for the company and have both moved house since Taruni
collected her data.

Rana's journey to work has changed from 75 minutes to 35 minutes and David's journey to
work has changed from 60 minutes to 33 minutes.

Taruni drew her box plot again and only had to change two values.

(g) Explain which two values Taruni must have changed and whether each of these values
has increased or decreased.

(Total for question = 13 marks)
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Q4.

(a) State one disadvantage of using quota sampling compared with simple random
sampling.

In a university 8% of students are members of the university dance club.

A random sample of 36 students is taken from the university.

The random variable X represents the number of these students who are members of the
dance club.

(b) Using a suitable model for X, find

() P(X=4)
(i) P(X=7)

Only 40% of the university dance club members can dance the tango.

(c) Find the probability that a student is a member of the university dance club and can
dance the tango.

A random sample of 50 students is taken from the university.

(d) Find the probability that fewer than 3 of these students are members of the university
dance club and can dance the tango.

(Total for question = 7 marks)
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Mark Scheme

Q1.
Question Scheme Marks
(a) It & not possable to have a sampling frame= B1 23
[y
(L] Quota sampling and {catch 85 common carp, 45 mimor carp and 30 M1 1.1a
leather carp) or (1gnose any fish casght of o type whede the quota s full) | -
Q‘mhmﬁnﬂ:nﬂﬂtchﬂi:mmp.lfmmmpmdmhﬂrr Al 11k
carp and 1gnore any hish canglt of a type where the quota 15 full
2y
ic} i
ow [2033_[652 Ml | Lib
160 | 160
=081 awrt 0613 Al 1Lk
)
(i) ::.n;nm!dhl\tnnrﬂml:lhcprrrufdm“uddmnmﬁcm 81 3 7
Thas would mcrease the standard desiatson as change m mean s small and Bl 534
{ii) 6.4-4.6 = g therefore estimate of standard deviation will mcrease F
(2)
(7 marks)
—_—_m— — — ——————————eeee—— e
Notes
{a) | Bl: | For the ul=a there cannot be a sanpling frane e
@) |an: Chacits snaplong and enther for the cormect numbers of each rype or for the sdea that of guos
S| fall ipnore the fish.
Al Osota samphng and both the comect mmbers of each rvpe and for the wea that of quots fall
| wnore the fish or sample until all gootas are fall
(ch | M1: | A comect expression for o
Al: | Awm 0.613 allow 5 = awrt 0615
Correct dedueton with sunable explanation
{d)y | Bl: Allow ramge for class,
[_;h!l_n.ﬂl altmv thm: 15 [0 hﬂhﬂh‘xl_
Bl: Correct deductzon with suriable sxplanation. 50 would mcrease the standard deviation and a
' nmﬂerm.mwhhﬂmhbﬂuﬂmmvnﬂrniuﬂnhhhw
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Q2.
_Qu Scheme Marks | AO
(a) | Systematic (samplmg) Bl 1.2
i1
(byiay | [Draly Mean] Wind Speed Bl e
{ix) Light B1 1.2
(I
{c} | Vanable 4 ocours most (around $0-30%%) of the bme Bl 2%
i1
(4 marks)
Nofes
(a) | Bl for sdentifymg the correct samplmg technigue
Allow shight usspelling e.g. “syematic”, “sytmabc”
Da NOT allew “wystenune”
(hi(i} | Bl for sdentifving sppropruace quakisanve vanable, [LDS mark}
Allow "Wind speed”™ of “Wind strength” buat NOT just “aand” or "wiosd duecton”
(1) | B1 for realising that modal wind speed 1= “Light™ {LDS mark}
Allow just “laght” o “meost leght™
~B These two B marks are mdependent so can score BB for 2.g “ranfall” and “lhght”
{e) | Bl for infernng that frequency of 4 can be estimated furly reliably: [underestntates B and
over extumates O}
e g A4 s the most ffequent” [can then ignods comments abowut B and O]
Q3.
'21: Scheme Alarks | AD
{a) | Convensence or opposimmuty [samplng] Bl 1.2
(1)
(b0 | Crots [sampling] Bl
e.g Take 4 prople every 10 munates Bl
2
(ch | Cemsus Bl 1.2
()
idy [ [58=26=] 31 (omun) Bl 1.1k
(1}
ve) ,;_%= 43.505263 .. awrt 43.5 (min) BI 11k
o, . m;:“ - o woJ736.7026 M1 1.1k
= 15385 . awrr L5.4 (min) Al 1.1k
[E})
(fy | There are outliers an the data {or daga 19 skew) wheel oall affect mean and «d | BE 24
Therefore use median and IOE dB1 24
]
() | Valoe of 20, LG &t 26 and owtliers wall mot change Bi i 1b
gr  state that median and upper quartile are the valses that do change i
More values now below 40 tlsan abave so O or O wall change and be fower Mi 21
Both £ agd O will be lower Al X |
3
(13 marks)
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| Notes |
by | 1" Bl for quota {sampling) menhoned (“Stratfied” or “systematec” or “random” are BOBO)
2™ B1 for a desciption of how such a svstem might work, requires switable strata of cate pornes

e.g tmme slots, departments, gender, age groups, dustance travelled etc
Suggestion of randemness s Bl

(e | Bl for & corredt mean (awm 43 3)

M1 fora comect expression for the sd (including +f )t their mean
Al for awrt 154 (Allew 5= 154667, swrt 15.5)

(0| 1"Bl  for acknowledgmg pathiers or skewness are o problem for meg and sd

“extreme vabees anomalies” 0K May be mmplied by saving median and 108 ot affected by
We need 1o see ppemtron of “outhers™. “shewness” and the problem so “data is shewed so use

miedean and [QR 1s BO unless mention that they are not affected by extreme valnes of mean

amd standard devaaton can be “mflated” by the pesative skew ete

2 dB1 dep on 1° B1 for therefore choosing median and IQR

ig) | Bl for wdentifping ! of these 3 groups of unchanged values o stating only £h and {h change
M1  for sxpluming that medisn o 1) thould be lower.

E g ihe 2 valoes have meoved to below 40 (or 58) and therefore more than 50% below 40 or
{mcre than 75% below 58) or an argament to show that the other 3 values are the same. (o2}
Allew amows on box plot provided statement m words aboul mereased %6 below 40 or 58 etc
Al for statmg medsan and UG are both lower with clear evidence of M1 scored

[1f lots of vahees on 40 then medsan ought pot changs but, ance two vahses do change then U0
wonlkl champe. If chas eeant that 92 became an outher then we wonld kave a new valoe for
upper whasker and an extra guthier so effectively 3 values are altered. 5o median changes]
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Q4.
Scheme Marks | AO |
(a) | Disadvamtage: e g Mot random! canned wie (reliably) For inferences Bl L1k
i
(b} | [Sight of comect wse of] X -~B(36, 0.08) M 33
(i) BiX = 4) =0 167387, awrt 0L ]67 Al 11t
(i) [PX . N=1-P(X. 6)=] 0022235 . awmr 00222 | Al 1.1b
(]
(3] _ . i L1k
Piln dance club and dance magoy = 04« 008 = 0,033 Eﬁﬁ a2 Bl
(1)
{d} | [Let T = those who can dance the Tango, Sight or wee of] M1 33
I-B(50, "0.0327)
[T=3)1=KT_ =] 07230815 awrt D.7ES Al 11k
i
{ 7 marks)
Nofes
{a) | Bl fora suidable disadvaniage:
Allow (E1} Do NOT allow (B0}
Mot random o less random (o6 Dot represenlanve
Cannal bee (rehably) for mferences Less aceidate
(Mare likely to be) biased Any comament based on time oF cosl
Any menton of skew
Apnv mention of non-responses

(b} | M1 for seght of B34, 0.08) Allow in wosds: brneanaal with v = 36 and p = 0,08
may be implied by one comrect aswer o 258 o sighy of BLY | 81 =097776. Le. avwn 098
Allow for 36C4x0.08" «0.92% s this is “cormect nse™

@) | 1"Al focawrt 0167 NB An answer of just awn 0.167 scoves MI1(=5}1" Al

(i) | 22 Al for awrt 0.0222

(e} | B1 for 0.032 oo (Can allow for saght of 0.4=0.03)

() | M1 for saghe of BOS0, 0003270 £t dhewr amswer v (o) provided an is o probabilicy = 0008

may be mnplied by correct nnswes
oraght of [F{T | 3)] = 0924348 de awrt 0924 e (T | Miaspartof 1 - BT | 2)cale.
Al for awm 0783
AR Allow ME of 50 (e.g. 30) provided clearly attempting BT | 1) and score M1AG




Year 2: A Level Mathematics

Statistics: Data Representation and Interpretation

Self-Assessment:

Please identify areas in which you believe are your strong points and those you feel you need to

improve on Provide evidence to support your assessment with reference to the content in this
booklet.

Strengths Areas for Improvement
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Questions

Q1.

Sara is investigating the variation in daily maximum gust, t kn, for Camborne in June and
July 1987.

She used the large data set to select a sample of size 20 from the June and July data for
1987. Sara selected the first value using a random number from 1 to 4 and then selected
every third value after that.

(a) State the sampling technique Sara used.

(b) From your knowledge of the large data set, explain why this process may not generate
a sample of size 20.

The data Sara collected are summarised as follows

=20 Y =174 :}'_r-' — T500

L

(c) Calculate the standard deviation.

(Total for question = 4 marks)
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Q2.

The partially completed histogram and the partially completed table show the time, to the
nearest minute, that a random sample of motorists were delayed by roadworks on a stretch

of motorway.
i
Frequency
deraaty
L] L] 1 ] :
F | ] B [ I 4 & I8 2l
Time (murmiss)
Delay (minuwtes) Number of motorises
4 =6 &
T-8
9 17
Mm—-12 45
13=15 &
16— 20

Estimate the percentage of these motorists who were delayed by the roadworks for between
8.5 and 13.5 minutes.

(Total for question = 5 marks)
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Q3.
Sara was studying the relationship between rainfall, r mm, and humidity, h %, in the UK. She takes a
random sample of 11 days from May 1987 for Leuchars from the large data set.
She obtained the following results.
[k | o3 | 86 | os | o7 | 86 | a ] on | o7 |87 | o7 |
(v |11 [ 03 |37 |206] 0 | o | 24 | 11

Sara examined the rainfall figures and found
=01 =09 =24
A value that is more than 1.5 times the interquartile range (IQR) above Qs is called an outlier.

(a) Show that r=20.6 is an outlier.

(b) Give a reason why Sara might

(i) include
(ii) exclude
this day's reading.

Sara decided to exclude this day's reading and drew the following scatter diagram for the
remaining 10 days' values of rand h.

x
Rainlal| X
LTt b "
| . -
.
=
e "
Bk aHi | i

Husdiey (%a)

(c) Give an interpretation of the correlation between rainfall and humidity.

The equation of the regression line of r on h for these 10 days is r=-12.8 + 0.15h

(d) Give an interpretation of the gradient of this regression line.

(e) (i) Comment on the suitability of Sara's sampling method for this study.

(i) Suggest how Sara could make better use of the large data set for her study.

(Total for question = 7 marks)
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Q4.

Helen is studying the daily mean wind speed for Camborne using the large data set from
1987.
The data for one month are summarised in Table 1 below.

Windspeed | na ] i B ) 11 i 13 14 16

Frequency | 13

(a) Calculate the mean for these data.

(b) Calculate the standard deviation for these data and state the units.

The means and standard deviations of the daily mean wind speed for the other months from
the large data set for Camborne in 1987 are given in Table 2 below. The data are not in
month order.

Mlonth A B L i B

Mean (e 1 B G B X/ BEAT 1157

Stanedard Deviation 245 1. B 1 5 187 164
Table 2

(c) Using your knowledge of the large data set, suggest, giving a reason, which month had a
mean of 11.57

The data for these months are summarised in the box plots on the opposite page.
They are not in month order or the same order as in Table 2.

(d) (i) State the meaning of the * symbol on some of the box plots.

(i) Suggest, giving your reasons, which of the months in Table 2 is most likely to be
summarised in the box plot marked Y.
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I‘.— —I =
P i
¥ pafaledinte; .
aiate saseperaamars.
| i
If'l I i & IF o |I } 'II-I- 16 II‘! "II'J ‘I ] I

(Total for question = 8 marks)
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Q5.

Joshua is investigating the daily total rainfall in Hurn for May to October 2015

Using the information from the large data set, Joshua wishes to calculate the mean of the
daily total rainfall in Hurn for May to October 2015

(a) Using your knowledge of the large data set, explain why Joshua needs to clean the data
before calculating the mean.

Using the information from the large data set, he produces the grouped frequency table

below.
Daily total vainfall (rmm) | Frequency | Midpoint (x mmj)
0 < i< 0.5 121 0.25
05<r<10 10 0.75
10 r <50 24 30
5.0 = r < 10.0 12 7.5

100 = 5 < 4.0 17 F0.0

You may use lt"n 53975 and :',"__1'1." TT04.1875

(b) Use linear interpolation to calculate an estimate for the upper quartile of the daily total
rainfall.

(c) Calculate an estimate for the standard deviation of the daily total rainfall in Hurn for May
to October 2015

(d) (i) State the assumption involved with using class midpoints to calculate an estimate of
a mean from a grouped frequency table.

(i) Using your knowledge of the large data set, explain why this assumption does not
hold in this case.
(iii) State, giving a reason, whether you would expect the actual mean daily total
rainfall in Hurn for May to October 2015 to be larger than, smaller than or the
same as an estimate based on the grouped frequency table.

(Total for question = 8 marks)
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Q6.

Frequency
density |

i 5 11 158 20 25
Tiume (minutes)

Figure 1

The histogram in Figure 1 shows the times taken to complete a crossword by a random
sample of students.

The number of students who completed the crossword in more than 15 minutes is 78.

Estimate the percentage of students who took less than 11 minutes to complete the
crossword.

(Total for question = 4 marks)
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Q7.

Jerry is studying visibility for Camborne using the large data set June 1987.
The table below contains two extracts from the large data set.

It shows the daily maximum relative humidity and the daily mean visibility.

Diaily Maximum

Dare Relative Humidity Daily Mean Visibiliny
Umirs %o
10/ | 987 L] 2300
28061987 10} 0

(The units for Daily Mean Visibality are deliberately onmatted. )
Given that daily mean visibility is given to the nearest 100,
(a) write down the range of distances in metres that corresponds to the recorded value 0 for

the daily mean visibility.

Jerry drew the following scatter diagram, Figure 2, and calculated some statistics using the
June 1987 data for Camborne from the large data set.

E 3
o
X
S0 et
k- x 1
1000 e, 0, | IoR
Dhaily Daily mean visibility 1100 | 1600
mean ) k]
" o Daily maximum relative
wesabelity X x - bumidity (%) . E
. X [LELAREIN R
2N} - » {: x Skl
Immp
" LA
10000 ¥
J\" T T oL T

B BS 90 95 100
Drasly maxamaem relanve humedoy

Fignre 2

Jerry defines an outlier as a value that is more than 1.5 times the interquartile range above
Qs or more than 1.5 times the interquartile range below Q.

(b) Show that the point circled on the scatter diagram is an outlier for visibility.

(c) Interpret the correlation between the daily mean visibility and the daily maximum relative
humidity.
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Jerry drew the following scatter diagram, Figure 3, using the June 1987 data for Camborne
from the large data set, but forgot to label the x—axis.

[
o
SO0
4 b4 =l
Daily 4000 2 -
AN
visabulir IR
SARSEER '|. :hJ|I i 7,
b
20D - x =
x
L
b
T ! T ] ] *
0 2 4 6 8 10 12 14
Figure 3

(d) Using your knowledge of the large data set, suggest which variable the x-axis on this
scatter diagram represents.

(Total for question = 5 marks)



Data Presentation and Interpretation - Year 1 Statistics

Q8.

PhysicsAndMaths Tutor.com

The partially completed table and partially completed histogram give information about the

ages of passengers on an airline.

There were no passengers aged 90 or over.

Age (v years) | 0=sx <3 S 20 | 20 € x <40 | 40 2 G5 | 65 o ED | B0 = x = 90
Freguency 5 i5 By 1
Vg
i
!
Frequency |r
densuty |
|
i
I
I
i
t
|
i
a i —
[\ 10 ol 1] s L 30 &l =i aig -+

(a) Complete the histogram.

Age (vears)

(b) Use linear interpolation to estimate the median age.

An outlier is defined as a value greater than Qs + 1.5 x interquartile range.

Given that Q; = 27.3 and Q; = 58.9

(c) determine, giving a reason, whether or not the oldest passenger could be considered as

an outlier.

(Total for question = 9 marks)
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Q9.

Each member of a group of 27 people was timed when completing a puzzle.
The time taken, x minutes, for each member of the group was recorded.

These times are summarised in the following box and whisker plot.

1 L] 1
0 L] i 10 {0 0 &0 "

Time (x minuies)

(a) Find the range of the times.
(b) Find the interquartile range of the times.

For these 27 people 2." = 607.5 and }__r' = 17623.25

(c) calculate the mean time taken to complete the puzzle,
(d) calculate the standard deviation of the times taken to complete the puzzle.

Taruni defines an outlier as a value more than 3 standard deviations above the mean.

(e) State how many outliers Taruni would say there are in these data, giving a reason for
your answer.

Adam and Beth also completed the puzzle in a minutes and b minutes respectively, where a
> b.

When their times are included with the data of the other 27 people
o the median time increases
e the mean time does not change

(f) Suggest a possible value for a and a possible value for b, explaining how your values

satisfy the above conditions.

(g) Without carrying out any further calculations, explain why the standard deviation of all 29
times will be lower

than your answer to part (d).

(Total for question = 10 marks)
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Q10.

Stav is studying the large data set for September 2015

He codes the variable Daily Mean Pressure, x, using the formula y = x - 1010
The data for all 30 days from Hurn are summarised by

} y=1214 2 yi=5012

(a) State the units of the variable x

(b) Find the mean Daily Mean Pressure for these 30 days.

(c) Find the standard deviation of Daily Mean Pressure for these 30 days.
Stav knows that, in the UK, winds circulate

e in a clockwise direction around a region of high pressure

e in an anticlockwise direction around a region of low pressure

The table gives the Daily Mean Pressure for 3 locations from the large data set on

26/09/2015
Location Heathrow Hum Lenchars
Diaily Mean Pressure 10249 1028 1028

Cardinal Wind DMrection

The Cardinal Wind Directions for these 3 locations on 26/09/2015 were, in random order,
W NE E

You may assume that these 3 locations were under a single region of pressure.

(d) Using your knowledge of the large data set, place each of these Cardinal Wind

Directions in the correct location in the table.
Give a reason for your answer.

(Total for question = 8 marks)
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Q11.
Charlie is studying the time it takes members of his company to travel to the office.

He stands by the door to the office from 08 40 to 08 50 one morning and asks workers, as
they arrive, how long their journey was.
(a) State the sampling method Charlie used.

(b) State and briefly describe an alternative method of non-random sampling Charlie could
have used to obtain a sample of 40 workers.

Taruni decided to ask every member of the company the time, x minutes, it takes them to
travel to the office.

(c) State the data selection process Taruni used.

Taruni's results are summarised by the box plot and summary statistics below.

i

f T T T ! T T T ! T T !
0 20 30 40 50 &0 T B0 0 100 110 120 150 140

*

*

Joumey time (mumates)
n=05 ¥ x=4133 3 x=202204

(d) Write down the interquartile range for these data.
(e) Calculate the mean and the standard deviation for these data.

(f) State, giving a reason, whether you would recommend using the mean and standard
deviation or the median and interquartile range to describe these data.

Rana and David both work for the company and have both moved house since Taruni
collected her data.

Rana's journey to work has changed from 75 minutes to 35 minutes and David's journey to
work has changed from 60 minutes to 33 minutes.

Taruni drew her box plot again and only had to change two values.

(g) Explain which two values Taruni must have changed and whether each of these values
has increased or decreased.

(Total for question = 13 marks)
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Q12.

A lake contains three different types of carp.

There are an estimated 450 mirror carp, 300 leather carp and 850 common carp.
Tim wishes to investigate the health of the fish in the lake.

He decides to take a sample of 160 fish.

(a) Give a reason why stratified random sampling cannot be used.

(b) Explain how a sample of size 160 could be taken to ensure that the estimated
populations of each

type of carp are fairly represented.
You should state the name of the sampling method used.

As part of the health check, Tim weighed the fish.

His results are given in the table below.

Weight (w kg Freguency (1) Midpoing (m kg)
2w 35 B 2.75
IiSZwad 32 3.75
4=w<45 4 1.25
45<w<h 40 4.75
S w<6 16 5.5
{ You may use :’ﬂ_. fror = 692 and :"'__ fmi* = 3053)

(c) Calculate an estimate for the standard deviation of the weight of the carp.

Tim realised that he had transposed the figures for 2 of the weights of the fish.
He had recorded in the table 2.3 instead of 3.2 and 4.6 instead of 6.4.

(d) Without calculating a new estimate for the standard deviation, state what effect

(i) using the correct figure of 3.2 instead of 2.3
(ii) using the correct figure of 6.4 instead of 4.6
would have on your estimated standard deviation.

Give a reason for each of your answers.

(Total for question = 7 marks)
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Mark Scheme

Q1.

Q2.

Question Scheme Marks | AOs
{a) Systematic {sample) Bleao i.2
(k) In LDE some days have gaps because the data was not recorded Hi 24

- T -
© !f‘ = % . |E.7{:
s M1 1.1a
= T [=+30.31]
¥ 20
= 55054... awrt 5.51
Al 1.1k
7600 - 201
(Accept use of 5 = 5 " S.6484..)
(4 marks
Pari Moles
{b) Bl a comect explanation
c) M1 for a comrect expression for 7 and o, or 5, . Ft an mcomect evaluation of ¥
Al for g, =awrt 5.51 or 5,=awrl 5.65
Duestion Scheme Marks | AOs
17+ 45+ {x9 [=65] M1 2.1a
(T=8) 14 or (16-20) % M1 3.1a
[Values may be seen in the table] Al 1.1b
Percentage of motorists 15 L w 100 M1 3ilb
&+"14"+1 7 +45+9+" 2"
=67.78 | 41 1.1b
(5 marks)
Pari Noltes

1" M1 for a fully comrect expression for the number of motonsts m the interval

=M1 for clear use of frequency density in (4-6) or (13-15) cases to establish the fid
scale, Then use of area to find frequency in one of the missing casss

1" Al  for both comect values seen

M1 for realismng that total is required and attempting a correct expression for %

2% A1 for awrt 67.7%

PhysicsAndMathsTutor.com
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Q3.
Question Scheme Marks | AOs
{a) IQR =23 and 206 % 24+ 15=23 (= 585 (Compare 1 rab
correct values) Y
(14
LT e it 15 8 piece of data and we should consider all the data Bl 24
(o.e)
(i) &, it 15 an extreme valoe and conld unduly influence the Bl 24
analysis
of 1f could be 8 musiake
[
ey eg. “as humedity wereases ranfall mncreases™ Bl 2.2
(13
(el eg a l0%s mcrease m humadity grves nse to a 1.5 mamn
increase in ramnfall Bl 34
| or _represents 0.15mm of minfall per percentage of humidity
(1)
(M) Not a good method since only uses 11 days from one location in Bi 2.4
one month.
(i) e.g. She should use data from more of the UK locations and
more of the months a1 24
of using a spreadsheet or computer package she could use all of '
the available UK data
(2)
{7 marks})
Part Notes

{a) | B1 for sight of the correct calculation and smtable companson with 20.6
{b)ii) | B1 for a suitable reason for mcludmg the data point
(ii) | B1 for a sutable reason for excludmg the data point
(c) | Bl for a suifable interpretation of positive correlation mentiomng humdity and

raanfall
(d) | Bl for a smtable description of the rate: ramfall per percentage of huwmdity
inchiding reference to values.
[}y | Bl for a comment that supports the sdea that her sampling method was pot a good
e

(i) | Bl for some sensible suggestions that would give a better representation of the data
across the UK. Must show some awareness of the fact that LDS has different
locations and more months of data available but must be clear they are NOT
using any overseas locations,

NB BO for a comment that savs use more than one lecation wathout specifinng that

only UK locations are required.
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Q4.

(a} X=102{X232 ) awrl Bl 11k
102
(1)
b | o =317({H0227__) awml Blf 11k
317
Saght of “knots” o “kn” {comdone knots's Bl 1.2
et}
2
{c) | October ..... since Bl el
il 15 windier m the auremn of month of the bismcane of B1 24
Innest mmodith oo the veas
2
(e}ad | They tepresent outliers Bl 12
(a} | ¥ has low median 5o expect lovash mean (bt outher 5o = T)
and Ml 24
¥ has g rang=TOR or spread so expect larger st.dev
Suggests K Al 21
(3
(8 marks)
Notes
NB| 5=l i o= PR g

@) | Bl for T=102 (allow exact fraction)

B | 1" Blft allow 3 2 from a comect expr accept s = 3. 2603984} [ftuse of

wia)
Teatmenaas 0 Maysee =31 or ¥ =359353 . whach is B i {a) but here
m

(b) it grves o, = 55034, ) or 2 = 56858 (avmt 5.69) and scores 19
Bl

7 g1 accept kn  accept @ (a) o (b)) (alllow nomtscal ol es T

() | 1* Bl choosing Ociober bat accept September
Bl for stating that (Camborne) 15 windier m autumn/winter months
“because i 1 wanser aunsmnvnndier’colder in “month”™ T Sep = "month” =
Mar

scores BIB] for “month” = Sep or Oct and BOR] for other months m

Tange
(d}a) | Bl for outlier or the iden of an extreme value allow “apomaly”

{ia) | M1 for a comasent relating to location that mentions both medsan and mean
and a comment relatmg 1o spregd that mentions both range/ TOQR. and standard
deviatnen and leads 1o choosing B, Cog D
Choosimg A or E is M0

Incomrect/false statements score Ml g (b = (mean + @) or wdentfy §h =
F

or I has small spresd
ALT | Use af owtliers: outlier &5 (mmean + 30) (B =199 (C=1895), (D=202)
Hmt;ﬂl! [ﬂutnnfnrlhctexinnmd.tmpnrlu}'imﬂﬂ'[kuﬂ;hﬂm
B]

Al for suntable mferemce 5.2, 5 {accept Dor B or ) M1 miust be scored |
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Q5.
‘Question Scheme Marks | AOs |
[a) Triace) (data needs to be converted to numbers before the Bl 24
caleulation can be camied out) :
(1)
) | ey Ml | 21
= 1. 1665.... awrt .17 Al L1k
(2)
© | __ [1moaasrs_(ssesY Ml | Lib
o=\ n [ o | =37676  o-awntST1 | 4 L1k
(2}
(dWl) | Using class midpoints to estimate the mean assumes that the Bl 24
values are uniformly distributed within the class(es). '
il & This is not the case here as the majority of the data (in the Bl 23
(i) first class) are 0. '
The actual mean is likely to be smaller than the estimate dB1 33h
(since the first eroup has more values at O and close 1o () %
(2
(B marks)
MNotes
(a) Bl: Identifying tr{ace) data
Tgnore comments about n'a, mi.ﬂing data, anomalies, etc.
M1: Correst fraction = 4 allow working down [5]- L2585 4
® allow a eorrect equation leading 1o a correct fraction e. g 5 = Hi for M1
Use of (n + 1) with 138.75 allow 253 = 4

Al: wwrt 2,17 (condone 11 ) awrt 2.29 from (n + 1) {condone 3 )
M1: Correct expression for standard deviation (allow mean = awrt 2.93)
Al: awrt 5.77 comect answer only scores MI1AT  {allow s = 5.758)

(c)
SC: 5.76 with no working scores M1AD
Bl: Explaining that data assumed to be spread evenly across each class {o.e.)
(@i e.g. The midpoint of each class is the mean of each class

or all the values in the class are located at the midpoint
condone normally distnbuted within each class
Bl: Demonstrating an understanding of the LDS that the majority of data values
(in the first class) are at 0 or close to O {trace).
Mark | dB1: (dependent upon 2% B1) Correct inference based on knowledge of the LDS

together
{ii)&(iii) | SC:If Bl is scored in (i) for “The data are spread evenly across each class.’ then

i {11) ‘The data are not evenly distributed in the classes” am::uBlbulm(m]l
| “the actval mean is smaller’ with no further justification scores BO
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Q6.
Question Scheme Marks ADs
. -] T8
T Y — —_—]% u =E}="] 5"
1 square s ——— [5.. i ]-nd (8x141x8)x"1.5 M1 3la
24 students took less than 11 minnges Al 1.1k
424‘1
B tundents = | 1 ilb
e S Teerpre bl | o |
= 18.18.. awrt 18% | Al | Llb
| @ |
Total 4.
Notes
For clear use of frequency density 1o establish the §d scale and then wse the arca 10 find
vency of <11 mmutes. Allow maxiniom of 3 ervors m either the heights ar widihs
M1 total if workmng shown. They may caleulate the area using other size squares.
Allow for realising they need to find the total number of squares (881 maximm of 4 emors
i enther the heights or widths and oinber < 11 punates(16) - must have a masansiam of 1
error in esther the heights or widths (and pot vse the 78 as part of calulation)
Al: | For comrect values secn. Allow for 88 and 16
For realising the need to find the total and calenlating a percentage. { with “their 247 as the
o numerator), Allow (Bx1+2=8)<"1.5" instead of "24"+1x8x"1.57 If working shown can
allow maxannem of 2 errors m either the heights or widths in the caleulation of the tofal
| Allow “their 24"/ 132 oe
Al: | awgt 18
Q7.
Question Schemas Marks | ADs
() |0t 500m BL | 12
(1
(L] 1100+ 1600+1 5=1600 [= 51040] Ml . |
3300 = 5100 therefare outkier Al L1k
PR, [T & |
{c} As the he humadiny sncreases the mean visibility decreases Bl 24
L]
i) (Hours of) sunshine Bl 2%
{13
5 mar
= Notes
() | BI: For realisemg it 15 the maxmuom distance and distance given with correct umts
| | Allew 1o 50dm or < 300m or = 50dm
b)) | MI: | Astemypt to find O and the upper lunst
5100, 1f a value for the poent 1s stated gt muost be above 5100 otheraies et s A0 Fora
Al: :hmultcmqmrmgudcnnc}nnmilumunﬂiﬂmilhnhunﬂh*i'l.jIQR_ﬂ:rwaﬂnEpt
[ lh:__m_ntcnkdisp‘uﬁthuﬂﬂu
e} | Bl:  [For a sustable aerpretation of a negatrve comelation mentonme homadary and visibaliy
| A correct deduction that the unjabelled vanable 15 the bours of sunshine. Condone mussing
haoars. Dho nont allow of more than one vanable groven.
«) | BI hust be quantative vanable
Mot clond cover sance valwes tngger than 8
Mot wind speed smce values not mizgers
Mot daaly mean temperanine smce mean temperature near o rero are unikely m June
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Q8.
'j'l Scheme Marlks AD
(a) From [5.200 fd=3 of | large square = 1.5 passengens o.c. M1 2.2n
Correct bar above [0, 3) Al 1.1k
Correct bar above [20, 40) Al 1.1k
3
(b} | For [40. 65) 130 passengers or for [63, 80) 60 passengers M1 21
For attempt 1o find toial aumber of passengers = 331 Alfi Lib
+("331") =140 20 =4"
[Mrdhu=]44:|+-'-[-—--]—-czi af ES—MTH (o) | Ml 1.1k
"130" "130"
= 449038 . = awrt 44.9 Al 1.1k
4)
{2} | Upper outher hmut = 589+ 1 5= (389-27 31=106 ({3} =90 ] 24
S0 oldest passenger 15 not an outlser Al 2.2n
(2}
(% marks)
Noles

(a) | M1 for artemept at fd o7 a sutable method 1w dedwece the scale for the histogram
May be wuphied by oqe correct bag.

1" Al for firsst bar [0, 3) wath fd = 1 or } large squares kigh

2 A1 for third bar with fd = 4.5 of ¥ Large squares high

(b | 1" M1 for an attempt using thewr fd to find the missing frequencies. May be in fable
1¥ AlR for a clear amampt 1o find the 1o1a] number of passengers (o thear 130 and &0)
= for any expressaon’equation leading to comrect O Must be usang 4065 class

Fond W for avrt 449 [allow (n + 1) leadang 1o 43)

{c) | M1 for finding the upper outher limat | expression or awrt 106 ) and statmg or unplymg = 90
Al dep on M seen for deducing NOT an outlier
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Q9.
Scheme Marks | AD
(a) | [68-7=] 61 (caly) Bl 1.1k
(1)
(b [25-14]=11 Bl 1.1k
(1)
3 6075
) [#nrr= = =] =22.8 Bl 1.1b
(1)
iy T 623.25
o - J%Jzz.s'“‘ or J146.4620 M1 1.1k
=12.10218... awrt 12.1 Al 1.1b
(2)
(e} | pi+30="22.5"+3x"12.1.."= awrt 59 0 only on¢ owtlier Blft 1.1b
(1)
(f) | Median increases implies that both values must be > 20 M1 i1b
Mean 1+ the same means that g + b= 45 M1 L.1b
So possible values are: eg. b=11 and a = 24 (0 Al 2.2k
()
(g) | Both values will be less than 1 standard deviation from the mean Bl 4
and so the standard devianon of all 29 values will be smaller =
(1)
{ 10 marks

otes

ib) | Bl for comrect understanding of IQR and amswer of 11

Allow if thewr final tvio values are both =20
Allow if ther fianal two values sum 1o 4%

Iipiore a = or b ® labels
NB The valnes for @ and b do not need to be integers.

ig) | Bl for a correct explanation.

{a) | Bl for camectly mterpreting the box plot 1o find the range {owore than 1 answer i BA)

() | Bl for 22.5 only (or exact equivalent such as 4 ). Allow 21 mins and 30 secs.

(4 | M1 for a comest expression including square root. Allow /146 or better. Ft their mean
Al forawrt 12,1 NB Allow use of 5= 123327, orawmt 12.3

(e} | BIft fora comset calenlation or value based on their 4 and o and compatible conclusion
{0 | 1% M1 Correct start 1o the problem and a correct statement about the values based on medaan
M1 for 2 comest explanation leading to equation a + b =45 (0., e g, equidistant from mean)

Al for a comreet pair of values (both = 20 with a sum of 45) and at least sorme aticmpt to
explain how thewr values sabisfy ar least cne of the conditions (boah = 20 gp @ + b= 45},

Miist mientica that both valies are Jess than 1 sd (f ther ansocer to (d)) from the niean
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Q10.
Scheme AMarks | AD |
{a) | Hectopascal of hPa Bl 12
(1)
H
B $— 741010 o %+I{I1ﬂ Mi 1.1b
= 0171333, avwrt 1017 Al 1.1k
{2}
() | o, =i, (or statement that standard deviation s not affected by this Mi 31b
type of coding)
[ =1 &1
a, *} S UTEELTY e Vide1s22. MI Lib
= {20905, awmt 111 Al 1.1b
(3
() | High pressure (smnce approx. mean + sd ) 0 clockwase Bl
Locatons are (fom Marth 1o South) Leuchass, Heathrow, Hum 7 4
Wind direction 15 darection wind blows from
5o Heathrow (NE) Hurm (E) Lewchass (W) | Bl 2.2a
()
1 { & marks)
Nutes ’
FY1 1 hPa=100Pa: 10bPa=1kPa; 1Pa=1Nm>

{a) | Bl for “hectopascal” ar hPa (condone pascals, allow mallibars or mb) o.e
Do NOT allow kPa or kilopascals or Pa on i%s own

ibi | M1 for a strategy to find T
Allow an attempt 1o find 3 x thar gers as faras 3 x="% y+30x1010[= 30 514]
Al for awn 1017 (accept 1030) [lenose wncosrect umits)

() | 1" M1 for an overall strategy usmg the fact o, = o, (can be implied by correct final ans)
orfor ¥ x=30514 and ¥ x* = 31041192 (both seen and comect)

2% M for a correct sxpression (with a"-}[ﬂ thew ¥ b 3 albow awer 146 for 146 1822
or for correct expression mn ¥ can ft thewr ™ x> 30 000 ar their answer to ()

Al {dep on 2 M1) for avwn 12.1 [Ipuem;-mtlnnj::]

Fmal | o ial ans of awrt 121 scores 3/3 but if they then adjust for x & g. add 1010 (MOM1A1)

AETWET

() | 1" H] for at least one of these reasons (these ? lines) clearly stated {may see dingram)
MNeed “high pressure” and “clockwise™ 1o score on 1™ line
Contradictory statemments B0 & g correct M-S list bt say “anticlockwase”

2™ B (indep of 1" B1) for deducing the 3 correct directions either m the table or stated
as above
If the answers i fatle and text are different we ke the table (as question says)




Data Presentation and Interpretation - Year 1 Statistics PhysicsAndMathsTutor.com

Q11.
Scheme Marks | AD |
(a) | Convensence or opporiumty [sampling] Bl 1.2
(1}
(b} | Cruoes [sampling] Bl
e.g Take 4 people every 10 nunutes Bl
L]
() | Cemsus Bl L2
{1}
()| [58=26=] 31 (oman) Bl 1.1k
{1}
{e) ,;.%= 43505263 .. awrt 43.8 (min) Bl 116
o, . m;:“ ~ i wf136.7026, Ml |LIb
' = 15.385... awrt |54 (min) Al L1k
[}
() | There are outliers mn the data (or data 13 skew) which vall affect mean and 2d | B 24
Therefore wse median and )R dB1 24
L]
(g} | Valae of 20, L0 st 26 and owtliers wall il change BI 1 1h
gr  stafe that median and upper quartil= are the valises that do change ;
More values now below 20 than above sa O or On wall change sl be lower M1 21
Both 0 aod (5 will be lower Al Y |
{3
{13 marks)
Notes |

(L) | 17 Bl for quota {(samplmg) menboned {Stranfed” or “systematc” or “random” are BOB)
2™ B1 for a description of how such a svstem might work, requires sustable strata or cate gornies

e.g tume slots, departments, gender, age groups, distance travelled sic
Suggestion of randemness s BO

(e | B for & corect mean (awm 43 5)

M1 hlmlmrmmdtlmhﬁqJ-}HMm
Al forswn 154 (Allow s = 154667, awnt 15.5)

(| 17Bl  for scknowledging onthers of skewness are a problem for pean and sd

“extreme values”/anomalies” 0K May be mphed by saving median and IOR w0t affected by
We need 1o see mentnon of “outhers™, “shewness”™ and the problem so “data 15 shewed 50 use

medenn and JOR™ 15 BO unless mention that they are not affecied by extreme values of mean

and standard devaateon can be “mflated” by the posative skew ete

2 dB1 dep on 17 B1 for therefore choosng median and IQR

{g) | Bl for wentifang 2 of these 3 groups of unchanged values oo stating only £k and ¢h change
M1  Sor explaining that medisn or 1K) should be lewer.

E g the 2 valoes have moved o below 40 (or 38) and therefore more than 50% below 40 o
(micee than 75% below 58) or an armament to show that the other 3 values are the same. (o2 )
Allow arows on box plot proveded statement m words abost inereased %5 below 40 or 38 ete
Al for statmg medinn and U0 are both lower with clear evidence of M1 scored

[ lots of values on 40 then median mught not change but, simce two values do change then U0
would change. 1f thas mweant that 92 becane an cutlier then we would bave a new valoe for
upper whasker and an extra outlier so effectively 3 values are aliered. 5o median changes] |
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Q12.
Question Scheme Marks
(3 | T wior puosiable to barvs s fcione Bl 13
(1)

(L] Quota sampling and {catch 85 common carp, 45 mimor carp and 30 M1 1.1a
Leather carp) or (1gmore any fish caught of a rvpe where the quota s fully | i .
Q‘mhmﬁnﬂ:nﬂﬂtchﬂi:mmp.lfmﬁxmpmdmhﬂrr Al 11k
carp and 1gnore any fish cauglt of a type where the queta 15 full )

2}
{cl i
am E—!E] M1 | Lib
150 1160
= 06120, . awrt 0613 Al 116
2)

(i) ::.n;wmﬂhl\tmrﬂmlslhcprrrufﬂﬂm“mﬂmmﬁcm 81 3 7
Thas would mcrease the standard desiatson as change m mean s small and Bl 534

{ii) 6.4-4.6 = g therefore estimate of standard deviation will mcrease F

(2)
(7 marks)
Motes

{a) | Bl: | For the ul=a there cannot be a sanpling frane e

@) |an: Chacits snaplong and enther for the cormect numbers of each rype or for the sdea that of guos
“ " | fall ignore the fish.

Osota samphng and both the comect mmbers of each rvpe and for the wea that of quots fall

tgnare the fish or sample until all quotas are full

(ch | M1: | A comect expression for o

Al: | Awm 0.613 allow 5 = awrt 0615

Correct dedueton with sunable explanation

() | BI: | Allow ramge for class,

[_;h!l_n.ﬂl altmu' thm: 15 [0 hﬂhﬂh‘xl_

Bl: Correct deductzon with suriable sxplanation. 50 would mcrease the standard deviation and a

' nﬁhﬂerﬂm.lﬂﬁwﬂuhﬂmhh‘i@'ﬂmuvnﬂrniuﬂnhhhw




Year 2: A Level Mathematics

Statistics: Probability

Self-Assessment:

Please identify areas in which you believe are your strong points and those you feel you need to

improve on Provide evidence to support your assessment with reference to the content in this
booklet.

Strengths Areas for Improvement
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Questions

Q1.

The Venn diagram shows the probabilities for students at a college taking part in various
sports.

A represents the event that a student takes part in Athletics.
T represents the event that a student takes part in Tennis.
C represents the event that a student takes part in Cricket.
p and q are probabilities.

The probability that a student selected at random takes part in Athletics or Tennis is 0.75

(a) Find the value of p.

(b) State, giving a reason, whether or not the events A and T are statistically independent.
Show your working clearly.

(c) Find the probability that a student selected at random does not take part in Athletics or
Cricket.

(Total for question = 5 marks)
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Q2.

A factory buys 10% of its components from supplier A, 30% from supplier B and the rest
from supplier C. It is known that 6% of the components it buys are faulty.

Of the components bought from supplier A, 9% are faulty and of the components bought
from supplier B, 3% are faulty.

(a) Find the percentage of components bought from supplier C that are faulty.
A component is selected at random.

(b) Explain why the event "the component was bought from supplier B " is not statistically
independent from the event "the component is faulty".

(Total for question = 4 marks)
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Qs.

A biased spinner can only land on one of the numbers 1, 2, 3 or 4. The random variable X
represents the number that the spinner lands on after a single spinand P(X=r)=P(X=r+
2)forr=1,2

Given that P(X' =2) =0.35

(a) find the complete probability distribution of X.

Ambroh spins the spinner 60 times.

(b) Find the probability that more than half of the spins land on the number 4

Give your answer to 3 significant figures.

)
1

. i
The random variable

(c) Find P(Y - X< 4)

(Total for question = 8 marks)
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Q4.

The Venn diagram shows three events, A, B and C, and their associated probabilities.

(.10 00

L0 LM

Events B and C are mutually exclusive.
Events A and C are independent.

Showing your working, find the value of x, the value of y and the value of z.

(Total for question = 5 marks)
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Q5.

A fair 5-sided spinner has sides numbered 1, 2, 3,4 and 5

The spinner is spun once and the score of the side it lands on is recorded.

(a) Write down the name of the distribution that can be used to model the score of the side it
lands on.

The spinner is spun 28 times.

The random variable X represents the number of times the spinner lands on 2

(b) (i) Find the probability that the spinner lands on 2 at least 7 times.
(i) Find P(4 <X <38)

(Total for question = 6 marks)
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Q6.

In a game, a player can score 0, 1, 2, 3 or 4 points each time the game is played.
The random variable S, representing the player's score, has the following probability

distribution where a, b and ¢
are constants.

5 v | ] 3 4

PiS=1) i ;] e Q. .15

The probability of scoring less than 2 points is twice the probability of scoring at least 2
points.

Each game played is independent of previous games played.
John plays the game twice and adds the two scores together to get a total.

Calculate the probability that the total is 6 points.

(Total for question = 6 marks)
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Q7.

Afrika works in a call centre.

She assumes that calls are independent and knows, from past experience, that on each
sales call

1
that she makes there is a probability of & that it is successful.

Afrika makes 9 sales calls.

(a) Calculate the probability that at least 3 of these sales calls will be successful.

The probability of Afrika making a successful sales call is the same each day.

Afrika makes 9 sales calls on each of 5 different days.

(b) Calculate the probability that at least 3 of the sales calls will be successful on exactly 1
of these days.

Rowan works in the same call centre as Afrika and believes he is a more successful

salesperson.

To check Rowan's belief, Afrika monitors the next 35 sales calls Rowan makes and finds
that 11 of the sales calls are successful.

(c) Stating your hypotheses clearly test, at the 5% level of significance, whether or not

there is evidence to support Rowan's belief.

(Total for question = 8 marks)
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Q8.

<

The Venn diagram, where p is a probability, shows the 3 events A, B and C with their
associated probabilities.

(a) Find the value of p.

(b) Write down a pair of mutually exclusive events from A, B and C.

(Total for question = 2 marks)
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Q9.

Two bags, A and B, each contain balls which are either red or yellow or green.

Bag A contains 4 red, 3 yellow and n green balls.
Bag B contains 5 red, 3 yellow and 1 green ball.

A ball is selected at random from bag A and placed into bag B.
A ball is then selected at random from bag B and placed into bag A.

The probability that bag A now contains an equal number of red, yellow and green balls is p.

Given that p > 0, find the possible values of n and p.

(Total for question = 5 marks)
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Q10.

Helen believes that the random variable C, representing cloud cover from the large data set,
can be modelled by a discrete uniform distribution.

(a) Write down the probability distribution for C.

(b) Using this model, find the probability that cloud cover is less than 50%

Helen used all the data from the large data set for Hurn in 2015 and found that the
proportion of days with cloud cover of less than 50% was 0.315

(c) Comment on the suitability of Helen's model in the light of this information.

(d) Suggest an appropriate refinement to Helen's model.

(Total for question = 5 marks)
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Q11.

Magali is studying the mean total cloud cover, in oktas, for Leuchars in 1987 using data
from the large data set. The daily mean total cloud cover for all 184 days from the large
data set is summarised in the table below.

Draily mean fofal cloud cover (oktasy O 1 2 3 4 ] 1] 7 g

Frequency (number of days) i i 4 7 10 | 3| 52 | 52 | 28

One of the 184 days is selected at random.

(a) Find the probability that it has a daily mean total cloud cover of 6 or greater.

Magali is investigating whether the daily mean total cloud cover can be modelled using a
binomial distribution.

She uses the random variable X to denote the daily mean total cloud cover and believes that
X~ B(8, 0.76)

Using Magali's model,

(b) (i) find P(X = 6)

(i) find, to 1 decimal place, the expected number of days in a sample of 184 days
with a daily mean total cloud cover of 7

(c) Explain whether or not your answers to part (b) support the use of Magali's model.

There were 28 days that had a daily mean total cloud cover of 8
For these 28 days the daily mean total cloud cover for the following day is shown in the

table below.
Doaily mean total cloud cover (oktasy 0 i 3 3 4 5 & 4
Frequency (number of days) 0 0 1 | 2 I 5 9 9

(d) Find the proportion of these days when the daily mean total cloud cover was 6 or
greater.

(e) Comment on Magali's model in light of your answer to part (d).

(Total for question = 9 marks)
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Q12.

The discrete random variable D has the following probability distribution

7 i ] T ] w1}
s | B ¢ : :
= (L 20 ELl 4 il

where K is a constant.

M)
(a) Show that the value of kis 137

The random variables D1 and D; are independent and each have the same distribution as D.
(b) Find P (D1 + D, = 80)
Give your answer to 3 significant figures.
A single observation of D is made.
The value obtained, d, is the common difference of an arithmetic sequence.

The first 4 terms of this arithmetic sequence are the angles, measured in degrees, of
quadrilateral Q

(c) Find the exact probability that the smallest angle of Q is more than 50°

(Total for question = 10 marks)
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Q13.

The discrete random variable X has the following probability distribution

PrX = %) log,, a |.'-'__l:_|'=- I""_-’__."

where

e a, band c are distinct integers (a< b < ¢)
o all the probabilities are greater than zero

(a) Find

(i) the value of a

(ii) the value of b

(iii) the value of ¢

Show your working clearly.

The independent random variables X1 and X, each have the same distribution as X

(b) Find P(X; = X2)

(Total for question = 7 marks)
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Q14.

(a) State one disadvantage of using quota sampling compared with simple random
sampling.

In a university 8% of students are members of the university dance club.

A random sample of 36 students is taken from the university.

The random variable X represents the number of these students who are members of the
dance club.

(b) Using a suitable model for X, find

(i) P(X=4)
(i) P(X27)

Only 40% of the university dance club members can dance the tango.

(c) Find the probability that a student is a member of the university dance club and can
dance the tango.

A random sample of 50 students is taken from the university.

(d) Find the probability that fewer than 3 of these students are members of the university
dance club and can dance the tango.

(Total for question = 7 marks)
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Mark Scheme
Q1.
Dmestion Scheme Alarks ADs
ia) p=[1-075-0.05=] 020 Bl 1.1k
(£)]
L] g=0.1% Blf 1.1k
Pid}=035 PN =06 Pldand T)=020 Mi 31
PlA) =PI =0.21 :
Smoce 0.20 = 021 therefore 4 and T are not mdependent Al 24
(3}
A 7
e
0,05
(<) Bl 1.1k
P{not [4 or C]}=0.43
(1}
(5 marks)
Part Notes
{a)| Bleao for p=020

)| Bift foruseoftherpand A or Niofind gie 0.75—"p"—0400r =013

M1 forthe statement of all probabilities requured for a surtable test and sight of
any appropnate calculations required.

Al All probabilities correct, comect companson and switable comment
(<) | Blcao for0.45
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Q2.
() | [Leop=PF | )]
Tree dingram or some other method to find an equatkon for p M 21
O 1=0008 + 0 30003 + 0= p=0006 Al Lt
=007 ae 7% Al 1.1k
{3
(b} | eg PR and Fj= 0 3=003= 0009 b
PEi=PFi=03=006 =0018 BI X4
These are mot equeal $0 not wdependen
{1}
id marks)
Notes

(a) | M1 for selecting a snatable mwethod to find the odssing probabality
&g sight of ree diagram with 0.1, 0.3, 0,6 and 0.09, 0.03, p swmbly

placed
e sight of VDY wath 0.009 fior AF and B0F and 006 sucably

placed
O attenig i equation watl an least aise codrect nomerical and
one “p" product (not necessanly correct) on LHS
of for sght of (.06 = (0000 = 0009 (oe eg 6=18 =42%)
12 A0 for a comect equation for p (May be mmphed by a comrect answer)
i 0006 = {(0.008 + 0.008)

0.
= AL for T% ( accept 0.07)
Correct Ans: Provided there is o mcomrect working seen award 373
e may pst see tree diagram wath 0.07 fior g (probably from mal sned inpeey’)

{oed

b | Bl for a sutable explanation. . mmay talk about 2* branches on twee diagram
and point out that §.03 = 0.06 but eed some suppomng

calculabion words
Can condone meomrect use of set notatron (il 15 ol o AS spec) provided
the rest of the calenlanons and words ane comect.
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Q3.
(a) El':#]:l"{.t'-;l}mp{r=4}=ﬂ.35 M1 21
PA=1)=PX=Nand F¥= 1)+ A¥=3) =1 -0.7
S
= 1 5 3 3 Al 1.1k
Pl=x| 015 | 035 | 015 | [033]
{2)
(b} | Let A = number of spens that land on 4 A ~ B{60, "0.357) Blfe 33
[Pid=30)=] 1-P{d < 30) Ml 34
=] =00l . = awrs DU00SES Al 1.1k
3}
© y_xca =11_:"".-r-.;.| or 12-X*4X (unceX>0)oe | MI 3.1a
e 05X +4X-12 > 0<(X+6){X-2) s X=2 |M1 |Llb
PY-X < 4)=PX > 2)=035+015+035 =088 Al 322
3}
(8 marks)
Males

(o) | M1 for vsang the given information 1o obixin P = 43

Awvard for statement PLY = 4) = P(Y'= ) g5 wntmg PCY'=4) =035
Al for gentng fully comect dutibution (any ferm that clearly identifies probs)

e.g can be list POP= 1) =0.15, PiX=3) = .._etc S oty
or as a probabidity functon | PLY = ;,;}-l
[Condone missang PLY = 2) as s 18 given i QF) 035 x=24

(b [ B for selecting o sustable model, sight of B{60, thewr 0.35) oue. n words
ft. ther PLY = 4) fooun part (a)
Can be maphied by P4 < 30) = awrt 09941 or final answer = awrt 0,00589
M1 for usmg thew model and mterpreting “more than half™
Meed fosee 1 = P4 = 30) . Can be ienplied by avon 000585
Can ignore ncomect LHS such as PrA = 309
Al for anwert 000589

() [ 1" M1 for wanslating the prob. problem inio a comest mathematical mogquality
Just muth i | vamable. May be insade a probability statemnent,
] X
¥

ALT | Tahle af valiaes 1 ! 3 4 | of valaes of
12 | & i 3 F-X=11.41, -1

2 M1 for solving the inequality leading to a range of values, allow 1 or 2 slips
May be a quadsatac or onbic but enst bead 10 @ set of values of XYoo F-X

ALT | Tahle ar valaes: They must staie clearly which valoes are requared

Bth A5 cam be implied by a correct answer (or eorrect [t af their disth"n)

Al for interpreting the inequakity and sobving the problem 16, 085 can
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Q4.

‘Question Scheme Marks | AOs
x=0 Bl 2.2a
PlA)=014%z+y PiCI=0394z[+x] PldandC)i=z M1 21
P4 and C)=P{A)=P(C) = 2= (0.1+ z+ ¥)= (039 + A+x]) M1 1.1b
- =
[Zr=1] ML | Lib
0.06+03+039+01+z+ M+x]=1 = [z=){+x]=0.15]

Solving (simultanecusly) leading to 2 =0.13 y=002 Al 1.1k
| (5 marks)
Motes

Bl: forx = 0, mav be seen on Venn diagram
M1: Identifying the probabilities required for independence and at least 2 correct
These must be labelled

If there are no labels, then this may be mmphed by 2= (L1 + 2+ yH0.39 + = [+x]),
allow one numencal shp

Allowe.g.
P{d") =0.39+0.30+0068+x] P{C)=039++x] P4 and C)=0.39
[Mot on spec. but you may see use of conditional probabilities]
M1: Use of independence equation with their labelled probabilities in terms
¥, 2 [and x]
All their probabilities must be substituted into a correct formula
Sight of a correct equation e.g. 2 = (0.1 +z + ¥){0.30 + 2 [+x]) scores MIMI
M1: Using Zp =1
Implied by [x +] ¥ +2=0.15
or their x + y + 2 = (.15 where x, v, and = are all probabilities
or &g Pld) =025
Al: both y=002 and - =013




Probability - Year 1 Statistics PhysicsAndMathsTutor.com

Q5.
Scheme Marks | AOs
() | (Discrete) uniform (distribution) Bl 1.2
(1)
(b) Bi{28, 0.2) Bl 3.3
] PiXzN=1-HX<6) [=1-06784...] Ml 34
awrt (L322 Al 1.1b
(i P(4< X <8)=P(X £ 7T)=P(X £3) [=0818... =0.160...] | Ml 3.1b
awrt LG58 Al 1.1b
(%)
{6 marks)
MNotes

(a) Continwous uniform i1s BO
Bi: for identifying correct model, B(28, 0.2)
allow B, bin or binormial
()] may be implied by one comect answer or sight one comrect probability i.e.
awrt 0678, awrt 0.818 or awrt 0.160
B(0.2, 28) is B0 unless it is used comectly
Mi: Wnting orusing 1-FX 261 or 1 =PX<T)
Al: awrt 0.322 (correct answer only scores MI1AL)
Ml: Wnting or using P(X < 7)-P(X £3)
(X <8 -PX <4)
(i) oK =)+ X =5+P(X =6)+P(X =T
Condone P(4) as P(X = 4), efc.
Al: awrt 0.658 (correct answer only scores M1AT)
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Q6.

Question Scheme Marks | ADs
Cheerall method 3l 21
a+h=2c405% oe or a+b=2{1-a-4) Bl 2.a
asbec=075 0 Bl 1.1b
cwD25 [r*-ﬂﬂﬂﬂ. “ll" Ml Lk
Piscormg 2 4 or 4.2 or 3.3) = !:‘1]—:"vlil.]5+ﬂlz M1 ilb

= 0035 e Alcso | 1.1b
{6
{6 marks
Hotes
A fully correct nyethod wath all the requred seeps. For gannng 2 correct equations with a1
MIL: | least one comreci{allow il nnsumphified). Avempring se solve o find a value of ¢ followed by
correct method 1o find the probalaliey
Bl: Formumg a comect equation fom the mnformahon grven m the question
Bl: A cosrect equation using the sum of the probabiliti=s equals 1
|
Ml: | Comrect methed for sohang  equanons to find ¢ Impled by ¢ “3
ﬁe:npmhug.h ways 1o get a bodal of 6. Condone AMsSINg ATAnSments of repeats Dho not
M1 1Enare extras wntten unlsss ignored m the caloulatson. May be moplied by
Hr:-'"llﬁ"rﬂlﬂ m«0.1" where m and » are positive miegers
T
Aleso: | Cao 0035, —
e | Cao 200 oe

PhysicsAndMathsTutor.com
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Q7.

e Let O = the munber of successfal calls, C B[B.-;:] M1 3.3
P(C23)=1=-P{C=2)=0.1782... awrt U178 | Al L1k
2)
() Let X' = the number of occasions when at least 3 calls pre suceessfil Gs i
P{X =1)=5=({"0.1752. ")=("0.821 ?...‘]-* z
=0.4061. .. amvrt D406 Al 1.1k
2)
(@) T )
Hy:p = H,,._:II:\-I5 Bl z5
Let R = the number of socoessful calls R B[]i%] M1 33
PFiRz1)=1-FHR =100 =002 Al 34
There 15 sufficient evidence to support that Rowan has meere successfil Al 27
sales calls than Afnka '
(%)
(8 marks)
Notes
(a) | M1: | For selecting the right model
Al: | avm 0178
(b) | ALl: | For Sx{'ﬂ:ﬁ[a]']xi'l-ﬁci:{n}'f
Al: | anmt 0406
() | BL: | for comectly stating both hypotheses in terms of p or x Accept p= 0,16
MIl: | For selectng a suatable model May be mplied by a correct probabilaty or CR
Correct probability statement and answer of 002 or better (002318 _)
Al: | (CR R211 and either P{R <9)=0.94500rP(R <10) = 0.9768or 1-P(R £10)=0.0232)
Al Dependent con M1AT but cam 1pmore hypotheses. For conchwaion m context supporting
" | Rowan's belief / Rowan is a better sales person
Do not accept Rowan can reject Ha
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Q8.
J‘II Scheme Alarks AD
() [[p=1=-({024+02+01+02)]= 03 Bl 1.1b
i1
(b} | A and C are mutually exclosive. [ NOT PLA) and MO | Bl 12
(1]
{2 marks)
Noles
{a) | Bl for
(k) | Bl for.d and {H'H-..-!.ﬁf or AT =3 uﬂ'ﬂ]
If more than cne case given they mest all be comreci eg. A8 and O
Q9.
O Scheme Marks | AOQ
Muaxt end up wath 3 af =ach colour or 4 of each coloar M1 i1k
H.: :th_u.'i.l:ﬂ. lﬂlﬂlandldgl'em m_::dﬁ&m:lmdg:mﬁ:mﬂ M1 224
4 1 4 2 2
1" red and 2% =N m— o — ==
P(1* red and 2™ green ) s 10" " 7 I Al 1.1b
i = 8 peguanes lgpunu.nd.l'"'_ulhwg green from A and yellow from B | M1 2.2a
PR S 1 i
P(1* and 2™ yellow )= —x—=— s -
(17 green yellow 17 10 1.__,,1]“'3 8 Al L1k
()
{5 marks)
Muotes
1" MI for an overall suraegy realising there ase 2 options.
Award when svidence of both cases (3 of each colour or 4 of sach colour) seen,
2 M1 for =2 and arempt at 17 red and 2™ green
&4 1
May be lied by s
¥ ke ump vV EE g:-eg
2
1"Al fx p= E of exact squovalent
M1 for v = 5 and aempt at 1 green and 2™ vellow
T 5 3
May be hed by eg. —=—
Ll yeg TR
2 Al forp= —; or exact equivalent
NB 61
Ii both correct values of p are found and then sdded { get E] , deduct final Al ondy (Le. 45)
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Q10.
COm Scheme Marks | AD
{a) | ¢ (1] 1 2 3 4 5 & 7 2 Bl 1.2
PC=a) |4 | 2 (3 |2 14|31 2|34 BHe |02
2}
=) FC=4)=3 (sccept 0444 or betier) Bl 34
B
(1 | Probabalety lower than expected suggests model 15 not good Blf ida
(1)
(d) | e.g Cloud cover will vary frem month to moenth and place to place Bl 15
%p e g use a non-unsform distrbation (1)
{ & marks)
Maies

(a) [ 1" B1 fior a correct set of valnes for . Allow {{.§. 1}

™ B1fi for cormect probs from thear values for o, conmstent with discrete umform distnb'n
Maybe as a prob. funchion, Allow P(X=x)= -I: for 0< x< B proadedx={0.1, 2, ..., B} us
dmtj'&l"mﬂl somewhers.

b) | Bl  for using comect mode] to get § (o2
SC | Sample space {1, ..., 8} If scored BOB1 in (a) for dus allow P(C < 4)= § 10 score Bl m (b)

{c) | Blft for comment that staies that the mods] proposed 15 or 15 not a good one based on
therr mode] in part (a) and thear probabalty m (b)
fb)— 0L3LE = 005 Allow ez “if 15 not sustable™; it 15 not socwrate” ebo
j(b} - 0.31%] = 0.05 Allow a comment that suggests it g5 sintable
Mo prab i (k) Allow & companson that mentons 30%: or 0.0 and regects the mods]
No prab i () and oo 2% ar 0.5 or (b) = 1 scores BO
lgnode any comevents about location of weatlser pattems

() | Bl for a sennble refiement considenng vanatons i wmeonth or location

Just saving “not uniferm” 15 B0
Context & “oan-untform®™ Allow menhon of dfferent 1.-nal:i.|:uu. monihs nﬂ nomn-tmm forms

oF use more locations 1o form a new dutnbutien with probabilines based omn frequencees
Context & “binomial” Allow mention of different locations, months g banonazal
Just refmed model Mode]l most be outlmed and dascrete and non-uniferm

e g higher probabalities for nore clowd cover o bower probabilines for bess cloud cover
Continnons model Ay model that s based on a contimmons distnbutson. & g pormal 1= BO
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{a) ={.T17 Bl | Thus mark 15 mven for & coorect value for
184 & the probability for the cloud cover
b)) | PXz6=1=-PX<5) ML | This mark is given for using | = POV < 3)
with B(E, 0.76)
=1-0.2967 Al | Thus mark 55 given for finding as comect
b | B4 =PX=T) MU | Thes mark 55 green for using
= 184 x 0.2811 IR§x B> D wih L. 0.75)
=517 Al | Thus mark 15 given for finding as comect
value for the probababiey
(g} | The answer to part (b)) of 0703 1s samalar | Bl | Thes mark s given for a comrect
ta 0. T127T in part (&) evaluation of the cutcames from part (k)
; P 1o determane the appropriatensss of
The amsweer to pan (W) of 517 8 very -
chose to 52 found m the data set Bngls. 5 misdel
S+9-9 3 4 oz
id} = e =i El Thes mark 13 prven for a comect vahue for
23 28 the probability for the cloud cover
(2] | The answer o pam (d) of 0.E21 15 greater Bl | This mark a5 given fior a comrect
than that in pam (a) of 0.717 cqmpuiuminrﬂltmmmpm{ﬂ}
This shows that there is a higher chance of itk the el uct
havang hagh eloud cover of the previons day
bead high clood eover
Thus mdependence do=s not hold so a Bl | Thus mark 15 given for a correct
binconial meds] might nat be suwtable conclission stabed

{Total ¥ marks)
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Q12.
Scheme Marks | AO
&k kF kK k
P2 2 S e v o or ——(60k+30k+20k+15k+12k) =1 M1 |L1b
10 20 30 40 50 00
Gk
Sok= (*) Aleso [11b
137
2)
() | (Casesare:) D =300, =50 and I =500, = 30 and D, = 40.D, = 40| M] 2.1
Eok .F:]=
P Bl)w ——w = | — M1 Ad
R e [-m
=0.0375619... awrt 0.0376 Al 1.1k
3)
[(c) | Angles are: 0. a+d. a+2d. a+3d M1 i.la
Sy=g+(a+d)+ (a+2d)+ (a+ 3d) =360 ML |21
da+3d= 180 {o.£.) Al 2.2a
Smallest angle 15 a > 50 comsider cases: Mt lsan
d=10sa=75 or d=20s0 a=60 [ d=30gves a= 45 no good] '
ik 20
=100r20)= — = —
FD or 20) 20 " 17 Al 1.1b
()]
{ 10 marks)
Notes
{a) | M1 for clear use of sum of probabilities = 1 {all tenms seen)

Al eso(*) M1 scored and no weorrect working seen.
(Verily | (Assume &= %) 10 score the final Al they must have a final comment = - & =§§~

() | 1" M1 for selecting at least 2 of the relevant cases (may be imphied by their comect probs)
e.qg. allow 30, 50 and 50,30 ie Dy and D7 labels not required

2% M1 for using the model 10 obtain a correct expression for two different probabilities.
May nse letter & or their value for k.

I 1
Movir £k o (A g2 Euk + (£]]
5 30 40 20 3 40

Al for awrt 0.0376 (exact fraction s - )

{c) [ 1" M1 for recognising the 4 angles and finding expressions i terms of o and their a
2% 01 for using property of quad with these 4 angles (equation can be wn-simplified)
Allow thess two marks for vse of a (possible) valoe of d
egatath+a+20+a+30= 360 (If at least 3 cases seen allow Al for e.g. da = 304)
or allow MI1M]1 for a set of 4 angles with sum 360 and possible value of d (3 cases for Al)
e.g. (ford =100 60, 50, 100, 120
1Al for 2a + 3d = 180 condition {o.e.) [Must be in the form pa + gd = N]
M1 for examining cases and getting d = 10 and J = 20 only
™A1 for f or exact equivalent
The correct answer and no obviously incorrect working will score /5
A final answeer of awnt 0,857 (0.65693, .. ) with no obviously mcomrect working scores 475
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Q13.
Scheme Marks | AD |
(a) | [Sum of probs = 1 umplies]  log,, a+log, b+log,c =1 M1 3la
=2 hg,.{.::rb:’}: 1 s0 abe=3 Al 34
All probabalities greaver than 0 imphes each of . band ¢ = | Bl 22a
36=2"%% {or § pumbers that mulaply to give 36 eg. 2, 2, 9 eec ) dM1 21
Smce g, band ¢ are distmct mustbe L 36 [o=3 b=3 =6 Al 3la
(5]
(b | [tog;a) +(logyb) +(logy ) M1 |34
[= 00374137 .+ 0.09398737. . +0.23]
=0 38140 nwrt 0381 Al L1k
(1
{ 7 marks)
Noles
(a) | 1M1 for a star 1o the problem uwsing sum of probabalities leading 10 6q'n o, b and ¢
1" Al for redocing o the equation abe = 36 [Must follow from their equation. ]
NB Can go straight from abe = 36 o the answer for full marks for pan (a).
Bl for deducing that each vahee = | (may be implied by 3 mtegers all = 1 in the next ling)
2 401 {dep on M1AL) for writing 36 as a product of prime factors or
3 valoes with groduct = 36 and nome = 1
Panll 1 | for 2 landd smalbstora=2 b=l mdc=56
SC | MOMO If oo method marks scored b a compect answer grven score: MOADB IMOAL (2/5)
Aat onlr Thas gets the S wcore of X5 [Qnﬁhnn XS show yum'wm:i:ing :tﬂ;r]],']
(L) | M1 for a correct expresiion in terms of @, b and ¢ or values, fi their mtegers a, b and ¢
Condone mvisible brackets of the answer imphes they are used
Al for awr 0381
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Q14.
Scheme Marks | AO |
(a) | Disadvamtage: e g Mot random! canned wie (reliably) For inferences Bl L1k
i
(b} | [Sight of comect wse of] X -~B(36, 0.08) M 33
(i) BiX = 4) =0 167387, awrt 0L ]67 Al 11t
(i) [PX . N=1-P(X. 6)=] 0022235 . awmr 00222 | Al 1.1b
(]
(3] _ . i L1k
Piln dance club and dance magoy = 04« 008 = 0,033 Eﬁﬁ a2 Bl
(1)
{d} | [Let T = those who can dance the Tango, Sight or wee of] M1 33
I-B(50, "0.0327)
[T=3)1=KT_ =] 07230815 awrt D.7ES Al 11k
i
{ 7 marks)
Nofes
{a) | Bl fora suidable disadvaniage:
Allow (E1} Do NOT allow (B0}
Mot random o less random (o6 Dot represenlanve
Cannal bee (rehably) for mferences Less aceidate
(Mare likely to be) biased Any comament based on time oF cosl
Any menton of skew
Apnv mention of non-responses

(b} | M1 for seght of B34, 0.08) Allow in wosds: brneanaal with v = 36 and p = 0,08
may be implied by one comrect aswer o 258 o sighy of BLY | 81 =097776. Le. avwn 098
Allow for 36C4x0.08" «0.92% s this is “cormect nse™

@) | 1"Al focawrt 0167 NB An answer of just awn 0.167 scoves MI1(=5}1" Al

(i) | 22 Al for awrt 0.0222

(e} | B1 for 0.032 oo (Can allow for saght of 0.4=0.03)

() | M1 for saghe of BOS0, 0003270 £t dhewr amswer v (o) provided an is o probabilicy = 0008

may be mnplied by correct nnswes
oraght of [F{T | 3)] = 0924348 de awrt 0924 e (T | Miaspartof 1 - BT | 2)cale.
Al for awm 0783
AR Allow ME of 50 (e.g. 30) provided clearly attempting BT | 1) and score M1AG
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Statistics: Statistical Distributions

Self-Assessment:

Please identify areas in which you believe are your strong points and those you feel you need to

improve on Provide evidence to support your assessment with reference to the content in this
booklet.

Strengths Areas for Improvement
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Questions

Q1.

A nursery has a sack containing a large number of coloured beads of which 14% are
coloured red.

Aliya takes a random sample of 18 beads from the sack to make a bracelet.
(a) State a suitable binomial distribution to model the number of red beads in Aliya's

bracelet.

(b) Use this binomial distribution to find the probability that

(i) Aliya has just 1 red bead in her bracelet,
(ii) there are at least 4 red beads in Aliya's bracelet.

(c) Comment on the suitability of a binomial distribution to model this situation.

After several children have used beads from the sack, the nursery teacher decides to test
whether or not the proportion of red beads in the sack has changed.

She takes a random sample of 75 beads and finds 4 red beads.

(d) Stating your hypotheses clearly, use a 5% significance level to carry out a suitable test
for the teacher.

(e) Find the p-value in this case.

(Total for question = 10 marks)
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Q2.

In an experiment a group of children each repeatedly throw a dart at a target.

For each child, the random variable H represents the number of times the dart hits the target
in the first 10 throws.

Peta models H as B(10, 0.1)

(a) State two assumptions Peta needs to make to use her model.

(b) Using Peta's model, find P(H = 4)

For each child the random variable F represents the number of the throw on which the dart
first hits the target.
Using Peta's assumptions about this experiment,
(c) find P(F=5)
Thomas assumes that in this experiment no child will need more than 10 throws for the dart
to hit the target for the first time. He models P(F = n) as
P(F=n)=001+(n-1)xa
where a is a constant.

(d) Find the value of a

(e) Using Thomas' model, find P(F = 5)

(f) Explain how Peta's and Thomas' models differ in describing the probability that a dart hits
the target in this experiment.

(Total for question = 11 marks)
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Qs.

Magali is studying the mean total cloud cover, in oktas, for Leuchars in 1987 using data
from the large data set. The daily mean total cloud cover for all 184 days from the large
data set is summarised in the table below.

Draily mean fofal cloud cover (oktasy O 1 2 3 4 ] 1] 7 g

Frequency (number of days) i i 4 7 10 | 3| 52 | 52 | 28

One of the 184 days is selected at random.

(a) Find the probability that it has a daily mean total cloud cover of 6 or greater.

Magali is investigating whether the daily mean total cloud cover can be modelled using a
binomial distribution.

She uses the random variable X to denote the daily mean total cloud cover and believes that
X~ B(8, 0.76)

Using Magali's model,

(b) (i) find P(X = 6)

(ii) find, to 1 decimal place, the expected number of days in a sample of 184 days
with a daily mean total cloud cover of 7

(c) Explain whether or not your answers to part (b) support the use of Magali's model.

There were 28 days that had a daily mean total cloud cover of 8
For these 28 days the daily mean total cloud cover for the following day is shown in the

table below.
Doaily mean total cloud cover (oktasy 0 i 3 3 4 5 & 4
Frequency (number of days) 0 0 1 | 2 I 5 9 9

(d) Find the proportion of these days when the daily mean total cloud cover was 6 or
greater.

(e) Comment on Magali's model in light of your answer to part (d).

(Total for question = 9 marks)
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Q4.

(a) State one disadvantage of using quota sampling compared with simple random
sampling.

In a university 8% of students are members of the university dance club.

A random sample of 36 students is taken from the university.

The random variable X represents the number of these students who are members of the
dance club.

(b) Using a suitable model for X, find

(i) P(X=4)
(i) P(X27)

Only 40% of the university dance club members can dance the tango.

(c) Find the probability that a student is a member of the university dance club and can
dance the tango.

A random sample of 50 students is taken from the university.

(d) Find the probability that fewer than 3 of these students are members of the university
dance club and can dance the tango.

(Total for question = 7 marks)
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Q1.
O Scheme Marks AD
{a) | [ =no, of red beads i Abya’s bracelet] B~ B{158 014} Bi i3
(1)
(B)D) (PR =1)=0.19403.. awn 0.194 El 1.1k
(i) PR 24)=1-PR < 3) =1-[0.76184...] M1 34
=023381588. ., awmi 238 Al 1.l
(3)
(¢} | Requeres p= 0.14 to be constant so need a lage mumber of beads in the
sack to ensame that removing 18 beads does not appreciably affect this Bl 15k
probatbalsty, then it could be sustable.
(L
(d) | Hy:p=014 H,: p=0.14 Bl 25
[A = mamber of red beads in the sample] X ~ B{7S, 0.14) M1 i3
PY < 4) s001306 . or fB(75 0.14) seen awrt 0.02 Al 34
{0.02 = 0025 so sipgmaficant of reject Ha ) Al 7
There 15 evidence that the proportion of red beads has changed -
(4}
(e) | p-value s 2="0.01506_ " =00300123 __ = avwert 0.03 Bl 1.1k
(1)
{10 marks)

Mioies

{a) | Bl for B{15 0.14) sccept 1n woads e g bmnosmial with 5= 18 and p =014

(b)(n} | B for awrs 0.194

Al for awr 0238

suiiable. Do NOT scoept &g “events are independent™

iy | B1 for both hypotheses comect with use of por &
M1 for selecting a suitable model sight or correct use of B(T5. 0.14)

Sight of B(75, 0.14) and PLY = 4) = awnt 0.02 scores M1A]

femat

MB an answer of 002 m (d) leading 1o 0.04 in (e} 15 BO

{if) | M1 for mterpreting “at least 4" Need 1 -P{ R < 3)and 1 —p[0=p < 1] B(R = 3) = 0.233_ OK

(c) | Bl for mentiom of large nuamber of beads and need for p = (.14 to be constant for it to be

May be smplisd by sight of 0.015 or better or [P(Y == 4) =] 0.9849 1= 0985 or betier
1" Al for use of the cormmect madel avert 0.015 (accept awrt 0.02 following a comect expiessiom)
Allow 1™ Al for awe (U985 only of comect companson wath 0975 15 seen.

No sight of B(75, 0.14) bus sight of awrt 0.015 scores M1(=>)A1[Condose P(Y = 4) =_ )
2% A1 (dep on M1AL) for a corect conclusion in context mentioning “proportion, “red” and

If there 15 a statement abowt Hp or sagnaficance it must be companble
MB | May see CR 12 X = 4 {mark when prob seen) and X' = 1B (prob = 001406 ) lgnore upper

NB for mformatnon PLY = 4) = 000104, . and can onky score M1TADAD of B(75, 0.14) seen
(o) | Blft for awmt 003 Allew f of thesr probabality m (d) proveded at least 3sf usad

S5C Use of CR. vall give sagmificance level of 0.01506.. + 0.01406.. = 0.029. . score Bl oo it

“changed”
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Q2.
Ou | _ Scheme _ Marks | AO
(2} | The probabibity of & dan hirtng the target is constant {from child so child and | BI I.2
for each throw by each clald) (o2l
The throws of each of the darts are mdepende=nt (o2} El 1.2
)
() | [P =4) =1 - P(H'<3)=1 - 09872 =0.012795.. = awrt 00128 | Bt Llb
{1}
(<) | P(F = 5)= 08" 0.1, = 0.06561 M1, 34
{2
{d) " 1 2 10
PF=mn) | 001 00l +a 001 +9a e A
Sum of probs = 1 :322[1:-:&0|+&a]=1 Mial |31
e H00X+09i=1 or 0] +45a=1] 0 ﬂ:ﬂ Al 1.1k
(4
(e} | POF = 5| Thomas" model) = 0.0% Blft 4
(1)
(f) | Peta’s mode] assumyes the probability of hitmng tanget is constapt (o.e.) BI 1.5a
and Thomas' model assumes this probabality ipcreases with each attempt(o.c.} '
{1}
(11 marks)

Noles
fay| 17 BI hau&gh:h@{umﬁ@u%}ntw{mﬁxﬂu (N
2= Bl for stating that throws are mndependsnt [“wmals” are mdependent 15 BOJ

by [ Bl for awrt 0.0128 (found on calculator)

(c) | M1 for a probability expression of the form (1= p)' = p where 0<p<1
Al for pomt QUGG
sC Allow MILAD for answer only of 0066

() [ 1" M1 for settmg up the dismbution of F wath at least 3 correct values of 1 and BF = 2} m
terms of & . (Can be implied by 2 M1 or 19 Al)

2% M1 for use of sum of probs = 1| and clesr ssmmation or wse of anthmetic series formula
(allow | exror o massang term). (Can be maplisd by 17 AL

17 Al for a correct equation for &

2% A1 for @ = 0.02 (must be exact and come from comect working)

(e} | BIft for value resulting from 0.01 4 4= "thesr & (provided o and the answer are probs)
Beware [If thewr answer 15 the same as thewr (c) (or a rounded version of their (c)) score BO

(fi | Bl for a swtable comment about the probabgliiy of lnitng the target
ALT | Allow idea that Peta's model suggests the dart may never hat the target but Thomas' says that
it wall hat a1 least once {m the frst 10 theows).
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23 -521+28 _ 12
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{a) ={.T17 Bl | Thus mark 15 mven for & coorect value for
184 & the probability for the cloud cover
b)) | PXz6=1=-PX<5) ML | This mark is given for using | = POV < 3)
with B(E, 0.76)
=1-0.2967 Al | Thus mark 55 given for finding as comect
b | B4 =PX=T) MU | Thes mark 55 green for using
= 184 x 0.2811 IR§x B> D wih L. 0.75)
=517 Al | Thus mark 15 given for finding as comect
value for the probababiey
(g} | The answer to part (b)) of 0703 1s samalar | Bl | Thes mark s given for a comrect
ta 0. T127T in part (&) evaluation of the cutcames from part (k)
; P 1o determane the appropriatensss of
The amsweer to pan (W) of 517 8 very -
chose to 52 found m the data set Bngls. 5 misdel
S+9-9 3 4 oz
id} = e =i El Thes mark 13 prven for a comect vahue for
23 28 the probability for the cloud cover
(2] | The answer o pam (d) of 0.E21 15 greater Bl | This mark a5 given fior a comrect
than that in pam (a) of 0.717 cqmpuiuminrﬂltmmmpm{ﬂ}
This shows that there is a higher chance of itk the el uct
havang hagh eloud cover of the previons day
bead high clood eover
Thus mdependence do=s not hold so a Bl | Thus mark 15 given for a correct
binconial meds] might nat be suwtable conclission stabed

{Total ¥ marks)
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Q4.
Scheme Aarks AD
(a) | Disadvamtage: e g Mot random! canned wie (reliably) For inferences Bl L1k
i
(b} | [Sight of comect wse of] X -~B(36, 0.08) M 33
(i) BiX = 4) =0 167387, awrt 0L ]67 Al 11t
(i) [PX . N=1-P(X. 6)=] 0022235 . awmr 00222 | Al 1.1b
(]
{e) _ . i L1k
Piln dance club and dance magoy = 04« 008 = 0,033 Eﬁﬁ 32 Bl
(1)
{d} | [Let T = those who can dance the Tango, Sight or wee of] M1 33
I-B(50, "0.0327)
[T=3)1=KT_ =] 07230815 awrt D.7ES Al 11k
i
{ 7 marks)
Nofes
{a) | Bl fora suidable disadvaniage:
Allow (E1} Do NOT allow (B0}
Mot random o less random (o6 Dot represenlanve
Cannal bee (rehably) for mferences Less aceidate
(Mare likely to be) biased Any comament based on time oF cosl
Any menton of skew
Apnv mention of non-responses

(b} | M1 for seght of B34, 0.08) Allow in wosds: brneanaal with v = 36 and p = 0,08
may be implied by one comrect aswer o 258 o sighy of BLY | 81 =097776. Le. avwn 098
Allow for 36C4x0.08* «0.92% as this is "correct use™

@) | 1"Al focawrt 0167 NB An answer of just awn 0.167 scoves MI1(=5}1" Al

(i) | 2** Al for awrt 0.0222

(e} | B1 for 0.032 oo (Can allow for saght of 0.4=0.03)

() | M1 for saghe of BOS0, 0003270 £t dhewr amswer v (o) provided an is o probabilicy = 0008
may be mnplied by correct nnswes
oraght of [B{T | 3] = 0924348 se awrt 0924 ar BT, Maspartof 1 -BT _, 2)cale.
Al for awm 0783
AR Allow ME of 50 (e.g. 30) provided clearly attempting BT | 1) and score M1AG




Year 2: A Level Mathematics

Statistics: Hypothesis Testing

Self-Assessment:

Please identify areas in which you believe are your strong points and those you feel you need to
improve on Provide evidence to support your assessment with reference to the content in this

booklet.

Strengths

Areas for Improvement
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Questions

Q1.

(a) The discrete random variable X ~ B(40, 0.27)
Find P(X = 16)

Past records suggest that 30% of customers who buy baked beans from a large
supermarket buy them in single tins. A new manager suspects that there has been a change
in the proportion of customers who buy baked beans in single tins. A random sample of 20
customers who had bought baked beans was taken.

(b) Write down the hypotheses that should be used to test the manager's suspicion.

(c) Using a 10% level of significance, find the critical region for a two-tailed test to answer

the manager's suspicion. You should state the probability of rejection in each tail, which
should be less than 0.05

(d) Find the actual significance level of a test based on your critical region from part (c).

One afternoon the manager observes that 12 of the 20 customers who bought baked beans,
bought their beans in single tins.

(e) Comment on the manager's suspicion in the light of this observation.

Later it was discovered that the local scout group visited the supermarket that afternoon to

buy food for their camping trip.

(f) Comment on the validity of the model used to obtain the answer to part (e), giving a
reason for your answer.

(Total for question = 9 marks)



Hypothesis Testing - Tests on Binomial - Year 1 Statistics PhysicsAndMathsTutor.com

Q2.

Naasir is playing a game with two friends. The game is designed to be a game of chance so
that the probability of Naasir winning each game is *
Naasir and his friends play the game 15 times.

(a) Find the probability that Naasir wins

(i) exactly 2 games,
(i) more than 5 games.

Naasir claims he has a method to help him win more than i of the games. To test this
claim, the three of them played the game again 32 times and Naasir won 16 of these games.

(b) Stating your hypotheses clearly, test Naasir's claim at the 5% level of significance.

(Total for question = 7 marks)
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Qs.

Past records show that 15% of customers at a shop buy chocolate. The shopkeeper believes
that moving the chocolate closer to the till will increase the proportion of customers buying
chocolate.

After moving the chocolate closer to the till, a random sample of 30 customers is taken
and 8 of them are found to have bought chocolate.

Julie carries out a hypothesis test, at the 5% level of significance, to test the shopkeeper's
belief.
Julie's hypothesis test is shown below.

Ho:p=0.15

Hi:p=0.15

Let X = the number of customers who buy chocolate.

X ~B(30, 0.15)

P(X =8)=0.0420

0.0420 < 0.05 so reject Ho

There is sufficient evidence to suggest that the proportion of customers buying
chocolate has increased.

(a) ldentify the first two errors that Julie has made in her hypothesis test.

(b) Explain whether or not these errors will affect the conclusion of her hypothesis test.

Give a reason for your answer.

(c) Find, using a 5% level of significance, the critical region for a one-tailed test of the
shopkeeper's belief. The probability in the tail should be less than 0.05

(d) Find the actual level of significance of this test.

(Total for question = 6 marks)
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Q4.

Afrika works in a call centre.

She assumes that calls are independent and knows, from past experience, that on each
sales call

1
that she makes there is a probability of & that it is successful.

Afrika makes 9 sales calls.

(a) Calculate the probability that at least 3 of these sales calls will be successful.

The probability of Afrika making a successful sales call is the same each day.

Afrika makes 9 sales calls on each of 5 different days.

(b) Calculate the probability that at least 3 of the sales calls will be successful on exactly 1
of these days.

Rowan works in the same call centre as Afrika and believes he is a more successful

salesperson.

To check Rowan's belief, Afrika monitors the next 35 sales calls Rowan makes and finds
that 11 of the sales calls are successful.

(c) Stating your hypotheses clearly test, at the 5% level of significance, whether or not

there is evidence to support Rowan's belief.

(Total for question = 8 marks)
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Q5.

A nursery has a sack containing a large number of coloured beads of which 14% are
coloured red.

Aliya takes a random sample of 18 beads from the sack to make a bracelet.
(a) State a suitable binomial distribution to model the number of red beads in Aliya's

bracelet.

(b) Use this binomial distribution to find the probability that

(i) Aliya has just 1 red bead in her bracelet,
(ii) there are at least 4 red beads in Aliya's bracelet.

(c) Comment on the suitability of a binomial distribution to model this situation.

After several children have used beads from the sack, the nursery teacher decides to test
whether or not the proportion of red beads in the sack has changed.

She takes a random sample of 75 beads and finds 4 red beads.

(d) Stating your hypotheses clearly, use a 5% significance level to carry out a suitable test
for the teacher.

(e) Find the p-value in this case.

(Total for question = 10 marks)
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Mark Scheme

Q1.
Question Scheme Marks | AOs
@ | P =16) = 1-HX<15) M1 1.1b
= 1—- 0949077, = awrl 0.0504 Al 1.1k
(2}
(b) H,:p=03 H,:p=03 (Bothcomect in terms of p or x) B1 2.5
(13
(¢} |[F~B(20,0.3)] sight of (¥ = 2} =10.0355 i 54
or P{Y = 9)=0.9520
Critical regionis {F= 2} or {o.e) Al 1.1k
{ F= 10} {o.e) Al 1.1k
(3
() [0.0355 + { 1 —0.95200] = 000835 pr ARG Bift 1.ib
(1)
3] [Assuming that the 20 customers represent o random sample BIf 398
then) 12 15 in the CR 5o the manager’s suspicion is supported '
(1)
if &g, (&) requires the 20 customers to be a random sample or
mdependent and the members of the scout group may mnvalidate Bl 3.5
this so benomaal distribution would not be valid {and concluswon +
in (&) 15 probably not valid)
(1)
(@ marks)

Pari Modes

{a) | M1 for dealing with PLY > 16) = they need to use cumulative prob. function on cale.
Al awrt 0.0509 {from calculator)
{b) | Bl for both hypotheses m terms of p or 7 and Hi must be 2-tail
(c) | M1 for correct use of tables to find probabality associated with entical value,
1" Al for the correct lower limit of the CR. Do pot award for P(¥ < 2)
2™ Al for the correct wpper limit.
(dy | B1ft i on thear 0.0355 and (1 — their 0.9520) provided esach probabality is less
tluan .05
(e} | BIft for a comment that relates 12 1o ther CR and makes a consistent commient
relating this 1o the manager’'s suspicion
(f) | Bl for a comment that: gives a sustable reason based on lack of independence or the
sample not bemne random so the himomial model 1s not valid
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Q2.

& | Marks| AD |

ARAERS | ALY

(2) | Let N = the nasiber of games Naasir wins N -B(13, }) M1 i3
@) | POV = 2) = 0.050945. awrt 0.0599 Al |1
() | PV=5=1-PMN< 5)=038152... awrt Al 11k
0.382
(3
'ﬂ:l.} H;;:F='!: H:‘:_F‘:“"} Bl 35
Let X' = the number of games Naasir wims X ~B(32. 1) M1 33
PX = 16)=1-PX< 15)=003765 (<003 Al 34
[Sigmaficant resudt so reject Ho (the null model) and conclnde] Al 3.5a
There 15 evidence to support Naasir's clamm (o.e.) )
(4
(7 marks)

Nales
{a) | M1 for selectmg a baommal model with correct r and p
Award for saght of B(135, {) (c.e. e.g m words) or umphied by | comect
AfEWeET
1* Al fior awrt 0.0599 (from a caloulator). Allow 005995
2 Al for awn 0382 (from a caleulaton)

(b) | Bl for comectly statimg both hypotheses m terms of por &
Acceptp = 0.3 or any exact equivalent. H, - p=1 is B
Ml for selectng a suatable meode] 1o use for e test
Award for sight of B2, §) {o.e. e g in words) or implied by 0.03765
Can also allow Ml e BLY £ 15) =052 orbemer oc PLY £ 14) = 0522 o
Teeiner

1 A1 for use of the meds] to caloulate an appropriate probabalsty wang cal
Syght of POY = 16) amil soswver aven 00377

ALT |CR  May use CR so award 17 Al for CR of X = 16 must have seen some
probabibities thounglh: 1 of BLY £ 15) = 096233 or PLY < 14) = 0.0324 on
09233

2o &1 for conclumon n context that thers w support for Naanr's clanm
Must mentson “Masse™ or “his™ and “clamm” or “method” (0.2
or e.g probababity of wanning a game 15 > & or has mereased
Dependent on M1 and 1 Al bt can ignore hypothesss but soe below
If you see PLY 2 16) = 000376 followed by a correct contextuahsed conclusion
then please aaard AOAL
SC | Use of 0.3 for §
If used 0.3 instead of + in (a) and score MOAOAD can condone use of 0.3 in (k)
17 Al finesds PCY 2> 16) =0.0138
g CRof X2 15and mght of 1 of PLY 2 15) s 00327 ar PYY 2 14) =
00594
2* Al as before with 0.3 instead } (if approprinte)
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Q3.
ﬁnuﬂm Scheme Marks AOs |
(a) The alternative hypothesis should be H,: p =015 Bi 2.5
[ The calculation of the test statistic should be P(X 2 8) [= Bl 23
0.0698] 2
(2)
(h) These will affect the conclusion (as the null hypothesis
should not be rejected) since P(X 2 §) [= 0.0698] is greater Bl 24
than 0.05
(1)
(€} | pxr<E=00722. >0050r BIXY 29 =00277... <005 | Ml 2.1
CR: {X = 9} Al 1.1b
(2)
{d) awrt 0.0278 Blft 1.1b
(1)
(6 marks)
Noles

B1: ldentifying that = should be > in the alternative hypothesis
() B1: Identifying that P(X = 8) should be P(X = 8)

Stating PLY = 8) 15 incormect on its ovwn is msutficient
Check for errors identified and corrected next to the question
(1] B1: Will affect conclusion and correct supporting reason

AM1: For use of tables to find probability associated with ertical value [P = 8)
of PLY 2 9) wath B(30, 0.15) (may be implied by either correct probability awrt
i<} 0.97 or awrt 0.03) or by the correct CR)
Al: [3I0z]¥ 2906 epX>8
Allow *9 or more” or ‘CR. = &
@ BLft: awrt 0.0278 {allow awrt 2.78%)
or gorrect fi their one-tailed upper CR. from B(30, 0.15) 10 3s.f,
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Q4.
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! iy - n . o
e Let O = the munber of successfal calls, C B[El.-;:] M 3.3
P(C23)=1=-P{C=2) =0.1782... awrt U178 | Al L1k
2)
() Let X' = the number of occasions when at least 3 calls pre suceessfil Gs i
P{X =1)=5=({"0.1752. ")=("0.821 ?...‘}* z
=0.4061. .. amvrt D406 Al 1.1k
)
(@) T )
Hy:p = H..p:-ﬁ Bl z5
Let R = the number of socoessful calls R B[]i%] M1 33
PFiRz1)=1-FHR =100 =002 Al 34
There 15 sufficient evidence to support that Rowan has meere successfil Al 27
sales calls than Afnka '
(%)
(8 marks)
Notes
$) § MEE: ) Foraedecing v cyt wodel
Al: | avm 0178
(b) | ALl: | For Sx{'ﬂ:ﬁ[a]']xi'l-ﬁci:{n}'f
Al: | anmt 0406
() | BL: | for comectly stating both hypotheses in terms of p or x Accept p= 0,16
MIl: | For selectng a suatable model May be mplied by a correct probabilaty or CR
Comrect probability statement and answer of 0.02 o better (002318, )
Al: | (CR R211 and either P{R <9)=0.94500rP(R <10) = 0.9768or 1-P(R £10)=0.0232)
Al Dependent con M1AT but cam 1pmore hypotheses. For conchwaion m context supporting
" | Rowan's belief / Rowan is a better sales person
Do not accept Rowan can reject Ha
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Q5.
O Scheme Marks AD
{a) | [ =no, of red beads i Abya’s bracelet] B~ B{158 014} Bi i3
(1)
(bn) FR=1)=019403... awn 0.194 Bl .16
(id) PR 24)=1-PR < 3) =1-[0.76184...] M1 34
=023381588 ., awrt 0.238 Al 1.1t
(]

{c} | Regueres p= 0014 to be constant so need a large mamber of beads in the
sack to ensame that removing 18 beads does not appreciably affect this Bl 15k
probatbalsty, then it could be sustable.

(1
(d) | Hy:p=014 H,: p=0.14 Bl 25
[A = mamber of red beads in the sample] X ~ B{7S, 0.14) M1 i3
PY < 4) s001306 . or fB(75 0.14) seen awrt 0.02 Al 34
{0.02 = 0025 so sipgmaficant of reject Ha ) Al 7
There 15 evidence that the proportion of red beads has changed -
(4}
(e) | p-value s 2="0.01506_ " =00300123 __ = avwert 0.03 Bl 1.1k
(1)
{10 marks)

Motes
{a) | Bl for B{15 0.14) sccept 1n woads e g bmnosmial with 5= 18 and p =014

(bl | Bl forawr 0.194
{if) | M1 for mterpreting “at least 4" Need 1 -P{ R < 3)and 1 —p[0=p < 1] B(R = 3) = 0.233_ OK
Al for awr 0.238

(c) | Bl for mentiom of large nuamber of beads and need for p = (.14 to be constant for it to be
suiiable. Do NOT scoept &g “events are independent™

iy | B1 for both hypotheses comect with use of por &
M1 for selecting a suitable model sight or correct use of B(T5. 0.14)

May be smplisd by sight of 0.015 or better or [P(Y == 4) =] 0.9849 1= 0985 or betier
1" Al for use of the cormmect madel avert 0.015 (accept awrt 0.02 following a comect expiessiom)

Allow 1™ Al for awe (U985 only of comect companson wath 0975 15 seen.

Sight of B(75, 0.14) and PLX = 4) = awrt 0.02 scores M1AT

No sight of B(75, 0.14) bus sight of awrt 0.015 scores M1(=>)A1[Condose P(Y = 4) =_ )

2™ A1 (dep om MIAL) for a correct conclusion in context mentioning “proportion”, “red” and

“changed”
If there 15 a statement abowt Hp or sagnaficance it must be companble
MB | May see CR 12 X = 4 {mark when prob seen) and X' = 1B (prob = 001406 ) lgnore upper
luman
NB for mfomaanon PLY = 4) = 00104, snd can only score M1TADAD of B(75, 0.14) seen

(o) | Blft for awmt 003 Allew f of thesr probabality m (d) proveded at least 3sf usad
MB an answer of 002 m (d) leading 1o 0.04 in (e} 15 BO
SC Use of CR vall give agmificance level of 0015306+ 001406 = 0.029. . score Bl no fit
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